Foundations of Data Exchange

Marcelo Arenas, Pablo Barcel, Leonid Libkin, Filip Murlak






iii

To Magdalena, Marcelito and Vanny.
M. A.

To Salvador, Gabi and my parents.
P. B.

To my parents.

L.L.

To my grandparents, who chose to send their kids to university.

F M.



Preface

Data exchange, as the name suggests, is the problem of exchanging data between different
databases that have different schemas. One often needs to exchange data between existing
legacy databases, whose schemas cannot be easily modified, and thus one needs to specify
rules for translating data from one database to the other. These rules are known as schema
mappings. Once a source database and a schema mapping are given, one needs to transfer
data to the target, i.e., construct a target database. And once target database is constructed,
one needs to answer queries against it.

This problem is quite old; it had been studied, and systems have been built, but it was
done in a rather ad hoc way. A systematic study of the problem of data exchange com-
menced with the 2003 paper “Data exchange: semantics and query answering” by Fagin,
Kolaitis, Miller, and Popa, published in the proceedings of the International Conference
on Database Theory. A large number of followup papers appeared, and for a while data
exchange was one of the most active research topics in databases. Foundational questions
related to data exchange largely revolved around three key problems:

1 How to build a target solution;
2 How to answer queries over target solutions; and
3 How to manipulate schema mappings themselves?

The last question is also known under the name of metadata management, since mappings
represent metadata, rather than data in the database.

This book summarizes the key developments of the decade of research in the area of
data exchange. It is organized in four parts.

In Part 1, the problem of data exchange is introduced via examples, both relational and
XML. We present key definitions: of schema mappings, of solutions (possible target in-
stances), and of query answering and rewriting. We also describe some background ma-
terial on relational databases, query languages, incomplete data, complexity theory, and
automata theory (that will be required in the study of XML data exchange).

Part 2 deals with exchanging relational data. We start by looking at the problem of
checking if solutions, or possible target instances, exist. In general, the problem may be
even undecidable, so we look at restrictions on schema mappings to guarantee not only
decidability but also tractability of the problem of building solutions. Under one restriction,
called weak acyclicity, particularly nice solutions can be constructed efficiently. These are
called universal solutions, and they are particularly well suited for query answering in data
exchange. It turns out that a given source may have many targets compatible with it, and
thus we use the semantics of certain answers, i.e., answers true in all compatible targets.
It is those answers that can be efficiently found in universal solutions. Universal solutions
themselves are not unique, and we look at two types of those, the canonical universal
solution, and the core, that have particularly nice properties. We also look at alternative
ways of defining the semantics of query answering in data exchange.

Part 3 deals with exchanging XML data. It mimics the developments of Part 2, but there
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are crucial differences between XML and relations. In particular, the complexity of many
basic tasks increases in the XML case, and one needs different types of restrictions for
keeping the complexity manageable. We identify those, particularly by placing restrictions
on schemas, as it is their complexity that affects data exchange problems most. We also
look at answering two types of queries: XML-to-relations, and XML-to-XML. Finally, we
show how to perform XML data exchange tasks using relational data exchange engines.

Part 4 deals with metadata management, i.e., handling schema mappings themselves. We
deal with their static analysis, in particular, the consistency (or satisfiability) problem and
the simplification problem. We study schema evolution described by means of operations
on mappings. Two key operations one needs are composition of mappings, and inverting
mappings, and we provide a detailed study of both.

Each part of the book comes with a summary, bibliographic comments, and exercises.

A much shorter draft of this book was published in Morgan&Claypool Synthesis se-
ries under the title “Relational and XML Data Exchange” in 2010. While working on that
short version, and on the full draft, as well as on papers that are reflected in this book, we
benefited from comments and critical remarks of our colleagues. We would like to thank
Shunichi Amano, Mikotaj Bojaficzyk, Rada Chirkova, Wojtek Czerwiriski, Claire David,
Ronald Fagin, Wenfei Fan, Amélie Gheerbrant, Andre Hernich, Phokion Kolaitis, Maur-
izio Lenzerini, Katja Losemann, Wim Martens, Jorge Pérez, Juan Reutter, Cristian Riveros,
Miguel Romero, Nicole Schweikardt, Thomas Schwentick, and Cristina Sirangelo. We are
also grateful to Tamer Ozsu and Diane Cerra for convincing us to write the short Mor-
gan&Claypool version of the book, and to David Tranah at Cambridge University Press
for persuading us to turn it into a proper book, and for his patience and assistance.

Santiago, Edinburgh, Warsaw M.A., PB.,, LL., EM.
June 2013
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PART ONE
GETTING STARTED






1

Data exchange by example

Data exchange is the problem of finding an instance of a target schema, given an instance
of a source schema and a specification of the relationship between the source and the target.
Such a target instance should correctly represent information from the source instance un-
der the constraints imposed by the target schema, and should allow one to evaluate queries
on the target instance in a way that is semantically consistent with the source data.

Data exchange is an old problem that re-emerged as an active research topic recently
due to the increased need for exchange of data in various formats, often in e-business
applications.

The general setting of data exchange is this:

i uery @

We have fixed source and target schemas, an instance .S of the source schema, and a map-
ping M that specifies the relationship between the source and the target schemas. The goal
is to construct an instance 7T of the target schema, based on the source and the mapping,
and answer queries against the target data in a way consistent with the source data.

The goal of this introductory chapter is to make precise some of the key notions of data
exchange: schema mappings, solutions, source-to-target dependencies, certain answers.
We do it by means of an example we present in the next section.

1.1 A data exchange example

Suppose we want to create a database containing three relations:

e ROUTES(flight#,source,destination)
This relation has information about routes served by several airlines: ithasa flight#
attribute (e.g., AF406 or KLM1276), as well as source and destination attributes
(e.g., Paris and Santiago for AF406).
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ROUTES INFO_FLIGHT SERVES
‘ f# ‘ src ‘dest f# ‘dep ‘ arr a1rl alrl c1ty coun‘phone‘
‘ src ‘ dest airl ‘ dep c1ty coun | pop
FLIGHT GED

Figure 1.1 Schema mapping: a simple graphical representation

e INFO_FLIGHT(flight#,departure time,arrival_time,airline)
This relation provides additional information about the flight: departure and arrival
times, as well as the name of an airline.
e SERVES(airline,city,country,phone)
This relation has information about cities served by airlines: for example, it may have
a tuple (AirFrance, Santiago, Chile, 5550000), indicating that Air France serves Santi-
ago, Chile, and its office there can be reached at 555-0000.

We do not start from scratch: there is a source database available from which we can
transfer information. This source database has two relations:

e FLIGHT (source,destination,airline,departure)

This relation contains information about flights, although not all the information
needed in the target. We only have source, destination, and airline (but no flight number),
and departure time (but no arrival time).

e GEO(city,country,population)

This relation has some basic geographical information: cities, countries where they

are located, and their population.

As the first step of moving the data from the source database into our target, we have to
specify a schema mapping, a set of relationships between the two schemas. We can start
with a simple graphical representation of such a mapping shown in Figure 1.1. The arrows
in such a graphical representation show the relationship between attributes in different
schemas.

But simple connections between attributes are not enough. For example, when we create
records in ROUTES and INFO_FLIGHT based on a record in FLIGHT, we need to ensure that
the values of flight# attribute (abbreviated as f# in the Figure) are the same. This is
indicated by a curved line connecting these attributes. Likewise, when we populate table
SERVES, we only want to include cities which appear in table FLIGHT — this is indicated by
the line connecting attributes in tables GEO and FLIGHT.
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ROUTES INFO_FLIGHT SERVES

‘ f# ‘ src ‘dest ‘ ‘ f# ‘ dep ‘ arr ‘airl ‘ ‘airl ‘ city ‘ coun ‘phone‘

‘ src ‘ dest ‘ airl ‘ dep ‘ ‘ city ‘ coun ‘ pPop ‘

FLIGHT GEO
Figure 1.2 Schema mapping: a proper graphical representation

Furthermore, there are several rules in a mapping that help us populate the target
database. In this example, we can distinguish two rules. One uses table FLIGHT to pop-
ulate ROUTES and INFO_FLIGHT, and the other uses both FLIGHT and GEO to populate
SERVES. So in addition we annotate arrows with names or numbers of rules that they are
used in. Such a revised representation is shown in Figure 1.2.

While it might be easy for someone understanding source and target schemas to produce
a graphical representation of the mapping, we need to translate it into a formal specifica-
tion. Let us look at the first rule which says:

whenever we have a tuple (src,dest,airl,dep) in relation FLIGHT, we must have a tuple in
ROUTES that has src and dest as the values of the second and the third attributes, and a tuple in
INFO_FLIGHT that has dep and airl as the second and the fourth attributes.

Formally, this can be written as:

FLIGHT (src,dest,airl,dep) —
ROUTES (_,src,dest), INFO_FLIGHT (_,dep,_,airl)

This is not fully satisfactory: indeed, as we lose information that the flight numbers must
be the same; hence, we need to explicitly mention names of all the variables, and produce
the following rule:

FLIGHT (src,dest,airl,dep) —
ROUTES (f#,src,dest), INFO_FLIGHT (f#,dep,arr,airl)

What is the meaning of such a rule? In particular, what are those variables that appear
in the target specification without being mentioned in the source part? What the mapping
says is that values for these variables must exist in the target, in other words, the following
must be satisfied:

FLIGHT (src,dest,airl,dep) —
Jf# Jarr ( ROUTES(f#,src,dest)
A INFO_FLIGHT(f#,dep,arr,airl) )
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To complete the description of the rule, we need to clarify the role of variables src, dest,
airl and dep. The meaning of the rule is that for every tuple (src,dest,airl,dep) in
table FLIGHT we have to create tuples in relations ROUTES and INFO_FLIGHT of the target
schema. Hence, finally, the meaning of the first rule is:

Vsrc Vdest Vairl Vdep ( FLIGHT (src,dest,airl,dep) —
Jf# Jarr ( ROUTES(f#,src,dest)
A INFO_FLIGHT (f#,dep,arr,airl) ))

Note that this is a query written in relational calculus, without free variables. In other
words, it is a sentence of first-order logic, over the vocabulary including both source and
target relations. The meaning of this sentence is as follows: given a source S, a target
instance we construct is such that together, S and T’ satisfy this sentence.

We now move to the second rule. Unlike the first, it looks at two tuples in the source:
(src,dest,airl,dep) in FLIGHT and (city, country,popul) in GEO. If they satisfy
the join condition city=scr, then a tuple needs to be inserted in the target relation SERVES:

FLIGHT (src,dest,airl,dep),GEO(city, country,popul), city=src
— SERVES(airl,city,country,phone)

As with the first rule, the actual meaning of this rule is obtained by explicitly quantifying
the variables involved:

Vcity Vdest Vairl Vdep Vcountry Vpopul (

FLIGHT (city,dest,airl,dep) A GEO(city,country,popul) —
Jphone SERVES(airl,city,country,phone) )

We can also have a similar rule in which the destination city is moved in the SERVES table
in the target:

Vcity Vdest Vairl Vdep Vcountry Vpopul (
FLIGHT (src,city,airl,dep) A GEO(city,country,popul) —
Jphone SERVES(airl,city,country,phone) )

These rules together form what we call a schema mapping: a collection of rules that
specify the relationship between the source and the target. When we write them, we ac-
tually often omit universal quantifiers V, as they can be reconstructed by the following
rule:

e every variable mentioned in one of the source relations is quantified universally.

With this conventions, we arrive at the schema mapping M, shown in Figure 1.3.

Now, what does it mean to have a target instance, given a source instance and a mapping?
Since mappings are logical sentences, we want target instances to satisfy these sentences,
with respect to the source. More precisely, note that mappings viewed as logical sentences
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(1) FLIGHT(src,dest,airl,dep) —
Jf# Jarr ( ROUTES(f#,src,dest)
N INFO_FLIGHT(f#,dep,arr,airl))

(2) FLIGHT(city,dest,airl,dep) A GEO(city,country,popul)
— dphone SERVES(airl,city,country,phone)

(3) FLIGHT(src,city,airl,dep) A GEO(city,country,popul)
— dphone SERVES(airl,city,country,phone)

Figure 1.3 A schema mapping.

mention both source and target schemas. So possible target instances 7" for a given source
S must satisfy the following condition:

For each condition ¢ of the mapping M, the pair (S, T') satisfies ¢.

We call such instances 1" solutions for S under M. Look, for example, at our mapping M,
and assume that the source S has a tuple (Paris, Santiago, AirFrance, 2320) in FLIGHT.
Then every solution 7" for .S under M must have tuples

(x, Paris, Santiago) in  ROUTES and
(x,2320,y, AirFrance) in INFO_FLIGHT

for some values x and y, interpreted as flight number and arrival time. The mapping says
nothing about these values: they may be real values (constants), e.g., (406, Paris, Santiago),
or nulls, indicating that we lack this information at present. We shall normally use the
symbol L to denote nulls, so a common way to populate the target would be with tuples
(L, Paris, Santiago) and (L, 2320, L', AirFrance). Note that the first attributes of both tu-
ples, while being unknown, are nonetheless the same. This situation is referred to as having
marked nulls, or naive nulls, as they are used in naive tables, studied extensively in con-
nection with incomplete information in relational databases. At the same time, we know
nothing about the other null " used: nothing prevents it from being different from _L but
nothing tells us that it should be.

Note that already this simple example leads to a crucial observation that makes the data
exchange problem interesting: solutions are not unique. In fact, there could be infinitely
many solutions: we can use different marked nulls, or can instantiate them with different
values.

If solutions are not unique, how can we answer queries. Consider for example, a Boolean
(yes/no) query “Is there a flight from Paris to Santiago that arrives before 10am?”. The
answer to this query has to be ‘no’, even though in some solutions we shall have tuples
with arrival time before 10am. However, in others, in particular in the one with null values,
the comparison with 10am will not evaluate to true, and thus we have to return ‘no’ as the
answer.
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On the other hand, the answer to the query “Is there a flight from Paris to Santiago?” is
yes’, as the tuple including Paris and Santiago will be in every solution. Intuitively, what
we want to do in query answering in data exchange is to return answers that will be true in
every solution. These are called certain answers; we shall define them formally shortly.

3

XML data exchange

Before outlining the key tasks in data exchange, we briefly look at the XML representation
of the above problem. XML is a flexible data format for storing and exchanging data on the
Web. XML documents are essentially trees, that can represent data organized in a way more
complex than the usual relational databases. But each relational database can be encoded
as an XML document; a portion of our example database, representing information about
the Paris—Santiago flight and information about Santiago, is shown in the picture below.

r

T~

FLIGHT GEO
| |
t1 t2
src 4 airl dep city country popul
| |
Paris Santiago  Air France 2300 Santiago Chile oM

The tree has a root r with two children, corresponding to relations FLIGHT and GEO.
Each of those has several children, labeled ¢; and t2, respectively, corresponding to tuples
in the relations. We show one tuple in each relation in the example. Each ¢;-node has four
children that correspond to the attributes of FLIGHT and each ¢2-node has three children,
with attributes of GEO. Finally, each of the attribute nodes has a child holding the value of
the attribute.

To reformulate a rule in a schema mapping in this language, we show how portions of
trees are restructured. Consider, for example, the rule

FLIGHT(city,dest,airl,dep) A GEO(city,country,popul) —
Jphone SERVES(airl,city, country,phone)

We restate it in the XML context as follows:
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T T
FLIGHT GEOD - SERVES
|
t1 to t
src airl city country airl city country phone
|

That is, if we have tuples in FLIGHT and GEQ that agree on the values of the source and
city attributes, we grab the values of the airline and country attributes, invent a new
value u for phone and create a tuple in relation SERVES.

The rules of XML schema mappings are thus represented via tree patterns. Essentially,
they say that if a certain pattern occurs in a source document, some other pattern, obtained
by its restructuring, must occur in the target.

This view of XML schema mappings is not surprising if we note that in our relational
examples, the rules are obtained by using a relational pattern —i.e., a conjunction of source
atoms — and rearranging them as a conjunction of target atoms. Conjunctions of atoms are
natural analogs of tree patterns. Indeed, the pattern on the right-hand side of the above
rule, for example, can be viewed as the conjunction of the statements about existence of
the following edge relations: between the root and a node labeled SERVES, between that
node an a node labeled ¢, between the t-node and nodes labeled airl, city, country, and
phone, respectively, and between those nodes and nodes carrying attribute values y, x, z,
and w.

Of course we shall see when we describe XML data exchange that patterns could be
significantly more complicated: they need not be simple translations of relational atoms. In
fact one can use more complicated forms of navigation such as the horizontal ordering of
siblings in a document, or the descendant relation. But for now our goal was to introduce
the idea of tree patterns by means of a straightforward translation of a relational example.

1.2 Overview of the main tasks in data exchange

The key tasks in many database applications can be roughly split into two groups:

1 Static analysis. This mostly involves dealing with schemas; for example, the classical re-
lational database problems such as dependency implication and normalization fall into
this category. Typically, the input one considers is (relatively) small, e.g., a schema or
a set of constraints. Therefore, somewhat higher complexity bounds are normally toler-
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ated: for example, many problems related to reasoning about dependencies are complete
for complexity classes such as NP, or CONP, or PSPACE.

2 Dealing with data. These are the key problems such as querying or updating the data.
Of course, given the typically large size of databases, only low-complexity algorithms
are tolerated when one handles data. For example, the complexity of evaluating a fixed
relational algebra query is very low (ACY, to be precise), and even more expressive
languages such as Datalog stay in PTIME.

In data exchange, the key tasks too can be split into two groups. For static analysis tasks,
we treat schema mappings as first-class citizens. The questions one deals with are generally
of two kinds:

e Consistency. For these questions, the input is a schema mapping M, and the question is
whether it makes sense: for example, whether there exists a source .S that has a solution
under M, or whether all sources of a given schema have solutions. These analysis are
important for ruling out “bad” mappings that are unlikely to be useful in data exchange.

e Operations on mappings. Suppose we have a mapping M from a source schema R to a
target schema Ry, and another mapping M’ that uses Ry as the source schema and maps
it into a schema R,;. Can we combine these mappings into one, the composition of the
two, M o M’, which maps Rs to R,,? Or can we invert a mapping, and find a mapping
M~ from Ry into Rg, that undoes the transformation performed by M and recovers
as much original information about the source as possible? These questions arise when
one considers schema evolution: as schemas evolve, so do the mappings between them.
And once we understand when and how we can construct mappings such as M o M’ or
M1, we need to understand their properties with respect to the ‘existence of solutions’
problem.

Tasks involving data are generally of two kinds.

o Materializing target instances. Suppose we have a schema mapping M and a source
instance S. Which target instance do we materialize? As we already saw, there could be
many — perhaps infinitely many — target instances which are solutions for .S under M.
Choosing one we should think of three criteria:

1 it should faithfully represent the information from the source, under the constraints
imposed by the mapping;

2 it should not contain (too much) redundant information;

3 the computational cost of constructing the solution should be reasonable.

o Query answering. Ultimately, we want to answer queries against the target schema. As
we explained, due the existence of multiple solutions, we need to answer them in a way
that is consistent with the source data. So if we have a materialized target 7" and a query
@, we need to find a way of evaluating it to produce the set of certain answers. As we
shall see, sometimes computing Q(7") does not give us certain answers, so we may need
to change (Q into another query Q' and then evaluate ()’ on a chosen solution to get
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the desired answer. The complexity of this task will also depend on a class of queries
to which @ belongs. We shall see that for some classes, constructing Q' is easy, while
for others @' must come from languages much more expressive (and harder to evaluate)
than SQL, and for some, it may not even exist.

1.3 Data exchange vs data integration

We comment briefly on the connections between data exchange and the closely related field
of data integration. In a typical scenario of (virtual) data integration we have one or more
local sources, as well as a global schema, and a specification of the relationship between
the local schemas and the global schema, i.e., a mapping. The data resides at the local level,
but the user wants to query a virtual database of the global schema. Thus, superficially, a
data integration system can be seen as a data exchange system: we view all local sources
as a single database of a local (source) schema, and, under a given mapping, want to query
a database of global schema (target). Moreover, as in both cases the target, or the global
schema database, is not unique, the semantics of query answering is provided by certain
answers.

The key difference between data exchange and virtual data integration is in the treatment
of target (global schema) data, and in the type of data used for query answering. In virtual
data integration, we do not materialize a database of the global schema. Instead, we rewrite
a given query () over the global schema into queries over the sources so that their results
would either compute, or approximate in the best way the answer to (). That is, the target
is not materialized, and source data is used for query answering.

In data exchange, on the other hand, we do materialize the target. Of course there could
be many target instances, but we choose to materialize one of them, and then use it to
answer queries (). We may choose to run the same query (), or rewrite it into a different
one, but we do run queries on the materialized target. That is, in data exchange, the target
is materialized, and it is that materialized target data that is used for query answering.
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Theoretical background

The goal of this chapter is to introduce some of the basic concepts that will be used through-
out the book. We describe the relational data model, including languages and integrity con-
straints for relational databases, as well as the fundamental concepts related to handling of
incomplete information. We also talk about ways of measuring the complexity of various
computational tasks that occur in the database context. Finally, we recall some basic facts
about finite automata; these will be used extensively in connection with XML data.

2.1 Relational database model

In the relational database model, data is organized in relations, and is described by means
of a relational schema. Informally, we have seen such schemas already in the examples of
the previous section. Formally, a relational schema R is a finite sequence (Us, ..., Uy)
of relation symbols, with each U; having a fixed arity n; > 0. For example, the target
relational schema considered in the introduction has three relations: ROUTES of arity 3,
INFO_FLIGHT of arity 4, and SERVES, also of arity 4.

An instance of a schema contains a relation, or a table, for each relation symbol. For
example, the following is a possible relation for ROUTES:

flight# source destination

AF406 Paris Santiago

KIM1276  Edinburgh Amsterdam

KIMI1365 Amsterdam Warsaw

AF5148 Paris Edinburgh

Formally, we assume a domain of possible values D (such as AF406 or Paris). Recall
that a k-ary relation over D is a subset of D¥ = D x ... x D, the product of k copies of D.
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An instance S of schema R = (Uy,...,U,,) assigns to each relation symbol U;, where
1 <4 < m, afinite n;-ary relation Ul-S . Recall that n; is the arity of U;.

The domain of instance S, denoted by DOM(S), is the set of all elements that oc-
cur in the relations U. It is often convenient to define instances by simply listing
the tuples attached to the corresponding relation symbols. Further, sometimes we use
the notation U(f) € S instead of ¢ € U?, and call U(f) a fact of S. For instance,
FLIGHT(Paris, Santiago, AirFrance,2320) is an example of a fact.

Given instances S and S’ of R, we write S C S’ if instance S is contained in instance
S/, that is, if US C U5 foreveryi € {1,...,m}.

The size of instance S is denoted by ||.S||. It is measured as the sum of sizes of all
relations in S. The size of each relation is the total number of values stored in that relation,
that is, the product of the number of tuples and the arity of the relation. In the example of
a relation above, we measure its size as 12, since it has 4 tuples, and has arity 3.

Integrity constraints We often consider relational schemas with integrity constraints,
which are conditions that instances of such schemas must satisfy. The most commonly
used constraints in databases are functional dependencies (and a special case of those:
keys), and inclusion dependencies (and a special case of functional and inclusion depen-
dencies: foreign keys). Schema mappings, as we saw, are given by constraints that relate
instances of two schemas. Those will be studied in detail in the book; for now we review
the most common database constraints.

A functional dependency states that a set of attributes X uniquely determines another
set of attributes Y'; a key states that a set of attributes uniquely determines the tuple. For
example, it is reasonable to assume that f1ight# is a key of ROUTES, which one may write
as a logical sentence

VfVsVdVs'Vd (ROUTES(f,s,d) AROUTES(f,s',d') — (s=s")A(d=d)).

An inclusion dependency states that a value of an attribute (or values of a set of attributes)
occurring in one relation must occur in another relation as well. For example, we may
expect each flight number appearing in INFO_FLIGHT to appear in ROUTES as well: this is
expressed as a logical sentence

VfVdvava' (INFOFLIGHT(f,d,a,a’) — Js3d' ROUTES(f,s,d’)).

Foreign keys are simply a combination of an inclusion dependency and a key con-
straint: by combining the above inclusion dependency with the constraint that f1ight#
is a key for ROUTES, we get a foreign key constraint INFO_FLIGHT [flight#] Cpx
ROUTES [f1light#], stating that each value of flight number in INFO_FLIGHT occurs in
ROUTES, and that this value is an identifier for the tuple in ROUTES.
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2.2 Query languages

We now give a brief overview of the standard relational query languages such as relational
calculus, relational algebra, and their fragments.

Relational calculus

This is another name for first-order predicate logic, abbreviated as FO. Its formulae, over
a schema R with relation names (U, . .., U,,), are built inductively, using the rules pre-
sented below. We assume a (countably infinite) set of variables, typically denoted by lower-
case letters such as z, , z, . . ., sometimes with subscripts and superscripts. We now define
both formulae of relational calculus, and their free variables.

e If U; is a relation in the schema, and ¢ = (1, ..., tp,) is a tuple of the same length as
the arity of U; so that each t; is either a variable, or a constant from the domain, then
U; (%) is a formula.

Its free variables are exactly the variables present in .

e If each of t1, %5 is either a variable, or a constant from the domain, then £; = t5 is a
formula. Its free variables are exactly the variables among ¢; and ¢». For example, x = 5
is a formula with free variable x, while x = y is a formula with free variables x and y.

Formulae of the two kinds described above are called atomic formulae.

e If  and v are formulae, then both ¢ V ¥ and ¢ A 1) are formulae. Their free variables
include all the free variables of ¢ and .

o If is a formula, then —¢ is a formula. Its free variables coincide with the free variables
of .

e If ¢ is a formula and x is a variable, then both 3z ¢ and Vz ¢ are formulae. Their free
variables include all the free variables of ¢ except the variable x.

If we have a formula ¢ whose free variables are Z = (1, . .., 2, ), we shall write ¢(Z)
or p(x1,...,Ty).

We next define the semantics of relational calculus queries. Assume that we have an in-
stance S, in which each predicate U; of arity n; is interpreted as an n;-ary relation U;°. For
each formula ¢(z1, .. ., z,) and a mapping o from a set of variables including x1, ..., x,
to DoM(.S) we define the notion of

(5,0) = (%),
saying that ¢(Z) is true when variables z1, . .., x,, are interpreted as o(x1),...,0(xy,) €
DOM(S). Then the output of a query ¢(z1,. .., x,) on the instance S is

0(S) = {(o(@1),....0(zn)) | (S.0) = @(2)}.

We now define (S, o) = ¢(Z) inductively. For atomic formulae, we have:

° (S, U) ': (tl = tg) iffO'(tl) = U(tz).
o (8,0) EUi(ty, ... tn,) iff (o(t1),...,0(tn,)) € US.
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In these first two rules, one of the ¢;’s could be a constant c. In that case, we make the
assumption that o(c) = c.
The remaining rules are as follows:

S,0) E e Vyiff (S,0) = por (S, o) = .

S,0) EeAyYiff (S,0) = pand (S,0) E 9.
S, o)
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o on all variables except x, on which its value is defined to be c.
(S,0) = Vz iff (S,0[c/x]) |E ¢ forall c € DoM(S).

In general, not all of the connectives are required. Due to the standard equivalences:

eV & (o Ap)
Vo <+ —dr-ogp

conjunction, negation, and existential quantification are sufficient to express all relational
calculus queries.
As an example, consider a query ¢(z) below:

JyTy'3237 (ROUTES(y, x,2) AROUTES(y/, 2/, :17)) , (2.1)

asking for cities that appear as both a source and a destination in table ROUTES. In the
example shown earlier, the answer to this query will include Edinburgh and Amsterdam.

A note on Boolean queries We shall sometimes deal with Boolean queries, or queries
returning true or false. Normally we assume that the output of any relational query is
a relation, and the same must hold for Boolean queries. We represent the Boolean values
true and false by means of relations of arity 0, i.e., containing tuples with no attributes.
There is only one such tuple, namely the empty tuple, which we denote by (). Hence, there
are only two possible relations of arity zero:

0 and {0},

that is, the empty set, and the set containing the empty tuple. We shall associate the empty
set with false, and the set containing the empty tuple with true.

Relational algebra

Although we mainly deal with logical formalisms in this book, we now briefly review rela-

tional algebra — the standard procedural counterpart of relational calculus. Each expression

of relational algebra, when applied to a database instance, produces a relation of some arity

n > 0. In general, we assume that attributes of an n-ary relation are named as 1, ..., n.
Relational algebra has the following five operations.
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e Projection. This operation is applied to a single n-ary relation and only keeps some of
the columns. More precisely, if i1, . . ., ix is a set of numbers between 1 and n, and U is
an n-ary relation, then 7;, . ;, (U) is a k-ary relation defined as follows:

Wil,...,ik(U) = {(Ci17"'7cik) | (Cl,...,Cn) S U}

e Selection. This operation is applied to a single n-ary relation and only keeps tuples that
satisfy some conditions. The basic conditions are of the form ¢ = j or ¢ = c; these are
trueinatuple (c1,...,¢,)if¢; = ¢j or ¢; = ¢, respectively. A condition is a conjunction
of basic conditions. Given such a condition 8, the selection operation oy is defined as

oo(U) = {(c1,...,cn) €U | (c1,...,cn) satisfies 6}.

o Cartesian product. This is the standard Cartesian product that takes an n-ary relation U
and an m-ary relation U’ and produces an n 4+ m-ary relation

(c1,...,cn) €U }

UxU =
{(Cla ;Cny Cn41, ucn-i-m) (Cn+17---,cn+m) cU’

e Union. This is the union U U U’ of two relations of the same arity.
e Difference. Again, this operation is applied to relations of the same arity: U — U’ has
tuples that occur in U but do not occur in U”.

Relational algebra is a procedural language: its queries transform data, to obtain an-
swers to queries written declaratively. For example, the declarative query (2.1), written in
a logical notation, is equivalent to the following relational algebra query:

T2 (0’2:6(R X R))

By taking the product R x R, we create a relation with six attributes. If we look at the
logical query, the variable x occurs in positions 2 and 6, so we must ensure they are equal.
Then only variable z is kept in the output.

The operation obtained by taking the product of two relations, and then selecting tuples
that satisfy some condition — typically equality of attributes — is usually referred to as a
Jjoin. For example, o02—¢(R x R) is a join of two copies of R.

The classical result of database theory states that relational calculus and relational alge-
bra queries are equivalent: that is, for each relational calculus query there exists an equiva-
lent relational algebra query, and vice versa. That is, declarative queries written in relational
calculus have procedural implementation in relational algebra.

Conjunctive queries

This is an extremely important subclass of relational calculus/algebra queries. They are the
basic building block for most queries run by relational DBMSs, and they play a special
role in data exchange.

Formally, conjunctive queries are defined as the 3, A-fragment of relational calculus:
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that is, disjunction, negation, and universal quantification are not allowed. Hence, they are
queries of the form

() = 3y ((Z) A ... Aam(Zm)), (2.2)
where:

e cach q; is an atomic relational formula, i.e., a formula of the form U (Z;), where U is a
relation symbol, and
e Z; is a tuple of variables and constants, with all the variables coming from z and y.

For example, the query (2.1) is a conjunctive query.

Conjunctive queries can be translated into the fragment of relational algebra that con-
tains only the operations of projection (7), selection (o), and Cartesian product (x). One
sometimes refers to this fragment as select-project-join queries. Conversely, every query in
the {m, o, x }-fragment of relational algebra is a conjunctive query.

Conjunctive queries also correspond to the basic fragment of SQL, namely to queries
of the form SELECT-FROM-WHERE, in which the WHERE clause contains a conjunction of
equalities.

A related class we consider consists of unions of conjunctive queries. As the name sug-
gests, these are queries of the form @1 U ... U @Q,,, where all the );’s are conjunctive
queries. In other words, they are the queries expressible in the {7, o, x,U}-fragment of
relational algebra. Since these are queries without the difference operation, they are also
sometimes referred to as queries in the positive fragment of relational algebra. From the
calculus perspective, they can be expressed in the {3, A, V }-fragment of FO (i.e., no nega-
tion, no universal quantification).

There are several important properties of conjunctive queries and their unions that we
shall use throughout the book. One of them is monotonicity. If () is a conjunctive query, or
a union of conjunctive queries, then

SCS = Q) Q).

Another useful property is that containment and equivalence of conjunctive queries are
decidable. We say that a query Q is contained in a query Q’, written as Q C @', if Q(S) C
Q' (S) for every instance S. Queries are equivalent if Q(S) = Q'(S) for every instance.

To explain why, we introduce key notions of tableaux and their homomorphisms. These
will be central for us in the book.

Suppose we have a conjunctive query of the form (2.2). Its rableau is a pair (T, T),
where T, is a relational database containing essentially the atoms c;(Z;). For example,
for the conjunctive query in (2.1), the tableau will contain two facts: ROUTES(y, z, z) and
ROUTES(y/, 2/, x).

Given two tableaux (T, Z) and (T’,Z), a homomorphism between them is a map h :
DoM(T') — DoM(T") satisfying two conditions:

1 h(x) = z for every x that occurs in Z; and
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2 if U(t) is a factin T, then U (h(?)) is a fact in T".

If Z is clear from the context, we say that / is simply a homomorphism from 7" to T”.
Consider an example of two conjunctive queries:

Qi(z,y) = 3=z (Ul(:zr,z) A Ug(y,z,:zr))
Q2(z,y) = FzTw3Ir ( Ui(z,z) AUy (v,w) A Ua(y, z,2) A Us(r, w, v))

The tableau for the first contains the facts U;(x, z) and Us(y, 2, ); the tableau for the
second in addition contains the facts U; (v, w) and Us(r, w,v). One can then see that the
map given by:

h(v) = =z h(w) = =z h(r) =y
hz) = « hy) =y h(z) = =2

is a homomorphism from T, to Tq,, as it preserves the free variables = and y, and sends
Ui (v, w) into Uy (z, z) and Uz (7, w, v) into Us(y, 2, ).

The importance of homomorphisms comes from the fact that they allow one to test
conjunctive queries for containment. Namely, if we have two conjunctive queries Q(Z)
and Q'(Z) with tableaux (T, Z) and (T, Z), then

Q C Q" & thereisahomomorphismh : T — T

Note that the direction of the homomorphism is opposite to the direction of containment.
For the above examples of queries ()1 and ()2, we have both a homomorphism T, — T,
and a homomorphism Ty, — Tg, (the identity), which implies Q1 = Q2.

2.3 Incomplete data

We have seen in earlier examples that target instances may contain incomplete informa-
tion. Typically, incomplete information in databases is modeled by having two disjoint and
infinite set of values that populate instances:

o the set of constants, denoted by CONST, and
o the set of nulls, or variables, denoted by VAR.

In general the domain of an instance is a subset of CONST U VAR (although we shall
assume that domains of source instances are always contained in CONST). We usually
denote constants by lowercase letters a,b, c,... (or mention specific constants such as
numbers or strings), while nulls are denoted by symbols L, 1, 1o, etc.

Incomplete relational instances over CONST U VAR are usually called naive databases.
Note that a null L € VAR can appear multiple times in such an instance. If each null
1 € VAR appears at most once, we speak of Codd databases. If we talk about single
relations, it is common to refer to them as naive tables and Codd tables. For example, the
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instance
1 2 1y
Sy 1y 17 3 (2.3)
1ls 5 1

is a naive table: the null L ; occurs twice. On the other hand, the instance

1 2 4
So 2.4)
1o 13 3

is a Codd table, since each null occurs just once.

The semantics of an incomplete instance .S is the set of complete instances (i.e. in-
stances without nulls) it can represent. These are defined via homomorphisms. We write
CONST(S) and VAR(S) for the sets of constants and nulls, respectively, that occur in
S. For example, in the instance S; above (2.3), we have CONST(S1) = {1,2,3,5} and
VAR(Sl) = {J_l, J_Q, J_g}

A homomorphism h : S — S’ between two database instances of the same schema is a
map

h : VAR(S) — CONST(S") U VAR(S")
such that, for every relation symbol U, if the fact U (f) is in S, then the fact U (h(?)) is in
S’. In defining h(f), we extend h to constants by letting h(c) = ¢ for every ¢ € CONST.
The semantics of an incomplete database instance S, denoted by Rep(.S) is then defined

as the set of complete databases S’ such that there is a homomorphism A : .S — S’. That
is,

Rep(S) = {S" with DoM(S’) C CONST | 3 homomorphismh : S — S’}

For example, given the incomplete database 57 in (2.3), the instance

1 2 4

3 4 3
S’

5 5 1

3 7 8

isin Rep(S1), as witnessed by the homomorphism h(L1) =4, h(Ls) = 3,and h(L3) = 5.

Certain answers and naive evaluation Given an incomplete database S and a query @),
one normally tries to compute certain answers, i.e., answers that are true regardless of the



20 Theoretical background

interpretation of nulls. These are defined as

certain(Q, S) = ﬂ{Q(S’) | S € Rep(S)}.

Recall that when @) is a Boolean (true/false) query, we associate true with the set
containing the empty tuple, and false with the empty set. Then the above definition says
that for a Boolean query, certain(Q, S) is true iff Q) is true in every S’ from Rep(S).

The problem of computing certain answers is not solvable algorithmically for all FO
queries. However, it is solvable efficiently (essentially, with the standard query evaluation
techniques) for unions of conjunctive queries. This is done by naive evaluation, defined as
follows.

If we have a query @ and a database instance S with nulls, define @ ive (S) as the result
of a two-step process:

1 first, evaluate @ as if nulls were values (e.g., L = L istruebut L = 1" or L. = cfora
constant ¢ are false), and

2 second, eliminate tuples containing nulls from the result.

As an example, consider the instance below:

| N
U — Uy —
2 1 15 6
and the query
Q(z,y,2) = v (Ur(z,v) AUs(v,y,2)).

The first step of evaluating () naively results in a table

1 4 1

2 5 6
In the second step, the tuple (1,4, 1) is eliminated, as it contains a null. The end result
has one tuple, (2,5,6).

For general queries, naive evaluation need not coincide with certain answers. However,
if @ is a conjunctive query, or a union of conjunctive queries, then

certain(Q,S) = Qnaive(S).

This result is essentially optimal, as every larger subclass of relational calculus will contain
a query for which naive evaluation will fail to compute certain answers.
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Properties of homomorphisms Using homomorphisms is essential for establishing proper-
ties of conjunctive queries. We have already seen that containment of conjunctive queries
can be formulated in terms of the existence of homomorphisms between their tableaux.
Notice that tableaux are nothing but naive tables with some distinguished variables.

Another important property concerns the interaction of homomorphisms with certain
answers. Suppose we have two instances S and S’ of the same schema, a homomorphism
h:S — S’, and a conjunctive query Q. Then

certain(Q, S) C certain(Q, S’).

The reason for this is that conjunctive queries are preserved under homomorphisms. That
is, if @ is a tuple of constants and @ is in Q(.S), then @ also belongs to Q(.S”). Indeed, if @
is of the form 3y a(z, %), and @ € Q(S), it means that a(a, b) is true in S for some tuple b
that may contain both constants and nulls. But then by the definition of homomorphisms,
a(a, h(b)) is true in Q(S’), implying a € Q(S").

This preservation property applies to unions of conjunctive queries as well, and will be
used in designing algorithms for query answering in data exchange.

2.4 Complexity classes

For most computational tasks we encounter in the book, we need to establish whether
they are solvable algorithmically and, if the answer is positive, what type of computa-
tional resources are required. The former, of course, is the decidability question for a given
problem; the latter is the question of its computational complexity. Complexity is typically
measured in terms of the membership of a problem in a complexity class, and, ideally,
completeness for a complexity class. Completeness means that the problem is as hard as
any problem in a given class, which tells us that resources demanded by problems in that
class are really needed to solve the problem at hand.

Membership of a problem in a complexity class is established by providing an algorithm
that uses resources allowed by the complexity class. Resources are measured in terms
of either time or space required by the computation, as well as the type of computation
(deterministic or nondeterministic). Completeness (or undecidability) is established by
reducing from problems already known to be complete for the class.

We now provide basic information about the complexity classes we use, as well as the
prototypical complete problems to be used in reductions.

Definitions of complexity classes

The classes we consider are defined in terms of:

e time or space requirements, that is, problems requiring O(f(n)) time or space, for a
class of functions f, and

e deterministic or nondeterministic mode of computation.
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We consider Turing machines as a computational model, so O(f(n)) refers to the num-
ber of steps made by the machine on an input of size n (for time complexity), or the number
of cells used by the machine (for space complexity).

The main classes we look at are described below. Note that these are intuitive definitions;
formal definitions can be found in multiple complexity theory texts, some of which are
mentioned in the bibliographic comments.

e PTIME, the class of polynomial-time solvable problems, by deterministic computation.
That is, the running time is O(n*) for some fixed k.

e NP, the class of polynomial-time solvable problems, but by nondeterministic computa-
tion. The standard way of thinking about this class is as follows: for problems in NP,
one can guess a solution (of polynomial size), and check in deterministic polynomial
time if this solution to the problem works.

e CONP, the class of problems whose complement is in NP. That is, if we have a problem
which, given an input, has to check if some statement is true about it, and we know that
the complexity of this problem is in NP, then the complexity of the problem that has to
check if the same statement is false is in CONP.

e Levels of the polynomial hierarchy: we shall need two of them, X5 and II5. The former
is the class of problems that can be solved by an NP algorithm that has access to oracles
(i.e., procedure calls) for other problems in NP. The class IT5 has the same relationship
with 35 as CONP with NP: it is the class of complements of problems in 5.

e PSPACE, the class of problems that require polynomial space (with deterministic Turing
machines). It is known that with polynomial space nondeterminism comes for free. That
is, if NPSPACE is defined as the class of problems solved by nondeterministic Turing
machines requiring polynomial space, then PSPACE=NPSPACE.

e EXPTIME and EXPSPACE, the classes of problems requiring exponential time or space,
i.e., time or space of the order of 20("k), with a deterministic Turing machine. As with
PSPACE, nondeterminism comes for free in EXPSPACE, i.e., EXPSPACE=NEXPSPACE.

e NEXPTIME, the nondeterministic analog of EXPTIME.

o LOGSPACE and NLOGSPACE, classes of problems requiring space of the order of
O(logn), deterministic and nondeterministic, respectively (for those classes, it is not
known whether they coincide).

e ACY, the class of problems admitting “very fast” parallel algorithms. We shall not define
it precisely, but the intuitive idea is that problems in this class can be solved in paral-
lel in constant time if one has access to polynomially many processors. All queries in
relational calculus have this complexity.

The class PTIME is normally used as a tractability boundary. Problems inside PTIME are
referred to as tractable, and problems outside as intractable. The following inclusions are
known inside PTIME:

ACY C LoGSPACE C NLOGSPACE C PTIME.



2.4 Complexity classes 23

The first inclusion is known to be strict; the strictness of others are big open problems in
complexity theory. Between PTIME and PSPACE we have the following inclusions:

NP »P
C - 2 - )
PTIME C { CONP } - { G } C PSPACE

None of the inclusions is known to be strict, nor is it known whether the classes listed
in the curly brackets coincide. Again, all of these are big open problems in complexity,
including the famous PTIME vs. NP question. It is conjectured that PTIME # NP; in fact
it is generally believed that practical algorithms for NP-complete problems will run in
exponential time in the worst case.

Above PSPACE we have the following:

PSPACE C EXPTIME C NEXPTIME C EXPSPACE.

Again, none of the inclusions is known to be strict, although we know that PSPACE C
EXPSPACE. It is also generally assumed that there are problems in NEXPTIME that are
harder than the problems in EXPTIME, and thus, for all practical purposes, probably require

double-exponential time (i.e., time of the order of 22",

Complete problems

For each complexity (at least among those we consider here), some problems play a special
role in that they are hard for those classes. Namely, if we have an algorithm for solving
such a hard problem P, we can have an algorithm for solving every problem P’ in the class.
This is achieved by reducing P’ to P, typically by means of a polynomial-time algorithm.
That is, one has a polynomial-time algorithm that may include some calls to the subroutine
solving P, and this algorithm solves P’. If the problem P both belongs to some complexity
class and is hard for it, then we call it a complete problem for the class. One typically refers
to these problems such as NP-complete, PSPACE-complete, etc.

In most cases, one uses polynomial-time reductions, but quite often it suffices to use
reductions expressed in very simple languages. For example, many reductions can be ex-
pressed in FO. In fact, for classes inside PTIME, reductions must be expressible in a simple
language, and for those classes we normally assume that they are FO-expressible.

If we know that a problem is complete for a class, it tells us that it is as hard to solve as
any other problem in the class. Hence, it gives us a good estimate of how much computa-
tional resources one needs. For example, if a problem is NP-complete, then in all likelihood
one needs an exponential-time algorithm to find a practical solution to the problem.

To establish completeness of some problem P of interest in a complexity class C, it
suffices to take a known complete problem P, for C' and do the following:

o first, show that P is in C (this step is often quite easy), and

e second, reduce from P, to P, i.e., show that if we have an algorithm for solving P, then
we have an algorithm for solving P,. Such a reduction must be done in polynomial time
for classes above PTIME, and in FO for other classes we consider here.
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We now give samples of complete problems for various classes. Others will be cited in
proofs later in the book, when we need them.

NP-complete problems The quintessential NP-complete problem is satisfiability for
Boolean formulae, or SAT. The input is a Boolean formula over variables 1, ..., x,,
typically in CNF. The question is whether the formula is satisfiable, that is, whether there
exists an assignment of values 0 or 1 to each variable x;, for 1 < ¢ < n, that make the
Boolean formula true.

Consider, for example, the formula

(1‘1 V —xo V ﬁxg) A\ (ﬁxl Vxg V ﬁfL‘3) A\ (ﬁl‘l V xo V ,Tg).

It is satisfiable by the following assignment: 1 = 0,29 = 0,3 = 1.

Some restrictions of SAT remain NP-complete, for example, the problem 3-S AT, which
asks for satisfiability of Boolean formulae in CNF in which each clause contains at most
three literals (like the formula above).

Many NP-complete problems are related to graphs. Consider, for example, the k-
colorability problem. The input to the problem is an undirected graph G = (V, E) with
vertices V' and edges E. The question is whether the set of vertices can be partitioned into
ksets, V = Cy U...UCy, where all the C;’s are disjoint, so that for each edge (z,y) € F,
the vertices = and y are in different sets C; and C};. One can think of these sets as assigning
colors 1 through k. Then the vertices of each edge must be colored by different colors.

The k-colorability problem is NP-complete for every £ > 3 (and is solvable in polyno-
mial time for k = 2).

Note that for both SAT and k-colorability, showing their membership in NP is easy
by guessing the solution. In the case of SAT, one guesses an assignment of 0 or 1 to the
variables, in the case of colorability, one guesses an assignment of colors to vertices. It is
then easy to check, in deterministic polynomial time, whether these are proper solutions
(i.e., a satisfying assignment, or a coloring).

Each NP-complete problem gives rise to a CONP-complete problem which is simply
its complement. The following are examples of CONP-complete problems: asking if a
Boolean formula is unsatisfiable (i.e., every assignment makes it false), and if a graph is
not k-colorable for &k > 3 (i.e., for every assignment of colors at least one edge has both
vertices colored with the same color).

Problems complete for PSPACE, X5, and IT5 The canonical complete problems are variants
of SAT, but this with quantifiers in front of the Boolean formula. These problems are
referred to as quantified satisfiability problems, or QSAT. In general, an instance of QSAT
is a formula of the form

VZ13ToVZ33Z,4 . .. a(fl,ffg, T3,T4, .. )
or

3@1\71_723@3\71_74 SN Oé(.fl, fg, fg, 1_74, .. .),
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where a(Z1, T2, T3, T4, - . .) is a Boolean formula. For example,
3(261, ZCQ)VSCg (Il \Y T2 \Y _|£C3) A\ ("ZCl V X9 \Y _|£C3) A\ ("ZCl \Y i) V CCg)

is an instance of QSAT. The question is whether the formula is true. In the above example,
the answer is yes: if z; = x2 = 0, then the propositional formula is true for both x3 = 0
and x3 = 1.

The problem QSAT is PSPACE-complete. Moreover, its variations give rise to complete
problems for lower classes: if the quantifier prefix is 37 VZ2, then it is ¥5-complete, and
if the prefix is VZz13Zo, then it is Hg-complete.

Complete problems for other classes For LOGSPACE and NLOGSPACE, canonical com-
plete problems are related to graph reachability. Consider directed graphs G = (V, E),
where the edge (z,y) € E indicates a directed edge that goes from « to y. The problem of
checking, for a given directed graph GG and a pair of nodes s and ¢, whether there is a path
from s to ¢, is NLOGSPACE-complete. A path is a sequence s = xg,Z1,%2,...,Tx = ¢
such that each (z;, z;41) is an edge in F, for ¢ < k. The problem of checking whether there
is a deterministic path is LOGSPACE-complete. A path is deterministic if each (z;, 2;41) is
the only outgoing edge from z;, fori < k.

For NEXPTIME, the standard complete problem is satisfiability for the Bernays-
Schonfinkel class of FO formulae. These are FO formulae of the form 3ZVy ©(Z, 3), where
 is quantifier-free (i.e., a Boolean combination of atomic formulae). It is known that such
a formula is satisfiable if and only if it is satisfiable in some finite structure. Checking
whether there exists a finite structure making this formula true is NEXPTIME-complete.

Another example of an NEXPTIME-complete problem is the following version of the
tiling problem. Given a set of k tiles, and compatibility relations H,V C {1,...,k} x

{1,...,k}, we say that the n X n square can be tiled if there is a map f : {0,...,n} X
{0,...,n} — {1,...,k} that satisfies both vertical and horizontal compatibility condi-
tions:

o (f(i,5), f(i+1,5)) € Hforalli <nandj < n;
o (f(iy4), f(i,5+1)) eV ioralli <nandj <mn.

Given relations H and V, and a number n given in binary, checking whether the n x n
square can be tiled is NEXPTIME-complete. It is important that n is given in binary: under
the unary representation of n, the problem is NP-complete.

Undecidability Several problems we consider in the book will be shown to be undecidable,
that is, no algorithms exist for solving them. The classical undecidable problem used in
reductions is the halting problem: given a (suitable encoding of a) Turing machine M and
an input w, does M halt on w? In fact, all nontrivial properties of Turing machines are
undecidable, for example, whether the Turing machine M halts on the empty input.

In our undecidability proofs we shall use more complex computational models for which
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halting/termination of computation is undecidable as well. Those will be introduced when
we need them.

Data and combined complexity

When we deal with database-motivated questions, it is important to specify precisely what
is viewed as an input to a problem. Consider, for now, query evaluation. A typical formu-
lation of this problem is as follows:

PROBLEM: QUERY EVALUATION
INPUT: A query Q, a database D, a tuple t.
QUESTION:  Does ¢ belong to Q(D)?

We refer to the complexity of this problem as the combined complexity of query evaluation,
as both the query @, and the data — D and ¢ — are included in the input.

In the database setting, however, queries are typically very small compared to data.
Hence, it makes sense to measure the complexity in terms of the data: this is what we
often are interested in. This is captured by the following modification of the query evalua-
tion problem:

PROBLEM: QUERY EVALUATION(Q)
INPUT: A database D, a tuple .
QUESTION:  Does t belong to Q(D)?

We refer to the complexity of this problem as the data complexity of query evaluation,
since the input consists only of data.
The two complexities can be dramatically different. For example:

e For relational calculus (i.e., FO), the combined complexity is PSPACE-complete, while
the data complexity is in AC°.

e For conjunctive queries (and their unions), the combined complexity is NP-complete,
while the data complexity is in AC°.

In fact, it is very common to have an exponential gap between data and combined com-
plexities. To give an intuitive explanation where it comes from, one can see that a query
evaluation algorithm runs, very roughly, in time || D||©UI?ID, where ||Q| refers to the size
of Q. Thus, for a fixed @, it is polynomial, but when () is a part of the input, it takes
exponential time. A careful implementation of this naive algorithm results in the PSPACE
complexity. For conjunctive queries of the form 3% «, one needs to guess witnesses for the
existential quantifiers, and then check if they make the formula « true, which gives an NP
algorithm.

When we consider problems related to data exchange, the input generally will be split
into two parts: the data part, involving instances (source and target), and the non-data part,
involving schema mappings and queries. If only data is viewed as the input, we shall be
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talking about data complexity; if mappings and queries are part of the input as well, we
shall be talking about combined complexity.

2.5 Basics of automata theory

In the last part of the book, where we deal with XML data exchange, we shall need some
basic facts about automata on words and trees. Most of the notions of schemas for XML
are automata-based; since XML documents themselves are modeled as labeled unranked
trees, automata that one uses are those that run on such trees. In this section we review the
basics of automata on words, and on binary trees. Automata on XML trees will be defined
in the last part of the book.

If ¥ is a finite alphabet, then >* stands for the set of all finite words over X. We let
€ denote the empty word. A nondeterministic finite automaton (NFA) is a tuple A =
(Q,%, qo, F, ), where

e () is a finite set of states, with the initial state ¢y € @) and the set of final states F' C @,
and
e §:(Q x ¥ — 29 is the transition function.

Given a word w = apaj ...an—1 of length n over 3, a run of A on w is a function
p:9{0,...,n—1} = @ such that:

1 p(0) € é(qo,a0), and
2 p(i+1) € d(p(i),a;s1)for0 <i<n-—1.

A run shows in which state the automaton can be after reading each letter a; of w. It starts
in go and, whenever it is in state ¢ and reads letter a, it moves to a state in §(g, a). Note
that there could be more than one run of an NFA on a string.

A run is accepting if p(n — 1) € F, i.e., if it ends in a final state. A word w is accepted
by A if there exists an accepting run of A on w. The set of all words accepted by A is
the language accepted by the automaton, denoted by £(.A). Languages arising this way are
called regular.

There is another familiar way of specifying regular languages, namely by means of
regular expressions. These are defined by the grammar:

e,e! =0 |e|aaceX |e€ |eUe | e

These will be used in some XML schema specifications (DTDs). We assume that the reader
is familiar with regular expressions. A regular expression can be converted into an equiva-
lent automaton in polynomial time.

There are some standard decision problems related to NFAs. One of them is nonempti-
ness: given A, is £(A) # (0? That is, does A accept at least one word? This problem is
known to be NLOGSPACE-complete (and thus solvable in polynomial time). At the other
end, one can ask whether the automaton is universal, i.e. £(A) = 3*. This problem is
PSPACE-complete (and thus it is very unlikely to be solvable in polynomial time). The
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problem of checking, for two automata A; and A, whether £(A4;) C L(Az) is also
PSPACE-complete.

Automata can run not only on words but also on trees. We now briefly review automata
on binary trees. A binary tree domain D is a subset of {0,1}* that, together with each
w € D, contains all its prefixes (including €), and such that for each w € D, either both
w -0 and w - 1 are in D, or none of them is. These define the nodes of a tree, as is shown
in the picture below:

€
O/ \1

/7 N\ /7 N\

00 01 10 11

A tree over X is then a pair T' = (D, \), where D is a binary tree domainand A : D — ¥
is a labeling function. A nondeterministic (bottom-up) tree automaton (NTA) is defined as
atuple A = (Q, %, qo, F, d), where the only difference with the definition of an NFA is
that the transition functionis § : Q x @Q x ¥ — 2%. The intuition behind this transition
function is that if states g and ¢’ are already assigned to left and right children of a node v
labeled a, then any state from d(q, ¢’, a) can be assigned to v.

Formally, a run of A onatree 7' = (D, ) is a function p : D — @ such that:

e if v is aleaf and \(v) = a, then p(v) € §(qo, go, @), and
e if v has children vg, vy and A(v) = a, then p(v) € §(p(vo), p(v1),a).

A run is accepting if p(¢) € F. With this, the notions of trees accepted by A and the
language £(.A) are defined as before.

The same questions we considered for word automata can be asked about tree automata.
Nonemptiness, i.e., checking whether £(.A) # 0, is solvable in polynomial time, and is
in fact PTIME-complete. The universality problem, i.e., checking whether every tree is
accepted by A, is EXPTIME-complete. The containment problem for two tree automata is
EXPTIME-complete as well.
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Data exchange: key definitions

In this chapter we present formal definitions of the key data exchange concepts that will be
used throughout the book:

e schema mappings and source-to-target dependencies;
e solutions, and the semantics of mappings; and
e query answering and query rewriting in data exchange.

3.1 Schema mappings

Let R be a relational schema. By INST(R) we denote the set of all database instances over
R. As described in Section 2.3, domains of instances come from two disjoint and infinite
set of values:

o the set CONST of constants, and
e the set VAR of nulls, or variables, denoted by VAR.

We normally use the symbol L (with subscripts or superscripts) to denote nulls, and low-
ercase letters or specific values to denote constants.

Domains of instances will combine constants and nulls, i.e., they will come from
CONST U VAR. Most of the time (but not always) we assume that domains of source in-
stances come from CONST only.

The three essential components of a schema mapping are:

e a source schema R,
e ararget schema Ry, and
e aset X4 of source-to-target dependencies, or stds.

Source-to-target dependencies are typically logical sentences over Rg and Ry. We have
seen a number of examples in Chapter 1, for instance:

Vsrc Vdest Vairl Vdep ( FLIGHT (src,dest,airl,dep) —
Jf# Jarr ( ROUTES(f#,src,dest)
A INFO_FLIGHT(f#,dep,arr,airl) ))
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Rs:  FLIGHT(-,-,-,-), GEO(-,-,")
R:: ROUTES(, -, ), INFO_FLIGHT(-, -, -, ), SERVES(:, -, -, *)

(¥s¢t) FLIGHT(src,dest,airl,dep) —
df# Jarr ( ROUTES (f#,src,dest)
A INFO_FLIGHT (f#,dep,arr, airl))

(¥st) FLIGHT(city,dest,airl,dep) A GEO(city,country,popul)
— Jphone SERVES(airl,city,country,phone)

(¥st) FLIGHT(src,city,airl,dep) A GEO(city,country,popul)
— Jphone SERVES(airl,city,country,phone)

(3:)  VE#VsVdVs'Vd' ROUTES(f#, s,d) A ROUTES(f#,s’,d') —
s=s ANd=d

(3¢)  VE#VsVd ROUTES(f#,s,d) —
Jada’3d’ INFO_FLIGHT(f#,d’,a,a’)

Figure 3.1 A complete schema mapping M = (Rs, R¢, Xst, 3¢).

In addition, one might impose constraints on target instances, for example, keys and
foreign keys, or other database integrity constraints. Let >; be a set of such constraints,
expressed by logical sentences over Ry.

A schema mapping is then defined as a quadruple

M == (R57 Rt7 Esta Et)a

or just M = (Rs, Ry, s ), when there are no target constraints.

An example of a schema mapping was shown in Figure 1.3 on page 7. That schema had
no target constraints. If one expands it with the rules stating that £# is a key for ROUTES
and f# occurring in INFO_FLIGHT is a foreign key referencing ROUTES, one would arrive
at the complete schema mapping shown in Figure 3.1.

3.2 Solutions

Now assume that S is a source instance, i.e., a database instance over Rg. Then a target
instance 7' is called a solution for .S under M if and only if S and 7" together satisfy all
the stds in X, and T satisfies all the constraints in >J;. That is, 7" is a solution for S under
M if

(S, T) ': Est and T ': Zt.

For mappings without target constraints, we only require (S, T") | Y.
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As an example, consider an instance with the following tuples:

FLIGHT (Paris, Santiago, AirFrance, 2320)
GEO (Santiago, Chile, 5.3M)

Then the following is a solution:

ROUTES(_L,, Paris, Santiago)
INFO_FLIGHT(L, 2320, 1o, AirFrance)
SERVES(AirFrance, Santiago, Chile, 1 3)

The set of all solutions for S under M is denoted by SOLA¢(.5):

SoLp(S) = {T € INST(Ry) | (S,T) ESg and T |= 3, .

It shall often be convenient for us to view the semantics of a schema mapping as a binary
relation, containing pairs source-target that it relates. In fact, when we deal with metadata
management, we often view mappings this way. Thus, the semantics of a mapping M
is a binary relation [M] between INST(Rs) and INST(R¢) (i.e., [M] C INST(Rg) X
INST(Ry)) defined as

S € INST(Rs),
[M] = < (S,T) T € INST(Ry),
T € SoLpm(S)

3.3 Query answering and rewriting

Given a query Q) over the target schema Ry, the notion of query answering is that of
certain answers, which are true in all solutions for a given source instance .S, and thus do
not depend on a particular target instance that is materialized.

Thus, certain answers are defined as

certainp (Q, S) = m Q(T).

TeSoLam(S)

However, one needs to compute certaina(Q, S) using just one specific materialized so-
lution, say Tj. In general, there is no reason why simply running @ on 7 and comput-
ing Q(Tp) would yield certaina(Q, S). Thus, instead one tries to find another query Q'
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that, over the materialized target Ty, computes certaina(Q, S). This query Q' is called a
rewriting of () over Tj; then

Q' (Ty) = certainp (Q, S).

When we have such a materialized solution Ty and a rewriting @’ for each query @ we
want to pose, we have the answer to the two key questions of data exchange. First, we
know which solution to materialize — it is Tj. Second, we know how to answer queries —
compute the rewriting Q' of () and apply it to Tj.

3.4 Bibliographic comments

Data exchange, also known as data translation, is a very old problem that arises in many
tasks where data must be transferred between independent applications (Housel et al.,
1977). Examples of data exchange problems appeared in the literature over 30 years ago.
But as the need for data exchange increased over the years (Bernstein, 2003), research
prototypes appeared and made their way into commercial database products. An early mo-
tivating example for much of research on data exchange was IBM’s Clio system, described
by Miller et al. (2001) and Fagin et al. (2009). The theory was lagging behind until the
paper by Fagin et al. (2005a) which presented the widely accepted theoretical model of
data exchange. It developed the basis of the theory of data exchange, by identifying the
key problems and looking into materializing target instances and answering queries.

Within a year or two of the publication of the conference version of this paper, data
exchange grew into a dominant subject in the database theory literature, with many papers
published in conferences such as PODS, SIGMOD, VLDB, ICDT, etc. By now there are
several papers presenting surveys of various aspects of relational data exchange and schema
mappings (Kolaitis, 2005; Bernstein and Melnik, 2007; Barceld, 2009), and a short book
dealing with both relational and XML data exchange by Arenas et al. (2010b). In addition
to the Clio system mentioned early, a new open-source system called ++Spicy has recently
been released, see paper by Marnette et al. (2011). Much more extensive bibliographic
comments will be provided in the subsequent chapters.

The subject of data integration has also received much attention, see, for example, the
keynote by Haas (2007), the tutorial by Lenzerini (2002), and the comprehensive survey
Doan et al. (2012). Relationships between data exchange and integration have also been
explored (Giacomo et al., 2007).

For additional background information on relational databases, complexity classes, and
automata the reader is referred to standard textbooks, for example, the books by Abiteboul
et al. (1995); Ullman (1988); Hopcroft and Ullman (1979); Papadimitriou (1994); Garey
and Johnson (1979); Garcia-Molina et al. (2001); Sipser (1997).
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The problem of relational data exchange

The goal of this chapter is to introduce the key definitions for relational data exchange, as
well as the key problems that we are going to study — checking whether a solution exists,
constructing solutions with good properties, and using such solutions for query answering.

4.1 Key definitions

We start by revisiting the data exchange example presented in Chapter 1.

Example 4.1 In the example seen in Chapter 1, we used the mapping M =
(Rs, Re, 1) in which:

(1) The source schema Rg consists of the ternary relation
GEO(city,country,population)
and the 4-ary relation
FLIGHT (source,destination,airline,departure).
(2) The target schema Ry consists of the ternary relation
ROUTES (flight#,source,destination)
and the 4-ary relations
INFO_FLIGHT(flight#,departure_time,arrival_time,airline)
and

SERVES(airline,city,country,phone).

(3) Xs¢ consists of the following source-to-target dependencies:
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FLIGHT (src,dest,airl,dep) —
df#darr (ROUTES (f#,src,dest) A
INFO_FLIGHT (f#,dep,arr,airl))

FLIGHT(city,dest,airl,dep) A GEO(city,country,popul) —
Jphone SERVES(airl,city,country,phone)

FLIGHT (src,city,airl,dep) A GEO(city,country,popul) —
Jphone SERVES(airl,city, country,phone).

The source-to-target dependencies guide the construction of target instances. For exam-
ple, given the source instance

S = {FLIGHT(Paris, Santiago, AirFrance,2320)},
one possible target instance — a solution — is the instance 7" below:
{ROUTES(Ly, Paris, Santiago), INFO_FLIGHT(L, 2320, Lo, AirFrance)},
where 11, 15 are null values. O

To reiterate, in data exchange we have source and target schemas, and constraints that
relate them. These constitute relational schema mappings defined below.

Definition 4.2 (Relational Mappings) A relational mapping M is a tuple
(Rs, R, Xst, 2t ), where:

e Ry and Ry are relational schemas — Ry isb called the source schema, Ry is called the
target schema;

e X, is a finite set of source-to-target dependencies (i.e. dependencies over the relations
in Rg and Ry);

e ¥, is a finite set of farget dependencies (i.e. dependencies over Ry).

If the set X, is empty, i.e., there are no target dependencies, we write M = (Rg, R, Xst)-
O

We always assume that Rg and R do not have any relation names in common. If both
use the same relation name R, we simply rename R as R’ in the target schema.
The intuition behind the different components of these mappings is as follows:

e Source-to-target dependencies in Xg; are a tool for specifying conditions on the source
that entail a condition that must be satisfied by the target. Thinking operationally, one
can view them as a tool for specifying how source data gets translated into target data.

e The translated data must satisfy usual database constraints. This is represented by means
of the target dependencies in ;.
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Source instances — that is, instances of Rg — are assumed to take values from the domain
CONST, usually referred to as constants. On the other hand, target instances — that is,
instances of Ry — may use both constants from CONST and null values, or nulls from
the set VAR. That is, they are instances over CONST U VAR. Source instances are usually
denoted S, S1, S5, . .., while target instances are denoted T', 71, 15, . . . .

Instances like

{ROUTES(L1, Paris, Santiago), INFO_FLIGHT(L, 2320, Lo, AirFrance)},

in the above example are solutions: they satisfy all the dependencies in the mapping for
a given source instance. That is, given a source instance S over CONST, a target instance
T over CONST U VAR is a solution for S under M, if (S, T) satisfies every sentence in
Y+ and T satisfies every sentence in 3. In symbols, (S,T) = 3 and T | X;. When
M is clear from the context, we call simply call T a solution for S. As before, the set of
solutions for instance S will be denoted by SOL o4(S).

The notion (S, T') = X from the above definition is formally stated as follows. If the

source schema Rg contains relation symbols Uy, ..., U,, and the target schema R con-
tains relation symbols W7, ..., W,, (with no relation symbols in common), then (R, R¢)
refers to the schema with relation symbols Uy, ..., Uy, Wy, ..., W,. If S is an instance

of Rg and T is an instance of Ry, then (S, T') denotes an instance of (Rg, R¢) in which
every relation symbol U is interpreted as U;” and every relation symbol W; is interpreted
astT,foreachl <i<mand1<j<n.

The general definition of relational schema mappings does not put restrictions on the
type of source-to-target dependencies one can use. Admitting arbitrary dependencies how-
ever easily leads to undecidability of some fundamental problems, such as checking for the
existence of solutions. Thus, it is customary to impose restrictions on classes of mappings
M that guarantee efficient algorithms for the key computational tasks associated with data
exchange.

The standard restrictions used in data exchange are as follows: constraints used in X
are tuple-generating dependencies (which generalize inclusion dependencies), and con-
straints in X; are either tuple-generating dependencies or equality-generating dependen-
cies (which generalize functional dependencies). More precisely:

e > consists of a set of source-to-target tuple-generating dependencies (st-tgds) of the
form

VZvy (ps(z,4) — F2(T, 2)),
where o (Z, ) and 1;(Z, Z) are conjunctions of atomic formulas in R¢ and Ry, respec-
tively; and

e >}, is the union of a set of tuple-generating dependencies (tgds), i.e. dependencies of the
form

VEvg ((Z,§) — IZ2¢(T, 2)),
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where ¢(Z,¥) and ©(Z, Z) are conjunctions of atomic formulas in Ry, and a set of
equality-generating dependencies (egds), i.e. dependencies of the form

VI (p(Z) = @i = x;5),

where (Z) is a conjunction of atomic formulas in R, and z;, x; are variables among
those in Z.

One can observe that the mapping we used in Chapter 1 follows this pattern. Equality-
generating dependencies generalize functional dependencies, and in particular keys. Tuple-
generating dependencies generalize inclusion constraints. For example, if we have a bi-
nary relation I?;, then the fact that the first attribute is a key is expressed by an egd
VavyVy' (Ri(z,y) A Ri(z,y’) — y = y’). The fact that each element of a set Ry oc-
curs as the first attribute of R is expressed by a tgd Vo Ra(x) — Jy Ri(x,y). Together
these two constraints form a foreign key.

For the sake of simplicity, we usually omit universal quantification in front of st-tgds,
tgds, and egds. Notice, in addition, that each (st-)tgd ¢(Z,7) — Iz ¢(Z, 2) is logically
equivalent to the formula (35 p(Z,7)) — (IZ¢(F,z)). Thus, when we use notation
0(z) — Az (&, z) for a (st-)tgd, we assume that §(Z) is a formula of the form 35 p(z, §),
where ¢(Z, 7) is a conjunction of atomic formulas.

Tgds without existential quantification on the right-hand side, i.e. of the form
VZVy(p(Z,5) — »(T)), are called full.

From now on, and unless stated otherwise, we assume all relational mappings to be of
the restricted form specified above. Such mappings are not restrictive from the database
point of view. Indeed, tuple-generating dependencies together with equality-generating de-
pendencies precisely capture the class of embedded dependencies. And the latter class con-
tains all relevant dependencies that appear in relational databases; in particular, it contains
functional and inclusion dependencies, among others.

LAv and GAV mappings

There are two classes of data exchange mappings, called Local-As-View (LAV) and Global-
As-View (GAV) mappings, that we will often use. Both classes have their origin in the
field of data integration, but have proved to be of interest for data exchange as well. Let
M = (Rs, Ry, Xst) be a relational mapping without target dependencies. Then:

1 M is a LAV mapping if >; consists of LAV st-tgds of the form:
Vz(U(z) — 3z pe(, 2)),

where U is a relation symbol in Rg. That is, to generate tuples in the target, one needs a
single source fact. In Example 4.1, the first rule is of this shape.
2 M is a GAV mapping if ¥ consists of GAV st-tgds of the form:

Vz(ps(T) = U(T)),
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where U is a relation symbol in Rg. That is, conjunctive query views over the source
define single facts in the target.

Both GAV and LAV mappings — as well as mappings defined by full (st-)tgds — will
be useful for us in two different ways. First, sometimes restricting our attention to one
of these classes leads to better complexity bounds for the problem we study. Second, it is
sometimes possible to show that the computational complexity of a data exchange problem
is hard even if restricted to mappings in one of these classes. This will indicate that such
problems are inherently very hard.

4.2 Key problems

As we mentioned in Chapter 3, one of the key goals in data exchange is to materialize a
solution that reflects as accurately as possible the given source instance. But before we do
so, we need to ask ourselves if it is possible in principle. And once we have materialized
a solution, we need to use it for query answering. These considerations give rise to three
problems we shall study in this chapter — the existence of solutions, materialization of
solutions, and query answering.

Existence of solutions

We now look again at the mapping M from Example 4.1. Under this mapping, every source
instance has a solution under M. In fact, since the st-tgds do not completely specify the
target, solutions are not necessarily unique and, indeed, there are infinitely many of them
for each source instance.

For the source instance S = {FLIGHT(Paris, Santiago, AirFrance,2320)} from the
example, we saw one possible solution

T = {ROUTES(Ll4, Paris, Santiago), INFO_FLIGHT( L4, 2320, Lo, AirFrance)}.

But others are possible too, for instance

T' = {ROUTES(L,, Paris, Santiago), INFO_FLIGHT(L,2320, 11, AirFrance)},
or even a solution with no nulls:
T" = {ROUTES(AF406, Paris, Santiago),
INFO_FLIGHT(AF406,2320, 920, AirFrance)}.

On the other hand, assume that M’ is the extension of M with the target dependency
(an egd) stating that src is a key in ROUTES (f#, src,dest). Then it is no longer true that
every source instance has a solution under M’. Indeed, consider a source instance

S = {FLIGHT(Paris, Santiago, AirFrance, 2320),
FLIGHT(Paris, Rio, TAM ,1720)}.
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We can see that the first st-tgd in ¥, implies that there are facts of the form
ROUTES(z, Paris, Santiago) and ROUTES(y, Paris, Rio) in every solution T" for S. But
these tuples violate the key constraint. Hence, S has no solutions under M’.

This suggests that to materialize a target solution for a given source instance, at the very
least we need to be able to determine whether a solution exists at all. This is the problem
of existence of solutions.

PROBLEM:  SOLEXISTENCE A4.
INPUT: A source instance S.
QUESTION: Is there a solution for S under M?

We study the existence of solutions problem in Chapter 5. We show in Section 5.2
that the problem is undecidable in general, but that it becomes decidable — and, actually,
tractable — for a relevant class of mappings: those with a weakly acyclic set of tgds, as
defined in Section 5.4. In order to prove this, we show, in Section 5.3, how to construct
solutions using the well-known chase procedure.

Notice that in the definition of the problem of existence of solutions the mapping M is
assumed to be fixed — that is, the complexity is measured in terms of the size of the source
instance. This corresponds to the data complexity of the problem. In Section 5.5 we also
study its combined complexity; that is, the complexity when both the source instance and
the mapping are given as input.

Materializing target instances

Once we know that solutions exist, we need to construct one. The problem, explained in
Chapter 1, is that usually there is more than just one solution, in fact, as we just saw,
typically there are infinitely many of them. Thus, we need compute one that reflects ac-
curately the source data and does not contain too much redundant information. Intuitively,
this means that we want to compute solutions that are more general than any other solution.
The following example illustrates the notion of a solution being more general than others.

Example 4.3 Again we refer to the setting of Example 4.1, and three possible solutions
T,T’, and T”, shown on page 39. Intuitively, it appears that 77 and 7" are less general
than 7. This is because T assumes that the values that witness the existentially quantified
variables £# and arr, in the first st-tgd of X, are the same, while 7" assumes that these
variables are witnessed by the constants AF406 and 920, respectively. On the other hand,
solution 7" contains exactly what the specification requires. Thus, it seems natural to say
that one would like to materialize a solution like 7T rather than solution 7" or T, as T' is
more accurate with respect to S (under M) than 7" and T" are. O

More general solutions in data exchange are identified with universal solutions. We will
see in the following chapters that universal solutions have a number of good properties in
terms of representing other solutions, as well as answers to queries. In general, however, the
existence of solutions does not imply the existence of universal solutions, and the problem
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of existence of universal solutions is undecidable. We show these results in Section 6.2, but
later, in Section 6.3, we show that for the same class of mappings for which the existence of
solutions becomes tractable (that is, those with a weakly acyclic set of tgds), the unpleasant
problems just mentioned disappear. For this class of mappings, the existence of solutions
always coincides with the existence of universal solutions, and, therefore, the problem
of existence of universal solutions is tractable. Furthermore, if a solution exists, then a
particular universal solution — called canonical universal solution — can be materialized in
polynomial time.

Finally, in Section 6.4 we address the problem of computing the smallest universal so-
lution, which can be understood as the problem of computing a universal solution with the
least amount of redundant information. Smallest universal solutions are shown to be unique
(up to renaming of nulls) and to coincide with the graph-theoretic notion of the core of the
universal solutions. The smallest universal solution can always be computed in polynomial
time for mappings with a weakly acyclic set of tgds.

Computing certain answers

Once a target instance is materialized, we need to answer queries against it. Recall that
in the context of data exchange, we are interested in computing the certain answers of a
query. That is, if M = (Rg, R, X¢, Xs:) is a relational mapping, @ is a query in some
query language over the target schema Ry, and S is a source instance, we want to find
certain answers of Q) with respect to S under M defined as

certainp(Q,S) = [{Q(T) | T € SoLm(S)}.

Example 4.4 (Examples 4.1 and 4.3 continued) Consider again the source instance
S = {FLIGHT(Paris, Santiago, AirFrance, 2320)}.

The certain answers of the query () = ROUTES(x, y, z) with respect to S is the empty set.
This is because if a tuple belongs to the certain answers of () it can only be formed by
constants, and there is no fact of the form ROUTES(a, b, ¢), for a, b, ¢ € CONST, such that
ROUTES(a, b,c) € T.

On the other hand, it is not hard to see that certainp(Q’, S) = {(Paris, Santiago)},

for Q' = JzROUTES(z,y,z). Indeed, every solution for S must contain a
fact of the form ROUTES(z, Paris, Santiago), and, thus, it must satisfy the query
J2ROUTES(x, Paris, Santiago). O

Given a mapping M and a query Q over Ry, the problem of computing certain answers
for ) under M is defined as follows:

PROBLEM:  CERTAIN ,((Q).

INPUT: A source instance S and a tuple ¢ of elements
from S.

QUESTION:  Does ¢ belong to certain (Q, S)?




42 The problem of relational data exchange

We study query answering in Chapter 7. We start by showing in Section 7.1 that comput-
ing certain answers of FO queries is an undecidable problem, even we deal with relational
mappings without target dependencies. This implies the need for restrictions on query lan-
guages, which we study next. In Section 7.2 we show that the query answering problem
becomes tractable for conjunctive queries over the class of mappings with a weakly acyclic
set of tgds, i.e., those for which the existence of (universal) solutions can be checked in
polynomial time.

Unfortunately, this positive result cannot be extended much further, since we show in
Section 7.3 that adding a very restricted kind of negation to conjunctive queries leads to
intractability, even in the absence of target dependencies. In Section 7.4 we partially tackle
this problem, and develop a language that at the same time adds a limited form of negation
to conjunctive queries, can express interesting data exchange properties, and retains the
good properties of conjunctive queries for data exchange. Later, in Sections 7.5 and 7.6 we
study the notion of query rewriting — that is, when the certain answers of a query () can
be obtained by posing a (perhaps different) query Q' over a materialized target instance.
We develop techniques that help us decide when a query admits a rewriting in some query
language.

Finally, in Chapter 8, we study alternative semantics for data exchange. These semantics
are not based on the class of all solutions, as the certain answers semantics defined above,
but rather on subclasses of suitably chosen preferred solutions. For instance, Section 8.1
develops a semantics based only on the set of universal solutions. Sections 8.2 and 8.3 are
devoted to the study of a closed-world semantics that, unlike the other semantics, does not
allow solutions to be open for adding new facts. Since neither the closed-world nor the
open-world semantics are completely satisfactory in some scenarios, we study in Section
8.4 a clopen semantics that tries to combine the best of both worlds.
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Existence of solutions

Before we address the problem of materializing target instances, we need to address a more
basic problem, that is, whether solutions exist in the first place. As we already mentioned,
the most general version of this problem is undecidable. To obtain decidability — and, as it
turns out, tractability as well — one has to restrict the class of relational mappings. We show
that there is a simple syntactic restriction that only depends on the class of tgds used in tar-
get constraints XJ; and that guarantees these good properties. In order to obtain tractability
for this syntactic class we make use of the well-known chase procedure, which was first
developed in the early 1980s as a tool for checking the implication of data dependencies.

5.1 The problem and easy cases

Recall that in this chapter we study the problem of existence of solutions in data exchange,
defined as follows:

PROBLEM:  SOLEXISTENCE /.
INPUT: A source instance S.
QUESTION: Is there a solution for .S under M?

We start by analyzing some easy cases of the problem, and show the following.

e In the absence of target dependencies the problem is trivial for mappings specified by
st-tgds: every source instance has a solution.

e If we use more powerful mappings, in which source-to-target constraints are specified
by arbitrary FO sentences, then the problem is undecidable.

Relational mappings without target dependencies

We now consider relational mappings of the form M = (Rg, Ry, X4), i.e., mappings
without target dependencies, in which all dependencies in X4, are st-tgds. In this case, the
problem of the existence of solutions becomes trivial, that is, every source instance has
a solution (in fact, infinitely many of them). Furthermore, for each source instance S, a
solution 7" for S can be constructed in polynomial time. In fact, it is the same procedure
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that we used in the last chapter to produce a solution 7" on page 39 for the instance S from
Example 4.1.

Proposition 5.1 Let M = (Rg, Ry, Xgt) be a relational mapping, where 3 consists of
a finite set of st-tgds. Then every source instance S has infinitely many solutions under M.
Moreover, at least one solution for S can be constructed in polynomial time.

Proof We first define a procedure that takes as input a source instance S and computes a
solution 7" for S. For each st-tgd in X; of the form:

(Z) — 3w (Ry (21, w1) A+ A Ri(Zn, wx)),

where & and w are the tuples of variables that appear in the Z;’s and the w;’s, for 1 <7 < k,
and for each tuple @ from DOM(S) of length |Z| such that S = ¢(a), choose a tuple
L of length |w| of fresh distinct null values over VAR. Then populate each relation R;,

1 < i < k, with tuples (73, (@), mg, (L)), where 7z, (@) refers to the components of @ that
occur in the positions of Z;, and likewise for 74, (L). It is easy to see that the resulting
target instance T is a solution for S under M, as the process ensures that every st-tgd is
satisfied. Moreover, each target instance 7" that extends 7" with new tuples is also a solution
for S. Thus, every source instance S admits infinitely many solutions. Finally, since M is
fixed, the process of constructing 7" is done in polynomial time in ||.S||, since computing

sets of tuples @ such that S = ¢(a) can be done in polynomial time. (]

Relational mappings defined in FO

We mentioned in Section 4.1 that admitting arbitrary expressive power for specifying de-
pendencies in data exchange easily leads to undecidability of the problem of existence of
solutions. The next result confirms this, even for relational mappings with no target depen-
dencies, and just a single source-to-target dependency given by an FO sentence.

Proposition 5.2  There exists a relational mapping M = (Rs, Ry, Xst), where ¥ con-
sists of a single FO dependency over the symbols in Rg and Ry, such that the problem
SOLEXISTENCE n is undecidable.

This result confirms the fact that relational mappings have to be restricted in order to
become useful for data exchange purposes. A possible proof of Proposition 5.2 goes by a
rather tedious codification of the halting problem for Turing machines. We postpone the
proof, however, because in the next section we show a stronger result, with a much more
concise and elegant proof, that immediately implies the above.

5.2 Undecidability for st-tgds and target constraints

The fact that arbitrary expressive power of source-to-target dependencies destroys decid-
ability of the most basic data exchange problem was one of the reasons why in Section 4.1
we decided to impose a restriction that mappings be of the form M = (Rg, Rt, Xgt, X¢),
where X5, consists of a finite set of st-tgds and 3; consists of a finite set of tgds and egds.
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So a natural question then is: does this restriction guarantee decidability of the problem
of existence of solutions? It turns out that it is still insufficient for decidability, let alone
efficiency.

Theorem 5.3  There exists a relational mapping M = (Rs, R, Xst, X¢t), such that the
problem SOLEXISTENCE n, is undecidable.

Before proving Theorem 5.3, note that it immediately implies Proposition 5.2. Indeed, if
SOLEXISTENCE A is undecidable, where M = (Rg, Ry, X5, X¢), X5t consists of a finite
set of st-tgds, and X; consists of a finite set of tgds and egds, then SOLEXISTENCE ¢ is
also undecidable, where M’ = (Rs,Ry¢, .,) and X/, consists of the single FO depen-
dency @5 over (Rg, Ryt) that expresses the conjunction of all dependencies in X U X;.

Proof of Theorem 5.3 We reduce from the embedding problem for finite semigroups (ex-
plained below), which is known to be undecidable.

Recall that a finite semigroup is an algebra A = (A, f), where A is a finite nonempty
set and f is an associative binary function on A. Let B = (B, g) be a partial finite algebra;
i.e., B is a finite nonempty set and g is a partial function from B x B to B. Then B is
embeddable in the finite semigroup A = (A4, f) ifand only if B C A and f is an extension
of g, that is, whenever g(a, a’) is defined, we have that g(a, a’) = f(a, a’). The embedding
problem for finite semigroups is as follows: given a finite partial algebra B = (B, g), is B
embeddable in some finite semigroup?

We construct a relational mapping M = (R, Ry, X, 2;) such that the embedding
problem for finite semigroups is reducible to the problem of existence of solutions for M.
The mapping M is constructed as follows:

e R, consists of a ternary relation symbol U, and R, consists of a ternary relation symbol
V. Intuitively, these encode the graphs of binary functions.

o X ={U(z,y,2) = V(x,y,2)}; that is, the content of relation U in a source instance
S is directly copied into relation V' in any target instance that is a solution for .S.

e 3, consists of one egd and two tgds. An egd

/

V(z,y,2) AN\V(z,y,2") = 2= 2/,
asserts that V' encodes a function. A tgd
V(z,y,u) ANV(y,z,v) A V(u,z,w) = V(x,v,w),
asserts that the function encoded by V is associative. Finally, a tgd

V(wr, @z, m3) AV (yn,ye,us) =\ 32 Vs, g, 245)
1<4,j<3

states that the function encoded by V is total. Indeed, this tgd says that if two elements
a and b appear in the interpretation of V, then there must be an element ¢ such that
V(a, b, c) holds.



46 Existence of solutions

Let B = (B,g) be a finite partial algebra. Consider the source instance Sp =
{U(a,b,c) | g(a,b) = c}. It is clear that B is embeddable in the class of finite semi-
groups if and only if Sg has a solution under M. This shows that the existence of solutions
problem for M is undecidable. (]

Thus, the existence of solutions problem is undecidable over arbitrary relational map-
pings given by st-tgds. This suggests that we should further restrict the class of depen-
dencies allowed in mappings, in such a way that checking the existence of solutions is
a decidable (ideally, tractable) problem. Before presenting such a class, we describe the
main algorithmic tool used in data exchange for checking the existence of solutions and
for building them — the well-known chase procedure.

5.3 The chase

The chase was originally designed for reasoning about the implication problem for data
dependencies. In data exchange, the chase is used as a tool for constructing a solution for a
given source instance. In fact, it constructs a solution with very good properties, as we will
see in the next chapter.

The basic idea behind the chase can be described as follows. It starts with a source
instance S, and then triggers every dependency in X, U X4, as long as this process is
applicable. In doing so, the chase may fail (if firing an egd forces two constants to be
equal) or it may never terminate (for instance, in some cases when the set of tgds is cyclic).
Notice that, in a way, we already applied the chase procedure in the proof of Proposition
5.1.

Before defining it formally, we illustrate it with an example.

Example 5.4 Let M = (Rg, Ry, X4t, X¢) be a mapping such that:

o the source schema consists of a binary relation E;

the target schema consists of binary relations GG and L;
e X consists of the st-tgd ¢ = E(x,y) = G(z,y);
e 3, consists of the tgd 6; = G(z,y) — 2z L(y, 2).

Let S be the source instance F(a,b). The chase procedure starts with the empty target T’
and keeps firing rules while some of the constraints are violated. This is done as follows.

1 We start with S = {E(a, )} and Ty = (). Then (S, Tp) violates the st-tgd . The chase
procedure uses this constraint to populating the target with the fact G(a, b).

2 Now Ty = {G(a,b)} and (S,T1) = . However, (S,T1) F~ 61, since the relation L is
still empty. This triggers the application of 6, which results in adding a fact L(b, L) to
the target, where L is a fresh null value.

3 Now T = {G(a,b), L(b, L)}, and no dependency is violated. Thus, the chase success-
fully terminates, and T is a solution for S.
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We now modify target constraints and assume that 3} contains 6, and a new tgd 63 =
L(z,y) — 32 G(y, z). The beginning of the chase procedure is the same as before, but it
does not stop at step 3 as before, since (S, T5) = 2. The chase continues as follows.

4 Afact G(L, 1) is added to the target to satisfy 6. Here again L; is a new null value.

5 Now T3 = {G(a,b),G(L, L), L(b, L)} violates f;. So we have to add a new fact
L(L4,15), where L is a fresh null value.

6 Now Ty = {G(a,b),G(L,11),L(b,L),L(L1, Ls)} violates 2, so a new fact
G(L32, L3) must be added. And the process now continues indefinitely.

In this case, the chase does not terminate. Notice that it does not imply the lack of solutions
for S; in fact, T = {G(a,b), L(b,a)} is a solution for S. Nontermination simply says that
the chase procedure cannot compute a solution.

Finally, consider a 33} that contains a single egd « = G(z,y) — = = y. Then, after the
first step when it constructs 71, the chase fails, since the fact G(a, b), and the egd o implies
that two distinct constants a and b are equal. Notice that, in this case, S has no solution. [J

We now formally define the chase procedure, and explain how its three possible out-
comes — successful termination, nontermination, and failure — are interpreted in terms of
the existence of data exchange solutions.

We first define the notion of a chase step for an instance .S. We distinguish between two
kinds of chase steps — tgd steps and egd steps.

(tgd) Let d be a tgd of the form (Z) — I (Z, ), such that for some tuple @ of elements
in DoMm(S) it is the case that ¢(a) holds in S, where |a| = |Z|. Then the result of
applying d to S with @ is the instance S’ that extends .S with every fact R(¢) that belongs
to 1(a, L), where L is a tuple of fresh distinct values in VAR such that | L| = |g].

. da_ o
In that case we write S — S".

(egd) Let d be an egd of the form (1, ..., x,) = x; = ;. Assume that there is a tuple

a=(ai,...,ay)of elements of DOM(S) such that ¢(a) holds in S, and a; # a;. Then:

e if both a; and a; are constants, the result of applying d to S with a is “failure”, which
is denoted by S d’—a> fail;
e otherwise, the result of applying d to S with @ is the instance S’ obtained as follows:
1 if one of a;, a; is a constant and the other is a null, then S " is obtained from S by
replacing the null with the constant everywhere;

2 if both a; and a; are nulls, then S’ is obtained from S by replacing a; with a;
everywhere.

. d,a . . .
In both cases we write S —— S’. Note that in the second step we arbitrarily choose
whether to replace a; by a; or a; to a;, but, up to renaming of nulls, this will not affect
the result.

With the notion of chase step we can now define a chase sequence.
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Definition 5.5 (Chase) Let X be a set of tgds and egds and S an instance.
o A chase sequence for S under X is a sequence
S; L% g (i > 0)

of chase steps such that

@) So =5,
(ii) each d; is a dependency in 33, and
(iii) for each distinct 4,7 > 0, it is the case that (d;,a;) # (d;,a;) (thatis, d; # d; or
a; # a;). This technical condition simply ensures that chase sequences consist of
different chase steps.

e A finite chase sequence for S under X is a chase sequence
Siﬁ}SH_l (O§2<m)
for S under X. We call S, its result.

- If S,, = fail, we refer to this sequence as a failing chase sequence.

— If no chase step can be applied to S, with the dependencies in ¥, we refer to it
as a successful chase sequence. Technically, this means the following: there is no
dependency d in X, tuple @ in .S, and instance S’ such that S,,, L9, 8 and (d,a) #
(di,a;) forevery 0 <i <m — 1.

O

In principle there could be different results of the chase, as we have to make some
arbitrary choices: for example, if an egd equates nulls | and L', we can either replace
L by L/, or 1’ by L. These choices are rather innocuous, as they produce isomorphic
instances, i.e. instances that are equal up to a renaming of the nulls. There is, however, a
more important choice we make when constructing a chase sequence: that is the order in
which the egds and tgds are applied. We show in Chapter 6 that this choice is relevant. In
particular, we show in Section 6.3 that the result of the chase is not always unique, i.e., that
two different chase sequences may yield different results.

The chase in data exchange

We now explain how chase can be used in data exchange. Let M be a relational mapping
and S a source instance. A chase sequence for S under M is defined as a chase sequence
for (S, () under ¥, U X;. Since in data exchange we are interested in materializing a
target instance, the result (S, T') of a successful chase sequence for S under M is usually
identified with the target instance 7.

The following proposition justifies the application of the chase as a tool for checking for
the existence of solutions in data exchange.
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Proposition 5.6 Let M be a mapping and S a source instance. If there is a successful
chase sequence for S under M with result T, then T is a solution for S. On the other hand,
if there exists a failing chase sequence for S under M, then S has no solution.

Notice that, by definition, any result of a successful chase sequence for .S under M must
be an instance of the form 7" where 7" is a solution for .S. But not only that, the proposition
tells us that if there exists a failing chase sequence for S under M, then all of its chase
sequences are failing, which further implies that S has no solutions under M. We skip the
proof of Proposition 5.6, since in Section 6.2 (Theorem 6.7) we will prove a more general
result.

Example 5.7 (Example 4.1 continued) It is clear that the there is a unique successful
chase sequence for S under M, and that its result is 7" shown on page 39. Thus, from
Proposition 5.6, 7" is a solution for S. O

But the chase as a tool for data exchange has one drawback: nothing can be concluded
about the existence of solutions in the case when the chase does not terminate. Thus, we
now concentrate on conditions that guarantee chase termination.

5.4 Weak acyclicity of target constraints

As we have seen, the main problem with the application of the chase is non-termination.
This happens, for instance, when the set of tgds permits an infinite sequence of null creation
during the chase (as in the second case of Example 5.4). So a natural idea is to restrict target
constraints to make such an infinite sequence of null creation impossible.

We now do precisely this, and restrict the shape of tgds to prevent such a behavior,
and obtain a meaningful class of mappings for which the chase is not only guaranteed to
terminate, but does it in polynomially many steps.

We first provide some intuition behind the restriction. Recall Example 5.4, in which
we had a single target tgd 6, = G(x,y) — 3z L(y, 2). In that example, the tgd was
fired to create new tuples in relation L based on tuples in relation GG, and once it was
done, the chase terminated. However, when we extended the set of constraints with the tgd
02 = L(z,y) — 3z G(y, ), we entered a cycle: each fact in G created a fact in L, which
then created a fact in GG, which created a fact in L, and so on.

Thus, we need to avoid cycles. To enforce this syntactically, note that in our example,
6, says that L depends on G, and 6 says that G depends on L. So, we break cycles of this
kind. Formally, we do it as follows.

Assume that ¥ is a set of tgds over R¢. We construct the simple dependency graph of
3 as follows. The nodes (positions) of the graph are all pairs (R, ¢), where R is a relation
symbol in Ry of arity n and 1 < ¢ < n. Then we add edges as follows. For every tgd
Vzvy (e(Z,y) — Jz¢(Z,2)) in X, and for every variable x mentioned in Z that occurs
in the ith position (attribute) of relation R in ¢, add an edge from (R, ) to (7, j) if the
variable that occurs in the jth position of relation 7" in ¥ is:



50 Existence of solutions

e z itself, or
e an existentially quantified variable z (that corresponds to the introduction of a new
value).

Definition 5.8 (Acyclicity) We say that a set 3 of tgds is acyclic if its simple dependency
graph has no cycles. ]

Look at the example in Figure 5.1 (for now, ignore the x annotation of some of the
edges). The graph in the left part of the figure corresponds to 6, and it has no cycles;
the graph in the right part of the figure corresponds to {61, 62}, and it has a cycle. So
intuitively, the notion of acyclicity does the job prohibiting nonterminating chase.

We will see that the chase will terminate, and do so in polynomially many steps, if the set
of target tgds is acyclic. But in fact we will do more. The notion of acyclicity could be too
restrictive sometimes (although it does arise in several examples; for instance we shall see
it again when we deal with XML data exchange by means of relational representations).

If we look at the definition of the simple dependency graph, we see that there are two
kinds of edges, and only the second kind, to an existentially quantified variable, actually
creates a new value in the target instance. So it seems that all we need to do is to forbid
cycles involving such value-creating edges, and this will be enough to rule out infinite
chase sequences.

We now modify the definition of a graph of a set of tgds. If ¥ is a set of tgds over Ry,
its dependency graph has the same nodes as before, and two kinds of edges: usual ones,
and edges with a special label x. For every tgd VZVy (p(Z,y) — 3Z9¥(Z, Z)) in X, and for
every variable z mentioned in Z that occurs in the ¢th position of relation R in ¢, we add
an edge from (R, 7) to (T, j) if the variable that occurs in the jth position of relation 7" in
P is:

o z itself, or
e an existentially quantified variable z; in this case, the edge from (R, ) to (T, j) that we
add is labeled *.

Definition 5.9 (Weak acyclicity) A set X of tgds is weakly acyclic if the dependency
graph of X does not have a cycle going through an edge labeled . (]

Example 5.10 (Example 5.4 continued) Returning to Figure 5.1, we see that it depicts
dependency graphs of {6} (which is weakly acyclic), and {61,602} (which is not). O

Of course every acyclic set of tgds is weakly acyclic too, as the edges in the dependency
graph and the simple dependency graph are the same: the only difference is that in the
dependency graph, some edges are annotated with x. Another interesting class of weakly
acyclic sets of tgds includes sets of tgds without existential quantification in the right-hand
side, i.e. full tgds.

We now prove that the chase always terminates for mappings with a weakly acyclic sets
of tgds. Moreover, in this case the chase for S terminates after polynomially many steps.
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Figure 5.1 Dependency graphs of (a) {61 } and (b) {61, 62}.

Theorem 5.11 Let M = (Rg, Ry, X1, X¢) be a fixed relational mapping, such that 3y is
the union of a set of egds and a weakly acyclic set of tgds. Then there exists a polynomial p
such that the length of every chase sequence for a source instance S under M is bounded

by p(|IS|D-

Proof For the sake of simplicity we prove the theorem in the absence of egds. The addi-
tion of egds does not change the argument of the proof in any fundamental way.

First of all, with each node (V) in the dependency graph of X; we associate its rank,
denoted by rank(V,¢), which is the maximum number of special edges in any path in the
dependency graph G of ¥; that ends in (V7). Since %, is weakly acyclic, the rank of each
node in G is finite. Moreover, it is clear that the maximum rank r of a node in G is bounded
by the number m of nodes in G itself. Notice that m (and, thus, 7) is a constant, since it
corresponds to the total number of attributes in the schema Ry (which is assumed to be
fixed).

Let us partition the nodes of G into sets Ng, N1, ..., N, such that (V) belongs to N
if and only if rank(V, i) = j, for 0 < j < r. To prove the theorem, we need the following
technical result.

Claim 5.12 For each 0 < j < r, there exists a polynomial p; such that the following
holds. Let T be a target instance and T" be any target instance that is obtained from T by
a sequence of chase steps using the tgds in ;. Then the number of distinct elements (i.e.,
constants and nulls) that occur in T at positions that are restricted to be in N; is bounded

by p;(IT)-

First we show how the theorem can be proved from Claim 5.12. It follows easily from
the proof of Proposition 5.1 that there is a polynomial p’, which depends only on M,
such that if 7" is the result of any chase sequence for S under X, then ||T'|| is bounded
by p'(||S||). Furthermore, it follows from Claim 5.12 that there exists a polynomial p”,
which depends only on M, such that the maximum number of elements that occur in the
result 77 of a chase sequence for T under 3, at a single position, is bounded by p” (||T||).
Thus, the total number of tuples that can exist in one relation in 7" is at most p” (||T']|)™
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(since each relation symbol in Rt can have arity at most m). Thus, the total number of
tuples in 7" is bounded by || M || - p”(]|T'||)™. This is polynomial in ||T"||, since M is fixed.
Furthermore, each chase step that uses a tgd adds at least one tuple. Thus, the length of any
chase sequence c for a source instance .S under M is bounded by ||M|| - p” (p' (|| S]))™.
This is because c is a sequence of chase steps that are obtained by either applying an std in
34 to the source instance S, or a tgd in 3; to the facts that have already been added to the
target. Hence we can take p(z) to be the polynomial || M]| - p”(p’(z))™. This completes
the proof of Theorem 5.11 assuming Claim 5.12.

To finish the proof of Theorem 5.11 we prove Claim 5.12. We do this by induction on j.

Base case. We consider positions (V, A) in Ny. These are positions for which no incoming
path has a special edge. This means that no new values are created in those positions, and,
thus, that the number of elements in each (V, A) € Ny is at most ||T'||. Since this is true
for each (V, A) in Ny, we can take po(x) = x.

Inductive case: There are three different ways by which an element may appear in 7" at a
position in V;. First, there may be values that were already there in 7', of which there are
at most ||T'||. Second, there may be values that are copied by a chase step from a position
in IV;, with j # 4. And third, there may be elements that are generated as new values (i.e.,
nulls) during a chase step.

We first count the number of distinct elements that can be copied to positions in /V; from
positions in N; with ¢ # j. This means that there exists a non-special edge from a position
in IV; to a position in N;. Notice first that this can only happen if ¢ < j. Indeed, assume
otherwise. Then there exists a non-special edge from a position (V, A) in N; to a position
(U, B) in N; with ¢ > j. But then there is a path in G ending at (U, B) that has i special
edges. This contradicts the fact that rank(U, B) = j < i. We can conclude then that the
number of distinct elements that can be copied to positions in N; from positions in [V;,
with ¢ # 4, is bounded by the polynomial ¢(||T||) = Zf;& pi(IT))-

Let us count now the number of new values (i.e., nulls) that can be generated at positions
in N; by the chase steps. This can only be done by using a special edge going from a
position in N;, with ¢ < j, to a position in N;. We know that the number of distinct values
that appear at positions belonging to the /V;’s such that ¢ < j is bounded by the polynomial
q(ITI) = 23;01 p:(JIT]))- Let (V, A) be a position in N;, and let e be the maximum
number of special edges that enter a node in G' (we know that e is a constant, as it only
depends on M). Then for every choice of e values in Ui;g N; (one value for each special
edge that can enter a position) and for every dependency in X; there is at most one new
value that can be generated at position (V; A). Thus, the maximum number of new values
that can be generated during a chase step in (V, A) is at most || M| - q(||T||)¢. We conclude
that the maximum number of distinct values that can be generated at a position in V; is at
most ¢'(|T|) = ||M||? - ¢(||T||)¢, which is polynomial, since M and e are fixed.

Putting this all together, we can define the polynomial p;(x) as x + g(x) + ¢'(x). This
finishes the proof of the claim and the theorem. O
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The theorem above shows that the class of mappings with a weakly acyclic set of tgds is
well behaved with respect to data exchange. Indeed, as an immediate corollary to Proposi-
tion 5.6 (which states that the result of the chase is always a solution) and Theorem 5.11,
we obtain that the problem of existence of solutions for mappings with a weakly acyclic
set of tgds is tractable. But not only that, we also see that for every source instance that has
solution, a particular solution can be materialized in polynomial time.

Corollary 1 Let M = (Rg, Ry, X, Xt) be a relational mapping, such that ¥y is the
union of a set of egds and a weakly acyclic set of tgds. Then SOLEXISTENCE \ can be
solved in PTIME. Furthermore, if a solution for a source instance S exists, a particular
solution can be computed in polynomial time.

Summary

In summary, the following holds for the problem of existence of solutions in relational data
exchange.

e For arbitrary relational mappings defined by (st)-tgds and egds the problem is undecid-
able.

e For the class of relational mappings M = (Rs, R, Xst, Xt) such that X, consists of a
set of egds and a weakly acyclic set of tgds, the problem becomes decidable (using the
chase), and, indeed, tractable.

e For the latter class of mappings, if a source instance S has a solution, then a particular
solution 7" for S can be computed in polynomial time.

We prove later, in Section 6.3, that the class of mappings with a weakly acyclic set of
tgds enjoys further desirable properties. We will see that for each source instance S with
at least one solution, a particular universal solution for S (that is, a solution for S that is
more general than any other) can be efficiently constructed.

5.5 Complexity of the problem

We have seen that one can efficiently (in polynomial time) test whether solutions exist
for a given source instance if target constraints use a weakly acyclic set of tgds. But can
we do better than this? For instance, is it possible to prove that the problem is not only
tractable but, also, that it can be solved in some parallelizable class like NLOGSPACE or
NC!? We give a negative answer to this question, at least under widely held complexity-
theoretical assumptions. We state, in particular, that this problem can be PTIME-complete,
and, thus, it can be considered to be inherently sequential. Moreover, we obtain this lower
bound for fairly simple mappings that contain only egds and full (st-)tgds. The proof of
next proposition is left as an exercise (Exercise 4).

Proposition 5.13  There exists a mapping M = (Rs, Ry, X1, 3t), such that:

o X consists of a set of full st-tgds;
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e X, consists of a set of full tgds and egds;

for which the problem SOLEXISTENCE y is PTIME-complete.

Combined complexity

Until now, the complexity analysis of the problem of checking for the existence of solutions
has been carried out under the assumption that the mapping is fixed. In other words, we
looked at the data complexity of the problem. However, while data complexity makes sense
in a lot of data exchange scenarios, a more refined complexity analysis should consider both
source instances and mappings as the input. This corresponds to the combined complexity
of the problem, which we study next.

PROBLEM:  SOLEXISTENCE.

INPUT: A relational mapping M = (R, R¢, Xg, 2;) and a
source instance S.

QUESTION:  Does there exist a solution for S under M?

We study this problem for the class of mappings M = (Rs, R, X5, X¢) such that 3,
consists of a set of egds and a weakly-acyclic set of tgds. This is because for them, as we
know, the existence of solutions problem is decidable (indeed, even if M is not considered
to be fixed).

Let M = (Rs, R, Xst, 3t) be a mapping such that 3; consists of a set of edgs and a
weakly acyclic set of tgds. A close inspection of the proof of Theorem 5.11 shows that the
length of every chase sequence for a source instance S under M is bounded by ||.S||©UIMID,
This provides us with an EXPTIME (exponential time) upper bound for the combined com-
plexity of the problem of existence of solutions. Furthermore, this bound is tight even for
restricted classes of mappings.

Theorem 5.14 The problem SOLEXISTENCE is EXPTIME-complete, if restricted to the
class of mappings M = (Rg, Ry, Xst, Xt) such that ¥ consists of a set of egds and a
weakly acyclic set of tgds.

Moreover, the problem remains EXPTIME-hard even if restricted to the class of mappings
such that X4, consists of a set of full st-tgds and ¥, consists of a set of egds and a set of
Sull tgds.

Proof We only prove the lower bound, since we already sketched the proof of the upper
bound. We provide a reduction from the complement of the problem of checking whether
a fact R(cy,. .., ck) belongs to the evaluation of a DATALOG program II over an instance
S, which is known to be EXPTIME-hard. (The reader not familiar with datalog can find the
definition of DATALOG in Section 7.4).

Based on the fact R(cy,...,ck), the program II, and the instance S, we construct a
mapping M = (Rs, Ry, Xt, X¢) and a source instance S’ as follows:

o Ry consists of all the extensional and intensional relation symbols Uy, ..., U,, men-
tioned in II, plus a new symbol W of arity k + 1;
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e R isacopy of Rs. That is, Ry consists of relation symbols Uy, ..., U/, and W', where
the arities are the same as in Ry;
e 3; contains full st-tgds that copy source relations into target relations: U;(Z) — U/(Z),
for1 <i<m,and W(z1,..., 2%, Tpt1) = W (x1,..., Tk, Tri1);
e >, consists of the following:
- Foreachrule U;, , (Tt41) < Uy, (%1), - .., U, (T¢) in II, the full tgd Uj (Z1) A--- A
Ui’t (Zy) — Ui’t+1 (Z¢41); and
- the egd R'(z1,...,2) AW/(21,..., 2k, Tk11) — 1 = k41 (recall that R is one
of the intensional predicates);

e the source instance S’ is populated with the facts in S plus the fact W(eq, ..., ¢k, d),
where d is a fresh constant that does not occur elsewhere in S.

Clearly, M and S’ can be constructed in polynomial time from R(ci,...,cg), II
and S. Since all tgds are full, we have a weakly acyclic set of tgds. In addition,
R(cq, ..., cr) belongs to the evaluation of IT over S iff S’ has no solution. Indeed, as-
sume first that R(cy,...,cx) belongs to the evaluation of II over S. Then chasing S’
with ¥, U X will produce the fact R'(cy, ..., ck). But then the egd R'(z1,...,2k) A
W' (x1, ..., &k, Tp+1) — 1 = Tk 18 triggered with this fact and W' (eq,. .., ¢k, d),
which implies that the chase fails. Assume, on the other hand, that S’ has no solution.
Since we have a weakly acyclic set of tgds, this implies that the chase fails. The only way
that this can happen is that the egd is triggered with R'(cy, ..., cx) and W/ (cq, ..., ¢, d).
But this implies that R(cq, . . ., ¢x) belongs to the evaluation of IT over S. O

We conclude that there is a provable gap between the combined and the data complex-
ity of the problem of checking for the existence of solutions in data exchange, even for
mappings whose target dependencies consist of egds and weakly acyclic sets of tgds.
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Good solutions

As we know by now, solutions in data exchange are not unique; indeed, if a source instance
has a solution under a relational mapping M, then it has infinitely many of them. But if
many solutions exist, which one should we materialize? To answer this question, we must
be able to distinguish good solutions from others. As we already mentioned in Section 4.2,
good solutions in data exchange are usually identified with the most general solutions (see
Example 4.3), which in turn can be characterized as the universal solutions. We will see in
this chapter that universal solutions admit different equivalent characterizations.

The existence of solutions does not in general imply the existence of universal solutions
(in fact, checking whether universal solutions exist is an undecidable problem). However,
this negative theoretical result does not pose serious problems in data exchange. Recall
from the previous chapter that the class of mappings M = (Rs, Ry, X, X¢), such that
> consists of a set of egds and a weakly acyclic set of tgds, is particularly well-behaved
for data exchange. Indeed, for this class the existence of solutions — that is undecidable in
general — can be checked in polynomial time, and, in case that a solution exists, at least
one solution can be efficiently computed. We will see in this chapter that for this class,
the existence of solutions implies the existence of universal solutions. Furthermore, when
one exists, it can be efficiently computed. The reason behind these good properties is that
the result of a successful chase sequence for a source instance with 25; and X, is always a
universal solution. Hence, the class of mappings that behaves well with respect to checking
for the existence of solutions also behaves well if one wants to materialize solutions with
good properties.

We will see in Chapter 7 that universal solutions are also crucial for the task of query
answering in data exchange. In particular, all the positive properties of universal solutions
we show in this chapter will be later used to obtain efficient query evaluation algorithms
for relevant fragments of the relational algebra in a data exchange scenario.

6.1 Universal solutions

How do we formally define the notion that a solution is as general as any other solution?
To do so, recall that a solution 7" is in general an instance with nulls. Such an instance
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represents complete instances 7" (without nulls) such that there is a homomorphism A :
T — T'. The set of such instances is denoted by Rep(T') (see Section 2.3).

There appear to be three different ways to state that a solution 7" is more general than
other solutions, explained below.

1. Solutions that describe all others: A most general solution 7" must describe the set of
all other complete solutions, i.e., every complete solution must be represented by 7':

UnivSoly(T) : {T" € SOL\(S) | T" is over CONST} C Rep(T)

2. Solutions that are as general as others: A seemingly slightly weaker condition says
that if a solution 7" is universal, it cannot describe fewer complete instances than another
solution, i.e.

UnivSol,(T) : Rep(T") C Rep(T) for every T" € SOL A(5)

3. Solutions that map homomorphically into others: This more technical, and yet very
convenient definition, is inspired by the algebraic notion of a universal object, that has a
homomorphism into every object in a class. Recall that a homomorphism h : T — T is a
mapping from the domain of 7" into the domain of 7", that is the identity on constants, and
such that £ = (t1,...,t,) € W7 implies h(f) = (h(t1), ..., h(tn)) is in WT" for all W
in Ry. Our third condition then is:

UnivSol3(7T) : there is a homomorphism h : T — T” for each T’ € SOL x((.5)

So, which definition should we adopt? It turns out that we can take either one, as they
are equivalent.

Proposition 6.1 [f M = (Rs, Ry, X, Xt) is a mapping, and T is a solution for
some source instance S, then conditions UnivSol; (T'), UnivSoly(T"), and UnivSolz(T)
are equivalent.

Proof We first observe the following. Let 77 € SOL(S), and let L, ..., 1, enumer-
ate the nulls in DOM(T"). Then clearly any instance 7. that can be obtained from 7" by
replacing each L; with a distinct constant ¢; (1 < 7 < n), such that ¢; does not appear in
T’, belongs to Rep(T"). We prove below that it also belongs to SOL ¢ (.S).

Assume otherwise; that is, T, & SOL(S). Then T, = X;. Suppose first that T, violates
a tgd of the form ¢(z) — Jgu(Z,y) in ;. That is, assume that there exists a tuple a of
elements in DOM(T?) such that |z| = |a|, T. E ¢(a), but T, %= Jyy(a,y). Let a’ be
the tuple of elements in DOM(T") that is obtained from @ by replacing each occurrence of
¢; with 1;, for i < n. Then it is not hard to see that T’ = ¢(a’) and T’ £ g (@, j).
This is because both ¢(Z) and 3y (Z, ) are conjunctive queries, which are closed under
homomorphisms, and there is a 1-1 homomorphism from 7" into 7, that sends each L; to
a distinct constant ¢; (1 < ¢ < n) that does not occurin 7’ or in X;. But this contradicts the
fact that 77 € SOL A¢(.S). The case when T violates an egd in X; is completely analogous.
With this observation, we can now easily prove the proposition.
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UnivSol; (7') = UnivSol,(T). Assume 7" is an arbitrary solution. Let 14,..., L, enu-
merate the nulls in DOM(T"), and let T/ be as defined above. Since T}, € SOL v (.S) and
does not contain nulls, it must be the case by UnivSoly (T") that T/ € Rep(T'). Take a ho-
momorphism h witnessing 7, € Rep(T') and change it into a mapping h’ from Dom(T)
into DOM(T”) by setting h'(L) = L; whenever h(L) = ¢;, and otherwise letting h’
coincide with h. Then clearly A’ is a homomorphism from 7" to T”.

Take an arbitrary 7" € Rep(T"), and let h” be a homomorphism from 7" in 7. Then
h"" o h' is a homomorphism from 7" into 7", and, thus, 7" € Rep(T).

UnivSol;(T) = UnivSolz(T). Assume 7" € SOL(S). Let L4, ..., L, enumerate the
nulls in DOM(T"), and let T/ as defined above. Then T, € Rep(T’) and hence, by
UnivSol,(T'), T) € Rep(T). Take a homomorphism & witnessing 7, € Rep(T') and
change it into a mapping h’ from DOM(T') into DOM(T"”) by setting h’(L) = 1 ; when-
ever h(L) = ¢;, and otherwise letting b’ coincide with h. Then clearly A’ is a homomor-
phism from 7" to T”.

UnivSol3(7') = UnivSol; (7). Let 7’ be an arbitrary instance in SOL 4(S) that does not
contain nulls. Then, by UnivSol3(T), there is a homomorphism & from T into 7”. But
this immediately implies that 7" € Rep(T).

This completes the proof of the proposition. ]
Proposition 6.1 justifies the following definition.

Definition 6.2 (Universal solutions) Given a mapping M, a solution 7" for S under M
is a universal solution if one of UnivSol;(T), for i = 1,2, 3, is satisfied (and hence all are
satisfied). ([l

Most commonly in the proofs one uses the condition that for every solution 7" for .S,
there exists a homomorphism b : T — T".

Example 6.3 (Example 4.3 continued) Neither solution 7" nor 7" in Example 4.3 is
universal. In fact, there is no homomorphism h : T' — T'; otherwise

h((Lq1,2320, Ly, AirFrance)) = (11,2320, Lo, AirFrance),

and, thus, h(L;) = 17 and h(L;) = Lo, which is impossible. Moreover, there is no
homomorphism A : T" — T'; otherwise

h((AF406,2320, 920, AirFrance)) = (11,2320, Lo, AirFrance),

and, thus, h(AF406) = 1 and h(920) = Lo, which is impossible too, because a homo-
morphism must be the identity on constants. On the other hand, it can be seen that 7' is a
universal solution. O

As we will see in the following sections, universal solutions have several good properties
that make them the preferred data exchange solutions. Unfortunately, universal solutions
are not a general phenomenon. Indeed, we show in the next section that there is a mapping
M and a source instance S, such that S has at least one solution under M but has no
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universal solutions. This immediately turns our attention to the problem of the existence of
universal solutions. We prove in the next section that for arbitrary relational mappings this
problem is undecidable. After that we return to the good class of mappings, and show that
universal solutions behave well for them.

6.2 Existence of Universal Solutions

The fact that there are source instances that have solutions but not universal solutions was
already implicit in Example 5.4.

Example 6.4 (Example 5.4 continued) Consider again the mapping in which X; consists
of the st-tgd F(z,y) — G(x,y) and ¥y = {61,602}, where:

91 = G(Iay) - 32L(y,2)7
Oy := L(z,y) — F2G(y, 2).

Let S = {E(a,b)} be a source instance. Then clearly T' = {G(a,b), L(b, a)} is a solution
for S. We prove next that S does not have universal solutions.

Assume for the sake of contradiction that there is a universal solution 7" for S. Then, due
to the presence of #; and 6, there must be an infinite sequence of the form

G(a,b), L(b,v1),G(v1,v2), L(va,v3), G(vs,v4), - -
of facts in T". But since 7' is finite and satisfies 8, and 6, it must be the case that:

® Uy 1 = aoruvy; =b, forsomei > 1, or
® vy = vy, forsome 1 <4 < j, or
® Vg1 = vgj_l,for some 1 <7 < j.

We show that each of these cases leads to a contradiction.
Assume first that vo;_1 = a, for some ¢ > 1. Consider the instance

T' := {G(a,b), L(b,c1),G(c1,c2), L(ca,c3), G(cs, ca)y - -y
L(cj-1,¢5),G(ej ¢j-1)}

where all the ¢,’s are distinct constants not appearing in 7' and 2¢ < j. Clearly 7" €
SoL(S), and since T is universal there is a homomorphism & from 7" into 7”. But then
it is easy to see that h(vg) = ¢ foreach 1 < ¢ < 2j, which implies that h(ve;—1) = c2;—1.
However, this is a contradiction since h(vg;—1) = h(a) = a and ¢g;—1 # a. The remaining
cases, that is when either vg; = b, for some i > 1, or vo; = va; Of Vg;_1 = v2;_1, for some
1 <14 < j, are similar and are left as an exercise to the reader. O

The previous example immediately raises the question whether the existence of universal
solutions problem, as defined below, is a decidable problem.
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PROBLEM:  UNISOLEXISTENCE p4.
INPUT: A source instance S.
QUESTION: Is there a universal solution for .S under M?

Like the existence of solutions, this problem is undecidable for arbitrary relational map-
pings.

Theorem 6.5 There exists a relational mapping M = (Rs, Ry, Xgt, X4), such that the
problem UNISOLEXISTENCE \ is undecidable.

Note that Theorem 6.5 does not follow from (the proof of) Theorem 5.3, that is, from
the undecidability of the problem of existence of solutions. Indeed, it is easy to see that for
the mapping M used in that proof, the existence of solutions does not necessarily coincide
with the existence of universal solutions. Nor does Theorem 5.3 follow from the proof of
Theorem 6.5. This is because for the mapping M that we construct in the proof below, the
problem of existence of solutions is trivial, as every source instance has a solution.

Proof of Theorem 6.5 This time we provide a generic reduction from the halting problem
for single-tape deterministic Turing machines that never move their head to the left of the
initial position. In particular, this means that we can assume without loss of generality that
the tape is infinite only to the right. Clearly, the halting problem for this class of Turing
machines is undecidable. We construct a mapping M such that source instances encode
Turing machines and universal solutions encode halting computations of Turing machines
on the empty input.

Let A = (Q, A, 6, qo, F') be a single-tape deterministic Turing machine that never moves
its head to the left of the initial position, where:

@ is a finite set of states,

A is the tape alphabet that contains a distinguished blank symbol that we denote by #,
0:(Q\F) x A— Q x A x {left, right} is the (total) transition function,

qo € @ is the initial state,

and F' C (@ is the set of final states.

Notice that we assume without loss of generality that final states are terminal, i.e.
when the machine enters an accepting state it halts, and that those are the only
halting states. We encode .4 as an instance S(A) over the source schema Rs =
{A, Init, Zero, One, Blank, Left, Right}, where A is a 5-ary relation symbol and the rest
of the symbols in R are unary. We define S(.A) as follows:

o AS(A) consists of all the tuples (q,a,q’,a’,d) (¢,¢' € Q, a,a’ € A, d € {left, right})
such that 6(q, a) = (¢, ’, d); that is, AS(4) encodes the transition graph of §.

e Init™ contains only the initial state qo.

o Zero®™ contains only the constant 0, One®™ contains only the constant 1, Blan
contains only the symbol #, Left*“Y contains only the direction left, and, finally,
RightS(A) contains only the direction right.

A) KkS(A)
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We now define a target schema R such that instances of Ry describe finite computations
of Turing machines. But before we need to introduce some terminology.
A computation of A is a sequence (co, ¢1, - . ., ¢, ) Of configurations, n. > 1, such that:

1 c¢g is the initial configuration, and
2 for each ¢ < m, c¢;41 is the successor configuration of c;.

The computation is halting if c,, is a halting configuration. As it will become clear af-
ter we define configurations, .4 halts on the empty input if and only if there is a halting
computation of A.

Each configuration ¢;, for 0 < j < n, can be represented as a tuple (g;,i;,a;) €
Q x N x A7+2 where:

e g, represents the state of A in ¢;,

e i, represents the position of the head of A in ¢; (which can be assumed to be a nonneg-
ative integer since the head never moves to the left of the initial position), and

e a; is the tuple (aj,...,a;  +1), Wwhere a; ¢ represents the symbol that appears in posi-
tion ¢, for 0 < ¢ < j 4 1, in ¢;. Since A can visit at most j positions in j steps, we can
assume that all the remaining positions contain the blank symbol #.

The initial configuration is (qo, 0, (#, #)). The configuration ¢; 11 = (¢;+1, 4j+1, Gj+1)
is the successor of the configuration ¢; = (gj;,%;,a;) if the following holds (assuming

C_Lj = (aj.,O; ey aj7j+1))2

— /
i 5(Qj, aj-,ij) = (qj+17 a 7d)’
= !/
® Gjy1 = (aj0,---+Aji;-1,0, Qa5 415, 5541, #), and
e if d = right, then ¢j11 = ¢; + 1, otherwise ¢j411 = ¢; — 1.

A configuration is halting if it is of the form (g, %,a) for some ¢ € F. Thus, a halting
configuration has no successor configuration.

Let ¢ = (co,c1,...,¢,) be a computation of A. Assume that ¢; = (¢j,1j,a; =
(aj,05---,a4+1)) foreach 0 < j < n. We represent ¢ as a target instance T'(.A, ¢) over a
schema Ry that contains the binary relation symbol Steps and the ternary relation symbols
Positions, Config and Symbols. The instance T'(A, ©) is defined as follows:

e The domain DoMm(T(A,¢)) of T(A,c) consists of  elements

UQ, Vo, UL, V1, - - - 5 Up, Un, Unt1, Where (i) ug and vg are set to be the constant O
and vy is set to be the constant 1, and (ii) w1, ug, V2, ..., Un, Un, Un+1 are distinct ele-
ments in VAR. Intuitively, uo, .. ., u, encode the configuration steps and vy, . . ., Up41

encode the tape positions.

e The interpretation of Steps is the successor relation in the set of configuration steps;
namely, Steps” ¢ = {(uj,uj41) | 0<j<n—1}.

e The interpretation of Positions is the successor relation on the set of positions for each
configuration; namely, Positions” (4+¢) = {(uj,ve,v041) |0 < j <m,0< €< 5}
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e The interpretation of Config contains the information about the state and the position of
the head in each configuration; namely, Config” ‘% = {(u;, ¢;, vi;) |0 <7 <n}.

e Finally, the interpretation of Symbols contains the information about the symbol
present at each position that is relevant for a configuration; namely, Sym bolsT (A& —
{(uj,aje,ve) | 0<i<n0<l<j+1}

Our goal is to construct a set g U 2, of (st)-tgds that check whether ¢ is a halting
computation of .4. However, in order to be able to do that we need to enhance the target
instance T'(.A, ¢) with new relations. We extend Ry with new relation symbols Léft, Riéht,
Blénk, A, LeftCopy, RightCopy and End — such that Léft, Riéht, Blank are unary, Ais
5-ary, LeftCopy and RightCopy are ternary, and End is binary — and interpret them as
follows:

Ae Ae - Ae : . .
) (4 and BIankT( ) are simply copies of LeftS(A), nghtS(A) and

(A,e) T(A,Z)

~ T A T

o Left , Right
~ T R
Blank ), respectively. That is, Left contains only the direction left, Right

contains only the direction right, and, finally, Blan kT(A"C) contains only the symbol #.

o AT(A9) js simply a copy of AS(A), that is, AT(4:2) encodes the transition graph of 4.

. LeftCopyT(A’E) is defined as {(u;11,u;,v7) | 0 <j<n—1,0</¢<i;}, and will be
used to verify that configurations ¢; and ¢; coincide in all positions that are strictly to
the left of position ;.

. RightCopyT(A’E) is defined as {(u;+1,u;,v¢) |0 <j<n-—1i; <¢<j+1},and
will be used to verify that configurations c; and c¢;4; coincide in all positions that are
strictly to the right of position ¢;.

e End”’9 is defined as {(uj,vj41) | 0 < j < n}, and marks the last position that is
relevant for a configuration.

We are now ready to define ¥5; U 3. First of all, 3; contains the full st-tgds:

Left(x) — Left(x)
Right(z) — Right(z)
Blank(z) — Blank(z)

Alg,a,q,d’,d) = Alg,a,q,d',d),

that simply “copy” tuples in Left, Right, Blank and A into Left, Riéht, Blank and A,
respectively. Second, X, contains the full st-tgd:

Init(x) A Zero(y) A One(z) A Blank(w) —
Config(y, x,y) A Symbols(y, y, w)A
Symbols(y, z, w) A Positions(y, y, z) A End(y, 2).
Notice that this st-tgd implies that any solution for S(.4) must contain the tuples

Config(0, go,0), Symbols(0, #,0), Symbols(0, #,1), Positions(0,0,1) and End(0,1),
which encode the initial configuration of A.
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In order to simulate transitions of A we need to include two tgds in X;. These are defined
as:

Qoleft(tucbqlaaua’/up?pl) — Htlw(tvt/7qlaaua/7papl)
(pright(t;qvq/vaaa/apvp/) — Elt/d}(tat/vq/vaaa/apvp/)v

where the formula s is defined as:

Config(t, q,p) A Symbols(t, a, p) A Positions(t, p’, p) A Alq,a,q',a’,d) A Left(d),

the formula @yight is defined as:

Config(t, ¢, p) A Symbols(t, a, p) A Positions(t, p, ') A A(q, a,q',a’, d) A Right(d),

and the formula v) is defined as:

Steps(t,t') A Config(t',q',p") A Symbols(t', a’, p)A
LeftCopy(t', ¢, p) A RightCopy(t', ¢, p).

Intuitively, pief; (resp. @right) states that a transition from the configuration ¢; in step ¢ to its
successor configuration ¢y in step ¢’ is possible by moving the head of the Turing machine
to the left (resp. right). On the other hand, ¥ populates the initial part of configuration ¢,/
and establishes the link between the configurations c; and ¢y .

Afterwards, we need to extend X; with two new tgds that check that if ¢, and ¢y are
successor configurations then they coincide in all unmodified positions:

LeftCopy(¢', t, p) A Positions(t, p’, p) A Symbols(t, a,p’) —
LeftCopy(t', t,p") A Positions(t', p’, p) A Symbols(t’, a, p’).
RightCopy(¢', t, p) A Positions(t, p,p’) A Symbols(t,a,p’) —
RightCopy(t',t,p") A Positions(t’, p, p’) A Symbols(t', a, p’).

Notice that these tgds also check that the positions from ¢; occur in the same order in c;s.
Finally, we extend ¥; with the tgd:

Steps(t, ') A End(t, p) A Blank(z) —
3p’ (Positions(t', p, p’) A Symbols(t', z,p") AEnd(t',p’)).

This tgd extends ¢, with a new position at the right-end of the tape, puts the blank symbol
in it, and declares it to be the last relevant position for c;/.

Let M = (Rs, R, Xst, 3t), where Rg, Ry, X5 and X are as defined above. We show
that A halts on the empty input if and only if S(.A) has a universal solution under M. In
order to prove this, we use the following claim that directly relates source instance S(.A)
with target instance T'(A, €), assuming that ¢ is a computation of A.

Claim 6.6 For every computation ¢ = (cy, . .., ¢y) of A it is the case that T (A, ¢) is the
result of some finite chase sequence for S(A) under M.
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Claim 6.6 can be easily proved by induction on n, and is left as an exercise for the reader.
Using Claim 6.6 and Theorem 6.7 in Section 6.3 (showing that the result of a successful
chase sequence for a source instance is always a universal solution) we conclude that if .A
halts on the empty input then S(.A) has a universal solution under M. Indeed, let ¢ be a
halting computation of .A. Then Claim 6.6 implies that T'( A4, ¢) is the result of a finite chase
sequence for S(.A) under M. By inspecting the tgds in X, it is easy to see that T'(A, ¢)
violates none of them, and hence this chase sequence is successful. Using Theorem 6.7 we
conclude that T'(\A, ¢) is a universal solution for S(.A) under M.

We now prove the opposite direction; that is, if S(.A) has a universal solution under M,
then A halts on the empty input. Assume, for the sake of contradiction, that 7" is a universal
solution for S(.A) under M, but A does not halt on the empty input. Let n be the largest

integer such that there are pairwise distinct values ug, uf, . . ., u/, that satisfy the following:
ufy = 0 and (uf,u/,,) € Steps”, foreach 0 < i < n — 1. Since A does not halt on the
empty input there is a computation ¢ = (¢, ¢, . . ., ¢, ) of A such that ¢, is not final. From

Claim 6.6, there is a finite chase sequence for S(.A) under M with result T'(A, ¢).

It can be proved (by repeatedly applying Lemma 6.8 in Section 6.3) that there is a ho-
momorphism h : T(A, ) — T Recall that Steps’ 4:¢) = {(uj,uj4+1) | 0 < j <n}.But
then it must be the case that (1(u;), h(u;11)) € Steps’, for each 0 < j < n. Notice that
by the choice of n, it must be the case that h(ug) = h(uy), forsome 0 < k < ¢ <n+ 1.

We now extend T'(A, ¢) to a target instance 7" by adding the following tuples:

(Un41,Unt1) to Steps.

(Un41,Vp, vy ) to Positions, foreach 0 < p,p’ < n+ 2.

o (Upt1,q,vp) to Config, foreach0 <p <n+2andgq € Q.
(Un+1, @, vp) to Symbols, foreach0 < p <n+2anda € A.

* (
(

Un+1, Up, Up) to LeftCopy and RightCopy, for each 0 < p < n + 2.

® (Up+1,vp) to End, foreach 0 < p <n + 2.

It is not hard to see, by inspecting the tgds in X, that 7" violates none of them, and hence
T’ is a solution for S(A) under M. Since T is a universal solution for S(.A) under M,
there is a homomorphism &' : T — T".

We prove next the following property: h'(h(u;)) = u; foreach 0 < j < n + 1.
The proof is by induction on j. For j = 0 this is trivial, since ug is the constant 0 and
homomorphisms preserve constants. Assuming the statement holds for 0, . . ., 7, we prove
it for j + 1. Since h : T((A, &) — T is a homomorphism and (u;,u; 1) € Steps’ 42,
we have (h(u;), h(uji1)) € Steps”. Since b’ : T — T is also a homomorphism, we get
(R (h(uj)), B (h(ujs1))) € Steps” . By the induction hypothesis, we know h/(h(u;)) =
u;. Furthermore, the only tuple of the form (u;, -) in Steps”” is (wj,u;j+1). This implies
that &' (h(uj4+1)) = uj+1, which finishes the inductive proof.

Recall that ug, u1, . . ., un41 are pairwise distinct elements. Thus, since ' (h(u;)) = u;,
for each 0 < j < n + 1, it must be the case that h(ug), h(uq),. .., h(u,11) are also
pairwise distinct elements. But this is a contradiction since we stated above that for some
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1 <k < ¢ <n+1it must be the case that h(uy) = h(ug). We conclude that T is not a
universal solution for S(.A) under M, which also finishes the proof of the theorem. O

Do we have to interpret the previous undecidability result as a serious drawback? Not
really. Indeed, as we proved in Theorem 5.3, even the conceptually more basic problem of
the existence of arbitrary solutions in data exchange is undecidable. Recall that in order to
recover decidability in that case, we had to further restrict the class of mappings to those
with a weakly acyclic set of tgds.

Thus, what the results in this section really suggest is that it is necessary to impose
extra conditions on mappings if one wants to ensure that the following two conditions are
satisfied:

(C1) The existence of solutions implies the existence of universal solutions.
(C2) The problem of checking for the existence of universal solutions is not only decid-
able, but also tractable.

Furthermore, since we are interested in materializing a good solution for a source instance,
we should also add the following desirable requirement:

(C3) If solutions exist for a source instance .S, one must be able to construct some universal
solution in polynomial time.

We study these requirements in the next section. In particular, we show that the mappings
with a weakly acyclic set of tgds also behave well with respect to universal solutions,
as they satisfy the three good properties described above. (Notice, in particular, that the
mappings used in Example 6.4 and in the proof of Theorem 6.5 are not weakly acyclic).
But before doing so, we show the strong connection between the chase and the class of
universal solutions.

6.3 Canonical universal solution and chase

We first prove an important result that relates the notion of the chase to the class of universal
solutions. It states that the result of a successful chase sequence, if it exists, is not only a
solution but also a universal solution. Moreover, if the chase fails for a source instance S,
then no solutions for S exist.

Theorem 6.7 Let M = (Rs, Ry, X1, Xt) be a mapping and S a source instance. If there
is a successful chase sequence for S under M with result T, then T is a universal solution
for S. On the other hand, if there exists a failing chase sequence for S under M, then S
has no solution.

Proof 1In order to prove the theorem we need the following technical, but rather intuitive
lemma. The proof is left as an exercise.

Lemma 6.8 Let S; da, So be a chase step, where Sy # fail. Assume that Ss is an
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instance that satisfies the dependency d and such that there is a homomorphism from Sy
into Ss. Then there exists a homomorphism from Ss into Ss.

We now prove the theorem. Assume first that (S, T') is the result of a successful chase
sequence for .S under M. Then 7' is a solution for S. We show next that it is also a universal
solution. Let 77 be an arbitrary solution for S. Thus, (S, T") satisfies every dependency in
Y5t U ;. Furthermore, the identity mapping is a homomorphism from (.S, @) into (S, T").
Applying Lemma 6.8 at each step of the chase sequence with result (S, T), we conclude
that there exists a homomorphism i : (S, T') — (S, T”). In fact, h is also a homomorphism
from T into T".

Next, assume that there is a failing chase sequence for S under M, and that the last chase

step in that sequence is (S, T') 29 $ail. Thus, dis an egd of the form p(z1,...,2m) —
x; = x;, the formula ¢(a) holds in (S, T") for some tuple @ = (ax,...,an), and a; and

a; are distinct constants. Suppose that .S has a solution 7”. As above, using Lemma 6.8,
we see that there is a homomorphism h from T to T”. Thus, ¢(h(a)) holds in T” (since
conjunctive queries are preserved under homomorphisms), but 4(a;) = a; and h(a;) = a;
are distinct constants. This contradicts the fact that 7’ satisfies d. (]

The result of a successful chase sequence for a source instance S' is usually called a
canonical universal solution for S. As the following example shows, canonical universal
solutions are not unique up to isomorphism, since the order in which tgds and egds are
applied in a chase sequence may yield different results.

Example 6.9 Let M = (Rg, Ry, X4, X¢) be a mapping, such that Ry consists of the
single unary relation P, R consists of two binary relations, E' and F, the set X4, consists
of the st-tgd:

P(z) — 323w (E(z,2) A E(z,w)),
and the set X; consists of the following tgd and egd:

E(z,y) — 32F(y,2),
E(z,y) NE(z,y) - y=1v".

Consider the source instance S = {P(a)}. We have to start by applying the st-tgd. This
populates the target with the instance T = {E(a, 1), E(a, L2)}. At this point, we have
two possible choices. Either we apply the tgd or the egd in ¥, since both of them are
violated. We show that these choices lead to different chase results.

e Suppose that we apply the tgd first to each one of the tuples in 7. Then T is extended
with facts F/(L1, L3) and F'(La, L4). The resulting instance violates the egd, and hence
this has to be applied. The application of the egd equates nulls L and Lo, which yields
a target instance:

T = {E(avJ—l)vF(J-le—3)aF(J-1?J-4)}'
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This target instance violates no dependency in ¥;, and, therefore, is the result of a suc-
cessful chase sequence for S. We conclude that 77 is a canonical universal solution for
S under M.

e Suppose, on the other hand, that it is the egd that is applied first on 7". Then nulls L; and
1o are equated, which yields a target instance 7" = {FE(a, L1)}. Afterwards, we apply
the tgd and obtain the target instance:

T2 = {E(a, J_l), F(J_l, J_Q)}

This instance does not violate any dependency in ;, and hence it is another canonical
universal solution for S under M.

Clearly, T3 and 7% are not isomorphic, which shows that S does not have a unique canonical
universal solution up to isomorphism. (|

Although canonical solutions are not necessarily unique, this cannot be considered as
a serious drawback. Indeed, Theorem 6.7 states that no matter which one of them we
materialize, the result will be equally useful for data exchange purposes (since any result
of a successful chase sequence is a universal solution). In some restricted cases, however,
it will be important to have a unique canonical universal solution. As the following simple
proposition shows, this is always the case when mappings contain no tgds in ;. The proof
is left as an exercise for the reader.

Proposition 6.10 Ler M = (R, R, s, X¢) be a mapping such that ¥y consists only
of egds. Then every source instance S has a unique canonical universal solution T (up to
a renaming of nulls) under M.

Each time that all canonical universal solutions are isomorphic for a source instance .S,
we will talk about the canonical universal solution for S.

Canonical universal solutions and weak acyclicity

Recall that at the end of Section 6.2 we introduced the desiderata for good solutions in
data exchange, in the form of three properties (C1), (C2), and (C3): these state that the
existence of solutions must imply the existence of universal solutions, which can be tested
algorithmically, and that some universal solution could be built in polynomial time. We
can now conclude that the class of mappings with weakly acyclic sets of tgds satisfies
these conditions. Indeed, we obtain the following as an immediate corollary to Theorems
6.7and 5.11.

Corollary 2 Let M = (Rg, Ry, X, Xt) be a relational mapping, such that ¥y is the
union of a set of egds and a weakly acyclic set of tgds. Then UNISOLEXISTENCE z can
be solved in PTIME. Furthermore, if solutions for a source instance S exist, then universal
solutions exist, and a canonical universal solution for S can be computed in polynomial
time.
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Summary

In summary, the following holds for the problem of existence of universal solutions in
relational data exchange:

e For arbitrary relational mappings defined by (st)-tgds and egds the problem is undecid-
able. Moreover, the existence of solutions does not necessarily imply the existence of
universal solutions.

e For the class of relational mappings M = (Rs, Ry, Xst, Xt) such that 3, consists of a
set of egds and a weakly acyclic set of tgds, the problem becomes decidable (using the
chase procedure), and, indeed, tractable. In addition, the existence of solutions implies
the existence of universal solutions.

e For the latter class of mappings, and in the case when a source instance S has solutions,
a canonical universal solution T for S can be computed in polynomial time.

6.4 The core

We start this section with an example.

Example 6.11 (Example 4.1 continued) Consider the source instance

S = {FLIGHT(Paris, Amsterdam, KLM,1410),
FLIGHT(Paris, Amsterdam, KLM , 2230),
GEO(Paris, France,2M)}.

There are no target constraints, so the chase computes the canonical universal solution 7'
for S:

{ROUTES(_L1, Paris, Amsterdam), ROUTES( L3, Paris, Amsterdam),
INFO_FLIGHT(Ly, 1410, Ly, KLM), INFO_FLIGHT(Ls, 2230, Ly, KLM),
SERVES(KLM, Paris, France, 1 5), SERVES(KLM, Paris, France, L¢)}.

Now consider the instance 7T* obtained from 7T by removing the tuple
SERVES(KLM , Paris, France, 1 g). Then T* is also a solution for S, and, more-
over, there are homomorphisms h : T — T (that is the identity on every element except
1 ¢, where h takes value 15) and h* : T* — T (simply because T* is contained in 7). It
follows therefore that T is also a universal solution for S. (Il

We can draw an interesting conclusion from this example: among all possible universal
solutions, the canonical universal solution is not necessarily the smallest, as 1™ is strictly
contained in 7. Moreover, in the example, T is actually the smallest universal solution
(up to isomorphism).

The first natural question is whether there is always a unique smallest universal solution.
As we will see later, this question has a positive answer. It can be argued that this smallest
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universal solution is the “best” universal solution — since it is the most economical one in
terms of size — and hence that it should be the preferred one at the moment of materializing
a solution. On the other hand, we will see that there are additional costs involved in con-
structing such a solution. For now our goal is to characterize the smallest solutions in data
exchange.

It turns out that such smallest universal solutions happen to be the cores of universal
solutions. The notion of a core originated and played an important role in graph theory.
Here we present it for arbitrary instances. Recall that if we have two instances T and 77,
then T’ is a subinstance of T if VT C V7 for every relation symbol V' used in T'. In
that case we write 7/ C T. If at least one of the inclusions VT C VT is proper, i.e.,
VT c VT, then T" is a proper subinstance of T, and we write T" C T.

Definition 6.12 (Core) Let T be a target instance with values in CONST U VAR, and let
T’ be a subinstance of T'. Then T" is a core of T if there is a homomorphism from 7" to 77,
but there is no homomorphism from 7 to a proper subinstance of 7”. (|

Recall that homomorphisms only act on nulls from VAR, i.e., they are always the identity
on constants from CONST.
The proposition below lists some well-known facts about cores.

Proposition 6.13 [ Every instance has a core.

2 All cores of a given instance are isomorphic, i.e., the same up to a renaming of nulls.

3 Two instances are homomorphically equivalent if and only if their cores are isomorphic.

4 If T’ is the core of the instance T, then there is a homomorphism h : T — T' such that
h(v) = v for each element v € DOM(T").

The first two items in Proposition 6.13 mean that we can talk about the core of an in-
stance. To give an intuition, for instance, behind the second fact, assume that 73 and 75 are
cores of T', and that h; : T' — T; are homomorphisms, for ¢ = 1, 2. Then h; restricted to
T, cannot map it to a subinstance of 77, for otherwise h; o hy would be a homomorphism
from T to a subinstance of the core 7. Likewise, ho restricted to 7 cannot map it to a
subinstance of T5. Hence, these restrictions are one-to-one homomorphisms between T}
and T5. From here it is easy to derive that 7 and 75 are isomorphic.

The next result summarizes some of the good properties of cores in data exchange.

Theorem 6.14 Let M = (Rg, Ry, X1, Xt) be a mapping, such that Xs; consists of a set
of st-tgds and X consists of a set of tgds and egds.

1 If S is a source instance and T is a solution for S, then the core of T' is also a solution
for S.

2 If S is a source instance and T is a universal solution for S, then the core of T is also a
universal solution for S.

3 If S is a source instance for which a universal solution exists, then all universal solutions
have the same core (up to renaming of nulls), and the core of an arbitrary universal
solution is precisely the smallest universal solution.



70 Good solutions

Proof We start by proving the first item. Assume that 7" is the core of T. We prove
that (S,7") satisfies every dependency in X4 U %;. Take an arbitrary st-tgd ¢4(Z) —
3G (Z, §) € g and assume that S = p,(a), for some tuple @ of elements in DOM(S)
such that |a| = |Z|. Since T is a solution for S it must be the case that T |= (@, b),
for some tuple b of elements in DOM(T') such that |b| = |g|. But 7" is the core of T,
and, therefore, there is a homomorphism h : T — T". Notice that h(a) = a, since each
element in @ is a constant. As conjunctive queries are preserved under homomorphisms,
we conclude that 7" |= ¢4(a, h(b)). Thus, T" = 35/ (a, i), and hence (S, T") satisfies
the st-tgd.

Next, take an arbitrary tgd ¢(Z) — 3g9(Z,y) € X, and assume that 77 = ¢(a),
for some tuple @ of elements in DOM(T”) such that |a| = |Z|. Since T” is a subinstance
of T, it must be the case that T' |= ¢(a), and, therefore, since T is a solution for .S, that
T = v (a, b) for some tuple b of elements in DOM(T’) such that |b| = |77|. From Proposition
6.13 it follows that there is a homomorphism h : T — T such that h(v) = v for each
element v in DOM(T"). In particular, h(@) = @, since a is a tuple of elements in DoM(T").
This implies that 7" |= +(a, h(b)), and, therefore, that T’ |= 31)(a, y). We conclude that
T’ satisfies the tgd.

Finally, take an arbitrary egd ¢(Z) — z; = z; € X, and assume that T |= ¢(a), for
some tuple @ of elements in DOM(T"”) such that |a| = |Z|. As in the previous case, we
conclude that T' |= (@), and, therefore, since T is a solution for S, that a; = a;. Hence,
T’ also satisfies the egd, and, therefore, T” is a solution for S.

The second part of the proposition follows easily from the facts that the core of T is a
solution for S and that there is a homomorphism A from 7" into any other solution (and,
thus, h is also a homomorphism from the core of 7" into such solution).

The third part follows easily from the properties of the core stated in Proposition 6.13.
Indeed, universal solutions are by definition homomorphically equivalent, and, thus, from
the third part of Proposition 6.13, they all have the same core up to renaming of nulls. Fur-
thermore, the core T of the universal solutions is the smallest universal solution. Assume,
to the contrary, that there is a universal solution 7" for .S of smaller size. But then 7* must
be isomorphic to the core of 7", which contradicts the fact that 7" is of smaller size than
T*. O

Example 6.15 (Example 6.11 continued) The solution 7™ is the core of the universal so-
lutions for S, since there is a homomorphism from 7" to 7™ but there is no homomorphism
from T to a proper sub-instance of itself. O

In conclusion, the core of the universal solutions has good properties for data exchange.
This naturally raises the question about the computability of the core. As we have men-
tioned, the chase yields a universal solution that is not necessarily the core of the universal
solutions, so different techniques have to be applied in order to compute the core.
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Computing the core

It is well known that computing the core of an arbitrary graph is a computationally in-
tractable problem. Indeed, we know that a graph G is 3-colorable if and only if there is a
homomorphism from G to K3, the clique of size 3. Thus, G is 3-colorable if and only if the
core of the disjoint union of G and K3 is K3 itself. This shows that there is a polynomial
time reduction from the problem of 3-colorability to the problem of computing the core of
a graph. It follows that the latter is NP-hard. In fact, checking if a fixed graph Gy is the
core of an input graph G is an NP-complete problem; if both GG and Gy are inputs, then the
complexity is even higher (more precisely, in the class DP, studied in complexity theory).

However, in data exchange we are interested in computing the core of a universal so-
lution and not of an arbitrary instance. And the intractability of the general problem does
not mean bad news in our case. In fact, we are about to see that computing the core of
the universal solutions under the class of mappings with a weakly acyclic set of tgds is a
tractable problem.

Let us consider first a simple class of relational mappings: those without tgds. Then
there is a simple greedy algorithm that computes the core of the universal solutions (under
the assumption that universal solutions exist, i.e., that the chase does not fail). Moreover,
it does so in polynomial time. The algorithm COMPUTECORE(M) for a mapping M =
(Rs, Ry, X1, X ) without tgds in X; is shown below.

Algorithm 1 COMPUTECORE(M)
Require: A source instance S
Ensure: If S has a universal solution under M, then 7™ is a target instance that is a core
for S. Otherwise, T* = fail
let T be the result of a successful chase sequence for S under M
if T' = fail then
T* = fail
else
T =T
for all fact R(a) in T* do
let 7~ be an instance obtained from 7 by removing fact R(a)
if (S, 7% ) satisfies X5 then
T :=T1""
end if
11:  end for
12:_end if

B AN LN >
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Theorem 6.16 Let M = (Rg, Ry, X, X1) be a mapping without tgds in 3. If the
chase computing the canonical universal solution does not fail, then COMPUTECORE (M)
outputs the core of the universal solutions for S. Furthermore, this algorithm runs in poly-
nomial time in the size of S.
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Proof 1t is clear that the algorithm runs in polynomial time in the size of .S, since com-
puting T is done in polynomial time, and checking whether 7'~ is a solution for S can be
done in polynomial time as well.

We show next that it outputs the core if the chase computing the canonical universal
solution does not fail. Assume that 7" is the result of a successful chase sequence for S
under M. We first show that each instance 7™ that is obtained from T inside the for loop
in lines (6-10) is a universal solution for S. By definition, (5,T%) = Y. Since T* is a
subinstance of T and T satisfies each egd in X, we have that T* = X;. Thus, T* is a
solution for S. Finally, T is a subinstance of 7', and, therefore, there is a homomorphism
from T into any other solution. This proves that 7™ is also a universal solution for S.

Assume now that T is the result of COMPUTECORE(M) for S. We prove next that 7
is the core of the universal solutions for S. As we have just proved, 7™ is a universal solu-
tion and hence it contains a copy 1y of the core of the universal solutions as a subinstance.
It follows from Theorem 6.14 that To € SOL o4 (.S). Assume now, for the sake of contra-
diction, that T # T™* and hence that there is a fact R(t) € T* \ Ty. Thus, 7% \ {R(¢)} is
a solution for S (because it contains 7p), and hence it satisfies ;. This implies that the
result of the algorithm could not have been 7. This is our desired contradiction. O

Unfortunately, the algorithm described above cannot be easily adapted to more complex
mappings that have both tgds and egds among target constraints. Indeed, a crucial assump-
tion in the previous algorithm is that whenever an instance satisfies an egd, then every
sub-instance of it also satisfies it. However, this assumption fails for tgds. For example, the
instance T' = {U(a),V (a)} satisfies the tgd U(z) — V(z), but removing the fact V(a)
yields an instance that does not satisfy it. In fact, if the previous greedy algorithm is applied
directly to mappings in which X, contains at least one tgd, then the resulting instance may
fail to be a solution.

Thus, more sophisticated techniques need to be developed if one wants to compute cores
of universal solutions in polynomial time in the presence of tgds. Unfortunately, no simple
adaptation of the previous greedy algorithm is known to solve this problem. Hence different
techniques have to be developed, which are based on the blocks method that is described
below.

Let us assume for the time being that we deal with mappings without target dependen-
cies. The blocks method relies on the following observation. If 7' is the canonical universal
solution of a source instance .S with respect to a set of st-tgds 3, then the Gaifiman graph
of the nulls of 7" consists of a set of connected components (blocks) of size bounded by a
constant c that depends only on the mapping (which we assume to be fixed). By the Gaif-
man graph of nulls of 7" we mean the graph whose nodes are the nulls of 7", such that two
nulls L1, 1o are adjacent if and only if there is a tuple in some relation of 7' that mentions
both 17 and _Ls.

A crucial observation is that checking whether there is a homomorphism from 7" into an
arbitrary instance 7’ can be done in polynomial time. The justification is that this problem
boils down to the problem of checking whether each block of 7" has a homomorphism into
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T'. The latter can be solved in polynomial time since the size of each block is bounded by
¢ — hence there are polynomially many candidates for such a homomorphism. It follows
that computing the core of the canonical universal solution 7" can be done in polynomial
time. Indeed, it suffices to check whether there is a homomorphism h : T — T such that
the size of the image of 7" under h is strictly less than the size of T'. Then we replace 1" by
h(T), and iteratively continue this process until reaching a fixed-point.

The blocks method was also extended to the case when X, consists of a set of egds.
There is an extra difficulty in this case. The property mentioned above, the bounded block-
size in the Gaifman graph of the canonical universal solution 7" of a source instance .5, is
no longer true in the presence of egds. This is because the chase, when applied to egds, can
equate nulls from different blocks, and thus, create blocks of nulls of larger and larger size.

This problem is solved by a surprising rigidity lemma stating the following. Let 7" be
the canonical universal solution for a source instance with respect to a set of st-tgds Y,
and let 7" be the target instance obtained from 7" by chasing with the egds in X;. Then if
two nulls |1 and 1 in different blocks of T are replaced by the same null L in 7”, then
the null L is rigid. Thatis, if h : 7" — T’ is a homomorphism then 4(L) = L, and thus,
T’ has the bounded block-size property if we treat those nulls as constants.

The situation is much more complex in the presence of tgds. This is because the canon-
ical universal solution 7" for a source instance S does not have the bounded block-size
property, and in addition, it is no longer true that equated nulls are rigid. A refined version
of the blocks method has been developed; it was used to show that computing cores of
universal solutions for mappings whose set of target dependencies consists of egds and a
weakly acyclic set of tgds can be done in polynomial time.

Theorem 6.17 Let M = (Rg, Ry, Xs,2:) be a fixed relational mapping, such that
X consists of a set of egds and a weakly acyclic set of tgds. There is a polynomial-time
algorithm that, for every source instance S, checks whether a solution for S exists, and if
that is the case, computes the core of the universal solutions for S.

The proof of this result, which is based on the notion of hypertree decompositions, is
technically quite involved and goes beyond the scope of this book.

Summary

In summary, the core is a universal solution that has several good properties for data ex-
change purposes: it is unique up to isomorphism, it is the smallest universal solution, and
it can be computed in polynomial time for mappings with a weakly acyclic set of tgds.
However, the choice of a solution to materialize does not boil down exclusively to the
size of such a solution. After all, we materialize solutions to answer queries; in addition,
we should also consider the cost of building a solution. We have already seen that it is
costlier to build the core than the canonical universal solution (as building the latter is the
first step in building the core). In addition, we shall see in the next chapter that although the
core and the canonical universal solution are indistinguishable with respect to some basic
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query answering tasks, the canonical universal solution behaves better than the core when
handling more expressive query languages.

We conclude that there is a tradeoff in deciding which solution — canonical universal or
core — to materialize:

o the core allows the most compact materialization among all possible universal solutions;
however,

e there are additional computational costs, and it is not as flexible when it comes to query
answering.



7

Query answering and rewriting

In data exchange, we are interested in computing certain answers to a query. However, we
do not yet know when such a computation is feasible. The goal of the chapter is to answer
this question.

The bad news is that the problem of computing certain answers for relational calculus
(equivalently, relational algebra or FO) queries is undecidable, even in the absence of target
dependencies. But the good news is that the problem becomes decidable, and, indeed,
tractable, for unions of conjunctive queries over mappings with a weakly acyclic set of
tgds. Conjunctive queries, as was already mentioned several times, play a very important
role and are very common, and mappings with weakly acyclic sets of tgds, as we have seen,
are the ones behaving particularly well when it comes to materializing solutions.

The positive result, however, breaks down when we extend conjunctive queries with
inequalities. But we can still find a meaningful class of queries capable of expressing in-
teresting properties in the data exchange context that extends conjunctive queries with a
limited amount of negation and shares most of their good properties for data exchange.

Finally, we study the notion of query rewriting, i.e., when certain answers to a query ()
can be computed by posing a possibly different query Q' over a materialized solution. Such
rewritings are easy for unions of conjunctive queries; our study concentrates on rewritings
of relational algebra queries. We compare rewritings over different solutions, and develop
easily applicable tools that determine when rewritings are not possible.

7.1 Answering relational calculus queries

In this chapter we are interested in the problem of computing certain answers for a
relational mapping M and a query ) over R;. Recall that a mapping M is a tuple
(Rs, R, X1, X)), where Ry is the source schema, Ry is the target schema, 3, is the
set of source-to-target dependencies, and X; is the set of target dependencies. Given a
source instance .S, certain answers to () are defined as certaina(Q, S) = ({Q(T) | T €
SoLm(9)}.

The problem we study is formulated as follows.



76 Query answering and rewriting

PROBLEM:  CERTAIN ,((Q).

INPUT: A source instance S and a tuple ¢ of elements in
DoM(S).

QUESTION: st € certainp(Q, S)?

Since finding certain answers involves computing intersection of a (potentially) infinite
number of sets, this strongly suggests that computing certain answers of arbitrary relational
calculus (equivalently, relational algebra or FO) queries is an undecidable problem. Indeed,
this is the case even in the absence of target dependencies.

Proposition 7.1  There exists an FO query Q and a mapping M = (Rg, R, Zst), such
that CERTAIN ((Q) is undecidable.

Proof Recall from Theorem 5.3 that there exists a mapping M’ = (Rg, Ry, Xst, X¢)
such that SOLEXISTENCE 54 is undecidable. Let Q" be the Boolean FO query that is ob-
tained by taking the conjunction of all dependencies in >; and let M be the mapping
(Rs, Ry, Xgt), ie., M’ without the target dependencies. Let Q = —Q’. Then for every
source instance S, we have

certainp (Q, S) = false & 3T : T € SOLp(S) and T = Q
& JT: T € SoLym(S) and T | Q'
< 3T : T € SoLa (S)

This proves that CERTAIN »4(()) is undecidable. O

Notice that although the mapping M used in the proof of Proposition 7.1 is quite simple
(it does not even have target dependencies), the FO query () is not. Indeed, @) corresponds
to the negation of a conjunction of a finite number of tgds and egds, and, therefore, it
is equivalent to an FO query of the form 3*V*¢), where ¢ is quantifier-free. This result
does not preclude, however, the existence of simpler but yet practically relevant classes
of queries for which the problem of computing certain answers is decidable, and even
tractable. We prove in the next section that this is indeed the case for the class of unions of
conjunctive queries.

7.2 Answering conjunctive queries

Recall that a conjunctive query is an FO formula of the form 3% ¢(Z, §), where ©(Z, §) is a
conjunction of atoms. Equivalently, it is a query expressed in the selection-projection-join
fragment of relational algebra. Unions of conjunctive queries are thus the queries expressed
by the operations of selection, projection, join, and union of relational algebra.

Our next result shows that some of the most common SQL queries — namely, unions
of conjunctive queries — can be efficiently answered in data exchange scenarios involving
the same kind of mappings that give us good algorithms for materializing solutions. The
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proof of this result shows that universal solutions are crucial to query answering in data
exchange.

Theorem 7.2 Let M = (Rg, Ry, Xy, Xt) be a mapping, such that ¥, consists of a set
of egds and a weakly acyclic set of tgds, and let Q) be a union of conjunctive queries. Then
CERTAIN 5 ((Q) can be solved in PTIME.

Theorem 7.2 can be easily proved in a way that also produces an algorithm for computing
certain answers. Namely, we can show that

certainp(Q,S) = Qnaive(T), (7.1)

when () is a union of conjunctive queries and 7 is an arbitrary universal solution. Recall
that Qnaive (T') is the naive evaluation of @ over T, as described in Section 2.3. That is, one
first treats nulls as they were values, evaluates @), and then removes tuples containing nulls
from the result.

This can be easily shown when we put together the following facts.

1 For the class of mappings in Theorem 7.2, it is the case that if a source instance .S has
at least one solution, then a universal solution 7" for .S can be computed in polynomial
time (Corollary 2).

2 If T is a universal solution for a source instance S, then there is a homomorphism A :
T — T’ for every T’ € SOL(.S). But (unions of) conjunctive queries are preserved
under homomorphisms. Hence, if ¢ is a tuple not containing nulls in Q(7'), then it also
belongs to Q(T"). Thus,

null-free tuples in Q(T) C ﬂ null-free tuples in Q(7").
T’eSoLa(S)

The other inclusion is true since 7 itself is a solution, and hence we have the equality
above. Now note that the right-hand side is certainaq(Q, S), since certain answers could
not contain any nulls, and the left-hand side is Qpaive(T) by definition. Thus, we have
proved (7.1).

3 FO queries, and in particular, unions of conjunctive queries, have polynomial time data
complexity (as explained in Section 2.4). Hence, computing Quaive(T) is done in poly-
nomial time, as well as computing 7" itself.

Thus, in order to compute the certain answers of a union of conjunctive
queries () with respect to a source instance S, one can use the Algorithm
COMPUTECERTAINANSWERS(Q, M) shown below. Note that in the algorithm one can
use any universal solution. For example, if we compute the core instead of the canonical
universal solution, the output of the algorithm is still the set of certain answers.

In summary, conjunctive queries form a very good class for data exchange as their certain
answers can always be obtained in polynomial time by means of naive evaluation over a
materialized universal solution. A natural question at this point is whether this positive
behavior extends to other interesting classes of queries. For instance, conjunctive queries
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Algorithm 2 COMPUTECERTAINANSWERS(Q, M)

Require: A source instance S

Ensure: If SOL((S) # ), then CA is the set of certain answers for ) over .S under M.
Otherwise, CA = fail

let T be the result of a successful chase sequence of .S under M

—_

2. if T'= fail then
3: CA = fail

4: else

5: CA = Qna’fve(T)
6: end if

keep us in the realm of the positive while most database query languages are equipped
with negation. What happens if we extend conjunctive queries with a restricted form of
negation? Do we retain the good properties mentioned above? We deal with this problem
in the next section.

7.3 Conjunctive queries with inequalities

In the previous section we raised the following question: What happens in the data ex-
change context if we extend conjunctive queries with a restricted form of negation? We
study this problem for a particular class of queries, namely, conjunctive queries with in-
equalities. This class of queries is of practical importance, and corresponds to a natural and
common subclass of SQL queries, namely those that have conjunctions of equalities and
inequalities in the where clause.

Formally, a conjunctive query with inequalities is an FO query of the form p(Z) =
354 (Z, ), where 1(Z, §) is a conjunction of

e atomic relational formulas, and
e inequalities of the form z; # 2o, where the variables z; and zo come from Z and 3.

We impose a simple safety-condition that every variable that appears in an inequality must
also appear in a relational atom. For example,

¢(z,2z) = Jy3y' (ROUTES(y, z, 2) AROUTES(Y ,z,2) Ay # ') (7.2)

is a conjunctive query with one inequality that asks for pairs (a, b) of cities such that there
is more than one flight from a to b.

Thus, conjunctive queries with inequalities are capable of expressing interesting and
natural properties of data. Now we would like to see how they behave in data exchange. For
instance, is it true that certain answers to a conjunctive query with inequalities ) coincide
with the naive evaluation of () over some universal solution? The following simple example
shows that with inequalities, naive evaluation fails.
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Example 7.3 (Example 4.1 continued) Consider the source instance

S = {FLIGHT(Paris, Santiago, AirFrance, 2320),
FLIGHT(Paris, Santiago, LAN,2200)}.

Notice that every universal solution for S under M must contain as a sub-instance a copy
of the following target instance 7"

{ROUTES( L1, Paris, Santiago), INFO_FLIGHT( L, 2320, Lo, AirFrance),
ROUTES( L3, Paris, Santiago), INFO_FLIGHT( L3, 2200, 14, LAN)}.

It is not hard to see that T is a canonical universal solution for S.

The FO query ¢(x, z) in (7.2) must return the pair ( Paris, Santiago) over any universal
solution for S. On the other hand, the certain answer of ¢(z, z) over S is the empty set.
This is because 7" defined as

{ROUTES(_L1, Paris, Santiago), INFO_FLIGHT(Lq, 2320, Lo, AirFrance),
INFO_FLIGHT(L;, 2200, Ly, LAN)}

is a solution for S and p(z, z) returns the empty set when evaluated over it. (Notice that 7"
is not a universal solution for S as there is no homomorphism from 7" into T'). Intuitively,
this means that the set of solutions for S does not imply that there is more than one flight
from Paris to Santiago in the target. O

Thus, certain answers of conjunctive queries with inequalities cannot be obtained by
naive evaluation over a materialized universal solution. However, this does not exclude the
possibility that certain answers to conjunctive queries with inequalities can be efficiently
computed.

We show next that this is unfortunately not the case. In particular, we prove that the
problem of computing certain answers for the class of conjunctive queries with inequalities
remains decidable, but it can be intractable even in the absence of target dependencies.

Theorem 7.4 1 Let M be a mapping such that 3, consists of a set of egds and a weakly
acyclic set of tgds, and let QQ be a union of conjunctive queries with inequalities. Then
CERTAIN (@) is in CONP.

2 There is a Boolean conjunctive query ) with inequalities and a LAV mapping M, such
that CERTAIN p((Q) is CONP-hard.

Proof We first prove (1). We show that if there is a solution 7" for a source instance S
such that ¢ ¢ Q(T), then there is a solution 7" of polynomial size such that t ¢ Q(T").
Suppose that T is a solution for S such that ¢ &€ Q(T'). Let T.,,, be a canonical universal
solution for S. (Notice that T,,,, exists since S has at least one solution). Then there is
a homomorphism h : T,., — T. We denote by h(T.q,) the homomorphic image of T
under h. It is not hard to prove that A(T.,,,) is a solution for S. Furthermore, h(Teqy,) is
of polynomial size in ||.S|| (since T¢ay is also of polynomial size in ||.S]|). We claim that
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t € Q(h(Tean)). Assume otherwise; then ¢ € Q(h(Tean)). But h(Teqn) is a sub-instance
of T', and, therefore, since unions of conjunctive queries with inequalities are monotone
(i.e. if t € Q(T1) then ¢ € Q(T%), for every Ty such that T} is a sub-instance of T3), it is
the case that ¢ also belongs to Q(T"), which is a contradiction.

With this observation, it is easy to construct a CONP algorithm for the problem of certain
answers of @ and M. In fact, a CONP algorithm for checking ¢ € certainp(Q, S) is the
same as an NP algorithm for checking ¢ & certainp(Q, S). By the above observation, for
the latter it simply suffices to guess a polynomial-size instance 7" and check, in polynomial
time, that 7T is a solution, and that ¢ & Q(T).

We now prove (2). The LAV mapping M = (Rg, R¢, Xy;) is as follows. The source
schema Ry consists of two relations: a binary relation P and a ternary relation R. The
target schema Ry also consists of two relations: a binary relation U and a ternary relation
V. The set X, contains the following source-to-target dependencies:

P(z,y) = F2(U(z,2) ANU(y, 2))
R(z,y,2) = V(x,y, 2)

The Boolean query ( is defined as:

Iy Iy o Iy2 w3 Iys(V (21, 22, 23) AU (21,91) A
U(z2,y2) NU(x3,y3) N1 # y1 A2 # Y2 A3 # y3).

Next we show that CERTAIN o (@) is CONP-hard.

The cONP-hardness is established from a reduction from 3SAT to the complement of
the problem of certain answers for ¢ and M. More precisely, for every 3CNF propositional
formula ¢, we construct in polynomial time an instance S, of R such that ¢ is satisfiable
iff certainpg (Q, S,) = false.

Given a propositional formula p = A <j<m C; in 3CNF, where each C} is a clause, let
S, be the following source instance:

e The interpretation of P in S, contains the pair (¢, —¢), for each propositional variable ¢
mentioned in ¢; and

o the interpretation of R in S, contains all tuples (¢, 8, y) such that for some 1 < j < m
it is the case that C; = (a V S V 7).

Clearly, S, can be constructed in polynomial time from ¢.
It is not hard to see that the unique canonical universal solution 7" for .S, is as follows,
where we denote by L, the null generated by applying the st-tgd P(x,y) — 3z(U(x, 2) A

Uy, 2)) to P(q, ~q):

o The interpretation of the relation U in T contains the tuples (¢, L,) and (—g, L), for
each propositional variable ¢ mentioned in ¢; and

o the interpretation of the relation V in 7' is just a copy of the interpretation of the relation
Rin S,.
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We leave it as a simple exercise to the reader to prove that ¢ is satisfiable iff
certainp(Q, S,) = false. This finishes the proof of the theorem. O

Notice that the query () constructed in the proof of the previous theorem contains exactly
three inequalities. But this can be strengthened, as there is a Boolean conjunctive query @
with exactly two inequalities and a LAV mapping M such that CERTAIN o((Q) is CONP-
hard. We leave the proof of this fact as an interesting exercise for the reader. For the class
of (unions of) conjunctive queries with at most one inequality per disjunct, the certain
answers can be computed in polynomial time. We explain how this can be done in the next
section.

Summary

Summing up, conjunctive queries with inequalities do not retain the good properties of
unions of conjunctive queries for data exchange. In particular, while the problem of com-
puting certain answers for conjunctive queries with inequalities remains decidable, it be-
comes intractable even in the absence of target dependencies. However, this still leaves
open the question of whether the class of unions of conjunctive queries can be extended
with a limited amount of negation in such a way that:

1 The extension preserves the good properties of conjunctive queries for data exchange,
and
2 it also allows expressing relevant data exchange properties.

We show how to construct such language in the next section.

7.4 Tractable query answering with negation

So far we have seen the following examples of behavior of query answering in data ex-
change:

e Good behavior, as observed for unions of conjunctive queries: certain answers to them
can be found efficiently by running naive evaluation over the canonical solution (in fact,
over an arbitrary universal solution). This is based on the key fact that

certain(Q,T) = Qnaive(T) (7.3)

for all instances 7', when ( is a union of conjunctive queries.

e Bad behavior, as for arbitrary relational algebra queries: for them, no algorithm in gen-
eral can compute certainp (Q, S).

e Moderately bad behavior, as for unions of conjunctive queries with inequalities: for
them, certainaq(Q, S) can be computed, but the computation is intractable.

What we look for now is examples of moderately good behavior: that is, certain an-
swers can be efficiently computed, but not necessarily by naive evaluation. We first do this
search within the realm of relational algebra, and then leave it and move to more expressive
languages such as DATALOG.
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Tractable query answering within relational algebra

We now give an example of moderately good behavior within relational algebra: we show
that for some relational algebra queries, certain answers cerfain (@, S) can be computed
efficiently, but not by naive evaluation; in fact, not even by any query that itself is express-
ible in relational algebra.

Recall that a conjunctive query with negated atoms is an FO formula of the form
3za(z, ), where (T, ) is a conjunction of atoms and negated atoms (that is, inequal-
ities of the form = # y or negated relational atoms of the form —R(Z)). Again, as a
safety-condition we impose that each variable that appears in the query appears in at least
one non-negated atom.

Theorem 7.5 There is a LAV mapping M = (Rs, R, Xt ) without target dependencies
and a union of conjunctive queries with negated atoms () such that:

1 certainp(Q, S) can be computed in polynomial time; and
2 there is no relational algebra query Q' such that Q' (T') = certainp(Q, S), where T is
the canonical universal solution.

In particular, in this case certaina(Q, S) cannot be computed by naive evaluation on
the canonical solution.

Proof Consider the LAV mapping M = (Rg, R, X¢) such that Rg consists of binary
relation £ and unary relations A and B, Ry consists of binary relation G and unary rela-
tions P and R, and X, consists of the following st-tgds:
E(z,y) = G(z,y)
A(z) = P(x)
B(z) = R(x)
Notice that if S is a source instance, then the canonical universal solution T for S is such
that £ = GT, AS = PT and B® = RY.
Let ) be the following query over Ry:

J23y (P(x) A R(y) A G(x,y)) vV FxTyTz (G(z, 2) A G(z,y) A ~G(x,y)).

P
R

This is a union of conjunctive queries with a single negated relational atom and no inequal-
ities. It is also a Boolean query. We show next that for every source instance S, the certain
answers certainp(Q, S) are true if and only if there exist elements a, b in DOM(T") such
that a belongs to PT', b belongs to R” and (a, b) belongs to the transitive closure of the re-
lation GT'. Or equivalently, certainp(Q, S) = true if and only if there exist elements a, b
in DoM(.S) such that a belongs to A®, b belongs to B and (a, b) belongs to the transitive
closure of the relation £

Assume first that there exist elements a, b in DOM(T') such that a belongs to PT', b be-
longs to RT and (a, b) belongs to the transitive closure of the relation GT'. Let T} be an ar-
bitrary solution of S. We prove that ) holds in 77, and hence that certainp(Q, S) = true.
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We consider two cases. Suppose first that there is a pair (¢, d) of elements in DOM(7} ) such
that (c,d) ¢ G™* and for some element e € DOM(T}) it is the case that both (¢, e) and
(e,d) are in GT1. Then clearly, 71 | 3x3y3z (G(z,2) A G(z,y) A =G(z,y)), and, thus,
T) = Q. Suppose, on the other hand, that this is not the case. Then Gt contains its own
transitive closure. Moreover, GT C G, since T} is a solution for .S, and hence from the
previous observation the transitive closure of G7 is also contained in G™*. We conclude
that (a,b) € G™1, and, therefore, T} |= 3x3y(P(z)AR(y)AG(z,vy)) (and hence T} = Q).

Assume, on the other hand, that for every pair (a, b) in the transitive closure of GT itis
the case that either a ¢ PT or b ¢ RT. Consider the target instance T} that extends 7" by
adding to the interpretation of i every tuple in the transitive closure of G . It is clear then
that 71 [~ Q. Indeed, Ty W~ J23y(P(z) A R(y) A G(z,y)) because GT1 coincides with
transitive closure of G* and hence there is no pair (a, b) in G** such that both @ € PT* and
b € R Moreover, Ty £ Jx3y3z(G(z, 2) A G(z,y) A ~G(z,y)) because GT* coincides
with its own transitive closure. We conclude that cerfaina (Q, S) = false.

Since transitive closure is polynomial-time computable, we have proved the first state-
ment of the theorem. Moreover, it is well known that there is no FO (i.e., relational algebra)
query that expresses the transitive closure of a graph, which shows the second statement of
the theorem. O

The example used in the above proof also shows that negated relational atoms add ex-
pressive power to the class of unions of conjunctive queries in the context of data exchange,
as they express interesting data exchange properties (e.g., transitive closure) that go way
beyond the ones that can be expressed by means of relational algebra queries.

Tractable query answering beyond relational algebra

To retain good properties of query answering in data exchange beyond relational algebra,
ideally we should start with the language for which naive evaluation computes certain
answers (i.e., (7.3) holds), and then extend it with a limited form of negation. It is known
that the class of unions of conjunctive queries is not the only language that satisfies (7.3);
in fact, queries expressible in DATALOG, the recursive extension of the class of unions
of conjunctive queries are also such, and they have polynomial time data too. (For the
reader who is not familiar with DATALOG, we review its syntax and semantics later in this
section). Thus, DATALOG retains several of the good properties of unions of conjunctive
queries for data exchange purposes. In particular, certain answers to a DATALOG program
IT over a source instance S' can be computed efficiently by first materializing a canonical
universal solution 7" for S, and then evaluating IT over T'.

However, as we proved in Theorem 7.4, adding an unrestricted form of negation to
DATALOG (or even to the class of conjunctive queries) easily yields to intractability of the
problem of computing certain answers (even for mappings without target dependencies).
Despite this negative result, it can still be shown that there is a natural way to add negation
to DATALOG while keeping all of the good properties of this language for data exchange. In
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order to define this language, we assume that the target schema Ry is enriched with a way
to distinguish constants from nulls. That is, we assume that there is a unary relation symbol
C, such that for every target instance 7 the interpretation of C in 7T is precisely the set of
constants in the domain of 7'. This is a very realistic assumption: practical languages allow
testing for nulls (e.g., the IS NULL condition in SQL; its negation thus defines constants).

Definition 7.6 (DATALOGC#) programs) A constant-inequality DATALOG rule is one
of the form:

S(:E) — Sl(fl)a R Sg(j[), C(yl)a ) C(y’m)a Uy # ViyeoyUn # Un, (74)
such that:

(1) S, S1, ..., S are (not necessarily distinct) relation symbols,

(2) every variable in Z is mentioned in some tuple z;, for 1 < i </,

(3) every variable y;, for 1 < j < m, is mentioned in some tuple z;, for 1 <17 </,

(4) every variable u; and every variable v;, for 1 < j < n, is equal to some variable y;,
forl1 <i:<m.

A constant-inequality DATALOG program (DATALOG®(#) program) II is a finite set of
constant-inequality DATALOG rules. A DATALOG program is a DATALOGE(#) program
without inequalities. O

That is, DATALOGC#) programs are just the usual DATALOG programs enriched with
inequalities which can only be checked for constants, and not nulls. This is syntactically
enforced by condition (4) in the definition of DATALOGC#) rule: if the inequality = # y
appears in a DATALOGC(?) rule, then the atoms C(z) and C(y), binding  and y to the
set of constants, must also appear in it.

The following is an example of a constant-inequality DATALOG program:

R(z,y) + T(z,2),5(z,y),C(z),C(2),x # =z
S(z) « U(z,u,v,w),C(u),C(v),u # v

For a rule of the form (7.4), we say that S(Z) is its head. The set of predicates of a
DATALOGC ) program IT, denoted by Pred(I1), is the set of predicate symbols mentioned
in II, while the set of intensional predicates of II, denoted by IPred(II), is the set of
predicates symbols R € Pred(IT) such that R(Z) appears as the head of some rule of II.

Fix a DATALOGC?) program II and let I be a database instance of the relational schema
Pred(IT). Then T (I) is an instance of Pred(II) such that forevery R € Pred(II) and every
tuple #, it holds that £ € R7 (1) if and only if there exists a rule

R(z) « Ri(Z1),..., Re(Z¢), C(y1)y -, C(Ym ), u1 # U1,y Un F U
in IT and a variable assignment ¢ such that:

1 o(z) =1,
2 o(7;) € R, forevery 1 <i </,
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3 o(y;) is a constant, for every 1 < ¢ < m, and
4 o(u;) # o(v;), forevery 1 < i < mn.

The operator 7 is used to define the semantics of constant-inequality Datalog programs.
More precisely, define

e TR(I):=1,and
o Tt (I) == T(TH(I)) U TR (I), for every n > 0.

Then the evaluation of IT over I is defined as 7;7°(1) = U,,~o Tt (1)-

A constant-inequality Datalog program II is said to be defined over a relational schema
R if R = Pred(Il) — IPred(II) and ANSWER € IPred(II). Intuitively, ANSWER is a
distinguished predicate that is used to define the evaluation of a DATALOGC ) program
over an instance. Given an instance I of R and a tuple ¢ in DoM(/)™, where n is the arity
of ANSWER, we say thatt € TI(I) if £ € ANSWERT (o) where I is the extension of T
defined as: R’ = R’ for R € R and R’ = () for R € IPred(Il).

Computing certain answers of DATALOGC#) programs

The reason that explains why certain answers of unions of conjunctive queries can be
obtained by means of naive evaluation is that these queries are preserved under homomor-
phisms. Recall that this means that if () is a union of conjunctive queries over R¢, and T’
and 7" are two target instances such that there is a homomorphism from 7" to 7", then a tu-
ple a of constants that belongs to the evaluation of () over T" also belongs to the evaluation
of Q over T".

It is well-known that DATALOG programs are also preserved under homomorphisms,
and, therefore, that their certain answers can be obtained by means of naive evaluation.
Unfortunately, extending DATALOG programs (or even conjunctive queries) with inequal-
ities destroys preservation under homomorphisms. For example, assume that we have an
instance 7T that only contains the fact R(a, L), where ¢ € CONST and L € VAR. Let Q
be the following conjunctive query with one inequality: Jx3Jy(R(z,y) A x # y). Clearly,
T = Qbut T £ Q, where T is homomorphic image of T witnessed by homomorphism
h(L) =a.

But as we mentioned before, the homomorphisms in data exchange are not arbitrary;
they are the identity on the constants. Thus, given that inequalities are witnessed by con-
stants in DATALOGE (%) programs, we have that these programs are preserved under homo-
morphisms. From this we conclude that the certain answers of a DATALOGE ) program
II can be computed by directly evaluating IT over a universal solution and then discard-
ing those tuples that contain nulls. Since the data complexity of evaluating DATALOGC )
programs is in PTIME, we conclude the following:

Proposition 7.7 Let M = (Rs, Ry, Xst, Xt) be a mapping, such that ¥ consists of a set
of egds and a weakly acyclic set of tgds, and let 11 be a DATALOGC ) program over Ry.
Then CERTAIN o (II) can be solved in PTIME.
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Expressive power of DATALOGC ) programs

With respect to the expressive power of DATALOGE ) programs, it is possible to prove
that they are capable of subsuming, in terms of certain answers, the class of unions of
conjunctive queries with at most one negated atom per disjunct (in the absence of target
dependencies).

Theorem 7.8 Let M = (Rg, Ry, Xs:) be a mapping and let Q) be a union of con-
junctive queries with at most one inequality or negated relational atom per disjunct.
Then there exists a DATALOGC#) program 1lg such that for every source instance S,
certainp (Q, S) = certainpg (g, S).

It immediately follows that computing certain answers for this class of queries is
tractable:

Corollary 3 Let M = (Rg, Ry, Xst) be a relational mapping and let Q) be a union of
conjunctive queries with at most one inequality or negated relational atom per disjunct.
Then CERTAIN p((Q) can be solved in PTIME.

The proof of Theorem 7.8, although not too difficult, is quite technical. For our purposes
it will be sufficient to illustrate the basic ideas behind this proof with an example.

Example 7.9 Let M = (Rs, Rt,Xs;) be a LAV mapping such that Ry consists of a
unary relation A and binary relations B and C, and Ry consists of a unary relation U and
a binary relation V. Let X, consist of the following st-tgds:

Alz) — Ulx)
B(a,y) — V(z,y)
C(z,y) = Fz(V(z,2) AV (z,y) ANU(2))

Let ) be the following Boolean conjunctive query with one inequality:
JrIyFz(V(x,2) AV (z,y) NU(z) NU(y) Az # y).

We construct a DATALOGC)  program IIo such that certainp(Q,S) =
certainpq(Ilg, S), for every source instance S. The set of intensional predicates of the
DATALOGC ) program ITg consists of the unary predicate U’, the binary predicate V',
the unary predicate DOM, and the distinguished O-ary predicate ANSWER. The program
I over Ry is defined as follows.

o First, the program collects in DoM(x) all the elements that belong to the domain of the
instance of Ry where Il is evaluated:

DoM(z) «+ V(z,y) (7.5)

DoM(z) < V(y,x) (7.6)

DoM(z) + U(x) (7.7)
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e Second, the program Il includes the following rules that formalize the idea that
EQUAL(z, y) holds if z and y are the same elements:

EQUAL(z,z) < DoM(x) (7.8)
EQUAL(z,y) < EQUAL(y, ) (7.9)
EQUAL(z,y) + EQUAL(z, z), EQUAL(z,y) (7.10)

Notice that we cannot simply use the rule EQUAL(x, x) + to say that EQUAL is reflex-
ive, as DATALOG®(?) programs are safe, i.e. every variable that appears in the head of
a rule also has to appear in its body.

e Third, IIg includes the rules:

U'(z) « Ulx) (7.11)
Vi(z,y) « V(z,y) (7.12)
U'(z) < U'(u),EQUAL(u, ) (7.13)
V'(z,y) < V'(u,v), EQUAL(u, z), EQUAL(v, ) (7.14)

Intuitively, the first two rules create in U’ and V' a copy of U and V, respectively. This
allows us to work with copies of U and V' as intensional predicates. The last two rules
replace equal elements in the interpretation of U’ and V.

e Fourth, I1g includes the following rule representing the query Q:

EQUAL(x,y) «+ V'(z,2) AV'(2,y) AU (2) AU’ (y). (7.15)

Intuitively, this rule says that if the certain answer of @ is false, then for every tuple
(a, b, c) of elements such that the pairs (a,b) and (b, ¢) belong to the interpretation of
V’, and the elements a and ¢ belong to the interpretation of U’, it must be the case that
a=c.

e Finally, I includes one rule for collecting the answer to Q:

ANSWER <« EQUAL(z,y),C(x),C(y), z # . (7.16)

Intuitively, rule (7.16) says that if in the process of evaluating I, two distinct constants
a and b are declared to be equal (EQUAL(a, b) holds), then the certain answer to Q is
true. Notice that this rule makes use of constant-inequalities.

We show the application of the program with an example. Let S =
{A(a), A(b), B(a,c), B(d,b),C(c,d)} be a source instance. It is not hard to see that the
canonical universal solution 7" for S is of the form

{U(a),U((),U(L),V(a,c),V(e, L), V(L,d),V(d,b)},

where L is a null. Recall that certainp(Ilg, S) = Il (T'), and hence it is sufficient for us
to study the evaluation of I over T'.

First, by applying rules (7.11) and (7.12) we can conclude that U'(a), U’ (b), U’'(L),
V'(a,c), V'(e, L), V'(L,d) and V'(d,b) hold in T Therefore, we obtain by using rule
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(7.15) with different assignments that EQUAL(a, 1) and EQUAL(_L, b) hold in T'. Notice
that this rule is trying to prove that certain(Q, S) = false, and hence it forces L to be
equal to a and to b. Now by using rule (7.10), we obtain that EQUAL(a, b) holds in T'. But
this cannot be the case since a and b are distinct constants and, thus, rule (7.16) is used
to conclude that certainp (Q, S) = true. Note that this conclusion is correct. Indeed, if
T’ is an arbitrary solution for S, then there exists a homomorphism i : T — T". Given
that @ and b are distinct constants, we have that a # h(L) or b # h(L). It follows that
there are elements w, wa, w3 € DOM(T”) such that (wy, wy) and (ws, w3) belong to V7',
wr,ws € UT" and wy # ws. Thus, we conclude that cerfain (Q,S5) = true.

It is now an easy exercise to show that certaina (Q), S) = certainpq(Ilg, S), for every
source instance S. O

The DATALOGE () program Il shown in the previous example made use of constant-
inequalities. It is not hard to prove that constant-inequalities are, indeed, necessary
in this case. That is, there is no DATALOG program II such that certainp(Q,S) =
certainpq (11, S), for every source instance S. We leave this as an exercise to the reader.

Notice that all the results in this section have been established for mappings without
target dependencies. It is easy to see that Theorem 7.8 remains true when mappings are
allowed to contain egds in >;. This implies that certain answers of unions of conjunctive
queries, with at most one negated atom per disjunct, can be computed in polynomial time
for relational mappings (Rs, Rt, Xst, 2¢) such that 3, consists of a set of egds. It can
also be proved, by using slightly different techniques based on a refinement of the chase
procedure, that the latter result remains true even for mappings that allow in X; a set of
egds and a weakly acyclic set of tgds.

7.5 Rewritability over special solutions

Recall that a very desirable property for query answering in data exchange is to be able
to compute certain answer to queries over a materialized solution. The query that one
evaluates over a materialized solution is not necessarily the original query (), but rather a
query @ obtained from @, or, in other words, a rewriting of Q). The key property of such
arewriting Q' is that, for each given source S and materialized target T', we have

certainpm (Q, S) = Q'(T). (7.17)

Comparing this with (7.1), we see that QQn,ve Was a rewriting for unions of conjunctive
queries, over universal solutions.

In general, the rewriting Q" of a query @ need not be a query in the same language as Q.
But usually, one looks for rewritings in languages with polynomial time data complexity
(e.g., relational algebra or, equivalently, FO). In this chapter we deal with FO-rewritings.

We now define the notion of rewritings precisely. For that, we continue using the unary
predicate C that distinguishes constants in target instances. The extension of the target
schema R with this predicate C is denoted by RE. For the rest of this section, we only
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deal with mappings without target dependencies (in particular, for avoiding the problem of
the existence of universal solutions).

Definition 7.10 (Rewritings) Let M = (Rg, R, X5:) be a mapping and @ a query over
the target schema R. We say that Q) is FO-rewritable over the canonical universal solution
(respectively, the core) under M, if there is a FO-query Q" over RC such that

certainp (Q, S) = Q'(T),
for every source instance .S with canonical universal solution (respectively, core) 7. (|
The following facts are known about FO-rewritings in data exchange.

e Unions of conjunctive queries are FO-rewritable under any mapping M, both over the
canonical universal solution and the core. Indeed, we have seen that the rewriting of a
union of conjunctive queries Q(x1, ..., T;,) is the query Qpaive, Which is obtained by
evaluating @) and only keeping tuples without nulls. It can therefore be expressed as

Q1. xm) ANC(x1) A+ A C(xh,).

Notice that this rewriting is a union of conjunctive queries as well, is independent of the
mapping, and can be constructed in linear time from Q(x1, . .., Zm ).

e There exists a union of conjunctive queries with negated atoms, (), and a LAV mapping
M, such that @ is not FO-rewritable under M over the canonical universal solution. We
gave an example in the proof of Theorem 7.5.

e There exists a Boolean conjunctive query () with a single inequality and a LAV mapping
M, such that ) is not FO-rewritable under M, both over the canonical universal solution
and over the core. The proof of this fact is left as an exercise to the reader. We prove a
closely related result in the next section (Proposition 7.15).

The previous two observations naturally raise the following question: Is the problem of
checking whether an FO query admits a FO-rewriting over the canonical universal solution
(or the core) decidable? Unfortunately, the answer is negative.

Proposition 7.11  The problem of checking, for a relational mapping M = (Rs, Rt, Xist)
and a FO query Q over Ry, whether Q) is FO-rewritable over the canonical universal
solution or over the core under M, is undecidable.

Proof 1In order to prove the proposition we need the concept of a domain-independent
query. We avoid the formal definition but take advantage of one of the more important
properties of a domain-independent query @ over schema R: If K’ is an instance of a
schema R’ that extends R and K is the restriction of K’ to the relation symbols in R,
then Q(K) = Q(K"). Intuitively, this means that the evaluation of () is independent of the
interpretation of the relation symbols that are not mentioned in . An example of a query
that is not domain-independent is Va(—Q(z) — R(z)).

It follows from Trakhtenbrot’s theorem that the following problem is undecidable: Given
a domain-independent Boolean FO formula ¢ over schema R, is there an instance K of
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R such that K = ¢? In order to prove the proposition, we reduce this problem to the
complement of the problem of checking whether a Boolean FO formula admits a FO-
rewriting over the canonical universal solution or the core. That is, we show that for each
schema R and domain-independent Boolean FO formula ¢ over R, one can compute a
relational mapping M = (Rs, R¢, Xst) and a Boolean FO formula 6 over Ry such that
the following two facts are equivalent:

1 There is an instance K of R such that K |= .
2 0 is not FO-rewritable over the canonical universal solution (respectively, the core) under

M.

Take an arbitrary schema R and a domain-independent Boolean FO formula ¢ over R.
We show how to construct M and 6 from ¢ and R. First of all, we prove in the following
section (Proposition 7.15) that there is a relational mapping M’ = (R, R}, %%;) and a
domain-independent Boolean FO formula ., such that ¢,,, is FO-rewritable neither over
the canonical universal solution nor over the core under M’. Without loss of generality we
assume that R, and R contain no relation symbols in common. With the help of M’ and
1y we can construct M = (Rg, Ry, Xg;) and 6 as follows:

e R consists of all the relation symbols that are either in R or in R (recall that R and
R/ are assumed to be disjoint).

e R, consists of all the relation symbols that are either in R’ or in R§, where R’ is a
disjoint copy of R; thatis, if R = {Ry,...,R,} then R’ = {R],..., R, } and R; and
R} have the same arity. Further, we assume without loss of generality that R’ has no
relation symbols in common with either Ry or RY.

e >, is defined as

¥, UA{Ri(z) - Ri(z)|1<i<n}.

That is, 3, consists of the st-tgds in X/,, that relate source relation symbols in R/
with target relation symbols in R in a way that is consistent with M’, plus a set of
copying st-tgds that transfer the source content of each relation symbol in R into the
corresponding target relation symbol in R’.

e Finally, 6 is defined as ¢’ — ty,,, where ¢’ is the Boolean FO formula over R/ that is
obtained from ¢ by replacing each occurrence of the relation symbol R; with R, for
every 1 <i < n.

We prove next that there exists an instance K of R such that K = ¢ if and only if € is
not rewritable over the canonical universal solution (respectively, over the core) under M.

Assume first that for every instance K of R it is the case that K [~ . Then for every
source instance S of Ry, and solution T for S under M, we have T £ ¢’. Assume
otherwise. Then the restriction 7" of T to the relation symbols in R/ also satisfies ¢’ (since
¢’ is domain-independent), and, therefore, the instance K of R that is obtained from 7" by
setting RJK to coincide with the interpretation of R;- inT’, foreach 1 < j < n, satisfies ¢,
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which is a contradiction. This implies that 6 is FO-rewritable over the canonical universal
solution and over the core simply by the Boolean constant true.

The proof of the converse is postponed until the next section as we need to develop some
additional techniques, based on locality, for showing it. The proof will be given at the very
end of Section 7.5. (]

Despite this undecidability result, we can state some sufficient conditions for non-
rewritability of queries that allow us to exclude some classes of relational algebra queries
as not easily answerable in the data exchange scenario, This will be done in the next sec-
tion.

Rewritability: Canonical universal solution vs the core

What is the relationship between rewritability over the canonical universal solution, and
over the core? It turns out that the class of queries rewritable over the core is strictly smaller
than the class of queries rewritable over the canonical universal solution, as long as map-
pings do not contain target constraints.

Theorem 7.12  For mappings without target dependencies Y, the following hold:

1 Every FO query Q that is FO-rewritable over the core is also rewritable over the canon-
ical universal solution.

2 There is a mapping M and an FO query Q) that is FO-rewritable over the canonical
universal solution but not over the core.

Thus, as we mentioned before, there is the following trade-off in choosing the canonical
universal solution or the core as the preferred solution in data exchange:

o the core allows the most compact materialization among all possible universal solutions;
however,
o this comes at the cost of losing the capability for FO-rewriting of some queries.

The proof of Theorem 7.12 depends on non-trivial model theoretical properties of cores
and canonical universal solutions that go beyond the scope of the book.

7.6 Non-rewritability tool: Locality

Locality is a standard tool in the study of logical expressibility, for instance, in relational
calculus (FO) and some of its extensions. Here we use it to answer questions about the
expressive power of FO-rewritings in data exchange. In particular, we develop a simple lo-
cality tool that helps determine when a target query does not admit a FO-rewriting over the
solutions we have studied so far. But first we need to introduce the necessary terminology
for studying local properties of data.

The Gaifiman graph G(S) of an instance S of R is the graph whose nodes are the ele-
ments of DOM(.S), and such that there exists an edge between a and b in G(S) iff a and b
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belong to the same tuple of a relation R, for some R € R. For example, if H is an undi-
rected graph, then G(H ) is H itself; if H' is a directed graph, then G(H’) is its underlying
undirected graph.

The distance between two elements ¢ and b in S, denoted by Ag(a, b) (or A(a, b), if S is
understood), is the distance between them in G(S). If a is a tuple of elements in DOM(.S),
we define A(a, b) as the minimum value of A(a, b) where a is an element of a.

Given a tuple @ = (ai,...,a,) € DOM(S)™, we define the instance N7 (a), called
the d-neighborhood of @ in S, as the restriction of S to the elements at distance at most d
from a, with the members of a treated as distinguished elements. That is, if two neighbor-
hoods Nds1 (@) and Nds2 (b) are isomorphic (written as Nfl (a) = N(fz (b)), then there is an
isomorphism f : Nfl (@) — Nds2 (b) such that f(a;) = b;, for 1 <i < m.

Next we define when two tuples in different instances are locally indistinguishable. Let
S; and Sy be two instances of the same schema, and @ in DoM(S;) and b in DoM(S3)
be two m-tuples. We write (S1,@) g (Sa2,b) if there is a bijection f : Dom(S;) —
DOM(S2) such that N5 (ac) = N5 (bf(c)) for every ¢ € DOM(S;). The 4 relation
expresses, in a sense, that locally two structures look the same, with respect to a certain
bijection f.In particular, f sends each element c into f(c) that has the same neighborhood.

It is important in the development of our locality tool to understand when the semantics
of a target query in data exchange depends only on the local character of the source data.
In order to do this, we introduce next the concept of local source-dependence that relates
notions of locality over source instances with certain answers for target queries. Intuitively,
a target query () is locally source-dependent if the fact that tuples @ and b of constants in
source instance S; and So, respectively, are locally indistinguishable, implies that @ and b
cannot be distinguished by computing certain answers to () over Sy and S5. Formally:

Definition 7.13 (Locally source-dependent queries) Given a relational mapping M =
(Rs, R, Xst) and an m-ary query @ over Ry, where m > 0, we say that @Q is locally
source-dependent under M if there is d > 0 such that for every two source instances S;
and S» and for every @ € DOM(S;)™ and b € DoM(S2)™,

if (S1,a) Sq (S2,b) then (a € certainy(Q,S1) < b€ certainp(Q, S)). O

The main result of this section states that this notion applies to all queries that are FO-
rewritable over the canonical universal solution or over the core.

Theorem 7.14 Let M = (Rs, R, Xgt) be a relational mapping and Q a query over Ry.
Assume that @Q is FO-rewritable over the canonical universal solution or over the core.
Then Q is locally source-dependent under M.

The proof of this result is technically involved, and again depends on model-theoretical
properties of canonical universal solutions and cores (as in the case of the proof of Theorem
7.12). More interesting for us is the fact that this theorem is a powerful tool for proving non-
rewritability results for target FO queries. We explain how to obtain these inexpressibility
results below.
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Let M = (Rs, Ry, Xst) be a relational mapping. Assume that we want to show that
an m-ary query ) over Ry (m > 0) is FO-rewritable neither over the core, nor over the
canonical universal solution, under M. According to Theorem 7.12, for that it is enough
to prove that @) is not locally source-dependent under M. And in order to do this it is
sufficient to construct for every d > 0 two source instances S1 and S, and two m-tuples a
and b of constants in DOM(S;) and DOM(S>), respectively, such that:

L] (Sl,C_L) :d (Sg,l_)), and
e a € certainp (Q, S1) but b & certaina (Q, Sz).

Even simpler, in the case of Boolean queries (), we know that @ is not FO-rewritable
(over the core or the canonical universal solution) if, for every d > 0, we can find two
instances S1, Sz such that:

e 5154855, and

e certainpg(Q, S1) # certainpg (Q, Sa).

We now apply this methodology to prove non-rewritability results for FO queries under
extremely simple relational mappings. We call a relational mapping M = (Rg, R¢, Xst)
copying if Rs and Ry are two copies of the same schema; that is, Rs = {Ry,..., R.},
R = {R},..., R}, and R; and R} have the same arity, and

Sy = {Ri(z) — Ri(z) | 1< i < n}.

Note that a copying mapping is both LAV and GAv. Informally, these mappings simply
“copy” the source data into the target.

We now look at the existence of FO-rewritings for the class of unions of conjunctive
queries with at most one negated relational atom per disjunct. We know, from Theorem
7.8, that each one of these queries admits a rewriting over an arbitrary universal solution in
DATALOGC#). Some of these queries, of course, admit FO-rewritings (e.g., if no negated
atom are present). But this is not a general phenomenon, even under copying mappings.

Proposition 7.15  There exists a copying relational mapping M = (Rg, R, Xst) and a
Boolean FO query @Q over Ry such that:

1 Q is the union of a conjunctive query and a conjunctive query with a single negated
atom; and

2 Q is not rewritable over the canonical universal solution, nor over the core, under M.

Proof We use exactly the same mapping and query as in the proof of Theorem 7.5. That
is, M = (Rs,R¢, X4;) is the relational mapping such that Rg consists of binary relation
E and unary relations A and B, Rt consists of binary relation G and unary relations P
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Figure 7.1 Instances S and Sz of Proposition 7.15.

and R, and X4, consists of the st-tgds:

Clearly, M is copying. The query @) over Ry is defined as:
Jzdy (P(z) A R(y) A Gz, y)) V JxTy3z (G(x, 2) A G(z,y) A —G(x,y)).

This is the union of a conjunctive query and a conjunctive query with a single negated
relational atom. We prove next that () is rewritable neither over the canonical universal
solution nor over the core under M.

Assume otherwise. We prove below that () is not locally source-dependent under M,
which directly contradicts Theorem 7.14. Recall that for this we need to construct, for
every d > 0, two source instances S; and S such that S1 5,4 Sz but cerfainp (Q, S1) #
certainp (Q, S2).

Define source instances S; and S, as shown in Figure 7.1: E®1 is a cycle of length 4d+4
with elements
ai, b17 C1,C2,...,C4d+2,
E*2 is the disjoint union of two cycles of length 2d + d, the first one with elements

az, €y, .. '762d+11

and the second one with elements

bz, €2d4-25 - - -5 €4d+2,

AS1 = {al}’ AS2 = {ag}, BS1 = {bl} and BS2 g {bg} Let f : DOM(Sl) — DOM(SQ)
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be defined as f(a1) = as, f(b1) = be and

flei) = ei ifl<i<d4+lor2d+2<i<3d+2
flei) = e2dt1+i ifd+2<i<2d+1
flei) = ei—2da-1 if3d+3<i<4d+2

Clearly, f is a bijection from DOM(,S7) into DOM(.S2). Furthermore, a simple case anal-
ysis proves that for every v € DOM(S;) it is the case that N;'(v) = N72(f(v)). This
implies that S1 <, So. However, we prove below that certainag(Q, S1) = true while
certainp (Q, S2) = false.

Let us consider first S;. Let T} be the canonical universal solution for S;. Notice
that 77 is just a “copy” of S; over the target; that is, £t = G™', A% = PT% and
B%' = RT:. Let T} be an arbitrary solution for S; that does not satisfy the second dis-
junct 3x3y3z(G(x, 2) A G(z,y) A =G(x,y)) of Q. Then it must be the case that the
transitive closure of GT! is contained in GT1 , and hence that T} satisfies the first disjunct
Jz3y(P(z) A R(y) A G(z,vy)) of Q. This is because a; € PT1, b, € RT and (a1,b;)
belongs to the transitive closure of G**. We conclude that certain (Q, S1) = true.

Let us consider now S3. Again, the canonical universal solution 75 for S is a “copy”
of Sy over the target. Let T4 be the solution for .S that is obtained from 75 by extending
the interpretation of G’ with every tuple that belongs to the transitive closure of G*2. Then
clearly T3 = JaIy3z(G(z,2) A G(z,y) A =G(z,y)). Moreover, since as is the only
element in T} that belongs to the interpretation of P, and b5 is the only element in T that
belongs to the interpretation of R, and as and by belong to different connected components
of the graph induced by G2, it is the case that T} = J23y(P(z) A R(y) A G(z,y)). We
conclude that T £ @, and hence that certainpa(Q, S2) = false. O

With the help of the locality tool, we can now conclude the proof of Proposition 7.11,
since now we have techniques for showing nonrewritability of queries. It can be easily
shown that the query used in the proof of the previous proposition is domain-independent.
Thus, if M’ = (RL, R}, X%,) and 1y, are, respectively, the mapping and FO query used
in the proof of the previous proposition, we have that the following holds. The domain-
independent Boolean FO query v, over R} is not FO-rewritable over the canonical uni-
versal solution, nor over the core, under M’. (The reasons why we use the names M’ and
1y Will become clear below).

Recall what we need to complete the proof of Proposition 7.11. Assume that ¢ is a
domain-independent Boolean FO query over schema R (disjoint from R, and R}), such
that for at least some instance K of R it is the case that K = ¢. Let R/ be a “copy” of R,
that is in particular disjoint from R, R and Rj}. Then ¢ — 1)y, is not FO-rewritable over
the canonical universal solution, nor over the core, under M = (Rg, R¢, Xt ), where ¢’
is the “translation” of ¢ into R’ and M is the relational mapping that is constructed inside
the proof of Proposition 7.11 for R and M’. That s, (1) ¢ is obtained from ¢ by replacing
each occurrence of relation symbol R in R with its “copy” R’ in R/, (2) Ry is the disjoint
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union of R and R, (3) Ry is the disjoint union of R’ and Ry, and (4) X; consists of the
st-tgds in 34, plus a set of copying st-tgds from R into R/.

To prove that ¢’ — 4y, is not FO-rewritable over the canonical universal solution, nor
over the core, we need to show, of course, that it is not locally source-dependent. In the
present case, for each d > 0 we construct source instances S7 and S} such that:

o The restriction of both S} and S} to schema R corresponds to the instance K, and
e the restriction of S, for i = 1 or i = 2, to R corresponds to the instance .S; used in the
proof of Proposition 7.15.

It is easy to see that S] 4 S5. This is because S}, for ¢ = 1 or ¢ = 2, essentially consists
of the disjoint union of S; and K, and we know from the proof of Proposition 7.15 that
S1 54 S2. We show below that certainpg (@ — nr, S§) # certainp (@' — Yur, S5).

Let us consider first S7. Consider an arbitrary solution T3 for Si under M. Then the
restriction 77 of T} to the relation symbols in R} is a solution for S; under M’. But then,
since certain g (Ynr, S1) = true, it must be the case that T = 1)y,;. Since ¢y, is domain-
independent, it follows that 7] = t,,. We conclude that certainp (¢’ — Pnr, S1) =
true.

Let us consider now S5. Since certainpg (¢n,, So) = false, there exists a solution 7%
for Sy under M’ such that Ty £~ 1)y,,. Consider now the instance T4 of schema Ry that
consists of the disjoint union of T3 (over schema Rj) and a “copy” of K (over schema
R’). Clearly, T} is a solution for S} under M. The restriction of T3 to the relation symbols
in Ry (which is is T%) does not satisfy ty,,. But since 1)y, is domain-independent, we also
have T, F~ 1y, Furthermore, the restriction of T to R is a “copy” of K, which satisfies
. Since ¢ is a domain-independent query over R, it must be the case that T = ¢. We
conclude that T |= @ A =)y, and hence that cerfainp (¢ — nr, S) = false. This
completes the proof of Proposition 7.11 from the previous section.
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Alternative semantics

So far, our default semantics for answering queries in data exchange was the certain an-
swers semantics. But is it always right to use it? After all, we have seen that even in the
simplest possible, copying mappings, that essentially say “copy the source to the target”,
some relational algebra queries cannot be answered (see Proposition 7.15 in Section 7.6).
This is a rather counter-intuitive behavior: one should expect that, in a copying mapping,
relations simply change name but not content, and queries should be answerable over a
copy of the source.
The standard certain answers semantics presents us with a host of problems:

e Some queries are not rewritable even under the simplest mappings;

e Computing answers to relational algebra queries is in general an undecidable problem;
and

e Computing certain answers could be intractable even for very simple and practically
relevant classes of queries (e.g., conjunctive queries with inequalities, or SQL queries
admitting inequalities in the where clause, as shown in Theorem 7.4).

Should we always follow the certain answers semantics? Is it really sacred in data ex-
change? Or perhaps we can find an alternative data exchange semantics that avoids the
problems we listed above?

In a way, there is no fully satisfactory answer to these questions. Every semantics one
presents is going to work well in some scenarios, and exhibit problems in others, and thus
the choice of the semantics depends on the precise interpretation of what the mapping rules
actually mean. But alternative semantics have been proposed, and we present several here
that attempt to solve the problems above.

Each of these semantics follows the same idea as certain answers semantics, but restricts
the space of solutions. That is, they are defined as

certain.gA(jfd(Q, S) = ﬂ{Q(T) | T is a “good” solution for S}, (8.1)

where “good” somehow determines the preferred solutions in data exchange.
The first of these takes “good” to be universal solutions, which, as we stated in Chapter
6, are the preferred solutions in data exchange. This semantics offers good complexity
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bounds for query answering over a big class of FO queries, but unfortunately does not
solve some of the simplest anomalies.

The second semantics is based on the notion of closed-world assumption, that forbids
data exchange solutions to be enlarged with facts that are not implied by the source instance
and the mapping. That is, “good” solutions are those that populate targets with only as
much information as needed to satisfy constraints of mappings. The third semantics is less
rigid than the closed world semantics: it explicitly specifies which attributes are interpreted
under the closed world, and which under the open world assumptions. These semantics do
solve many of the anomalies that appear in data exchange, but unfortunately shares with
the usual certain answers semantics problems related to intractability of query answering.

Again, it is fair to say that there is no single semantics that solves all the problems in
data exchange. But by presenting at least three alternatives to the usual certain answers
semantics, we give the reader a few options to choose the semantics that achieves the right
balance between the desired expressiveness of queries in data exchange and the efficiency
of query evaluation.

8.1 Universal solutions semantics

The first alternative semantics that we present takes the view that universal solutions are
the preferred ones in data exchange, and equates “good” in (8.1) with being universal.
Thus, for a given query @), it looks for tuples present in the answer to () on every universal
solution, as opposed to every solution. Formally, this semantics is defined as follows.

Definition 8.1 (Universal certain answers) Let M be a mapping, ) a query over Ry, and
S a source instance. We define the set of universal certain answers of QQ with respect to S
under M, (or simply the universal certain answers of () with respect to S, if M is clear
from the context), as:

certain’y(Q,S) = ﬂ{Q(T) | T is a universal solution for S}. O

Since computing certain answers for a union of conjunctive queries can be done by
posing the query over an arbitrary universal solution, we conclude the following:

Proposition 8.2 If M is a mapping and Q) is a union of conjunctive queries over Ry,
then certainp (Q, S) = certain¥,(Q, S) for every source instance S.

However, Proposition 8.2 does not even extend to conjunctive queries with inequalities,
as shown in the following example.

Example 8.3 Consider the mapping M = (Rs, Ry, Xs¢) such that ¥,; consists of the
following st-tgd:

R(z,y) = 3zP(z,y, 2).

That is, R is a binary relation symbol in Rs and P is a ternary relation symbol in Ry.
Let S be the source instance { R(a, b)}. Then the universal certain answer of the query
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Q = Fx3y3z(P(x,y,2) Ax # z) with respect to S is true, since every universal solution
T for S must contain a fact of the form P(a, b, L), where L is a value in VAR. On the other
hand, certainp (@, S) = false since T = {P(a,b,a)} is a solution for S. Notice that T’
is not a universal solution for S. 0

Query answering under universal solutions semantics

Recall from Theorem 7.2 that certain answers for unions of conjunctive queries can be
computed in polynomial time, if the set of target dependencies consists of a set of egds and
a weakly acyclic set of tgds. Proposition 8.2 then says that the same is true for universal
certain answers. But what can we say about universal certain answers for more expressive
relational calculus queries?

First of all, for all of relational calculus, the problem of computing universal certain
answers of FO queries is still undecidable, just as the problem of computing the usual
certain answers. Indeed, we can just mimick the proof of Proposition 7.1 that shows the
result for the usual certain answers. In that proof we constructed, from each relational
mapping M, a relational mapping M’ without target dependencies and an FO query @
such that for every source instance S the following holds:

certainpg (@, S) = false <= S has a solution under M.

Using exactly the same construction we can prove that for every source instance S, we
have:

certain (@, S) = false <= S has a universal solution under M.

Now using Theorem 6.5 which says that there exists a relational mapping for which the
problem of checking for the existence of universal solutions is undecidable, we obtain the
following:

Proposition 8.4 There exists a Boolean FO query ) over Ry and a mapping M =
(Rs, Ry, Xst), such that the following problem is undecidable: Given a source instance S,
is certain’y,(Q, S) = true?

Summing up, so far we know the following with respect to the complexity of the problem
of computing universal certain answers of relational calculus queries:

e For unions of conjunctive queries it is tractable, since in this case universal certain
answers coincide with the usual certain answers.

e For FO queries, it is undecidable, since the problem can be reduced to checking the
existence of universal solutions.

But, of course, there is a wide range of interesting classes of relational calculus queries
between these two extremes. We now demonstrate that some of these classes lead to ef-
ficient query answering algorithms under the universal certain answers semantics, which
will be in sharp contrast with the case of the standard certain answers semantics.
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Recall from Theorem 7.4 that computing certain answers to conjunctive queries with
inequalities is an intractable problem. But Example 8.3 above showed that for this class
of queries, the usual certain answers need not coincide with the universal certain answers.
This suggests that it may still be possible to compute universal certain answers for conjunc-
tive queries with inequalities in polynomial time. We will actually state a much stronger
result in Theorem 8.5: under the universal certain answers semantics, we have tractabil-
ity of query answering for a big and practically relevant class of FO queries that extends
unions of conjunctive queries.

Roughly, an existential FO query is given by an FO formula of the form 3g¢(Z, 7),
where ¢(Z, ) is a quantifier-free formula in disjunctive normal form satisfying a safety
condition. More precisely, it is given by a formula of the form

¥(z) = Jy \//\aij,

i
where

e each qy; is either an atomic formula, or the negation of an atomic formula;

o the free variables of each «;; come from Z, i; and

o (safety condition) if c;; is a negated atom, i.e., of the form —R(Z), then each variable in
Z must occur in some formula c;;» which is a non-negated atom.

For example, both unions of conjunctive queries, and unions of conjunctive queries with
inequalities and negated atoms satisfy these three conditions.

Existential formulas 1) are known to be monotone in the following sense. If I’ is an
induced sub-instance of I and ¢ belongs to the evaluation of 1) over I’, then ¢ belongs to
the evaluation of ¢ over I. Recall that an induced sub-instance I’ of an instance I is given
by aset A C Dom(]); it contains exactly all the tuples of I whose elements come from A.

Since every universal solution contains a copy of the core as an induced sub-instance,
we conclude that the problem of computing the universal certain answers for an existential
FO query % boils down to evaluating ¢ over the core of the universal solutions, discarding
all tuples that contain nulls. Thus, in order to compute the universal certain answers of an
existential () with respect to a source instance .S, one can use the following procedure.

Recall from Theorem 6.17 that the core of the universal solutions can be computed in
polynomial time for every mapping whose sets of target dependencies consists of a set of
egds and a weakly acyclic set of tgds. Furthermore, existential queries are FO queries and
thus have polynomial time data complexity. Putting these two things together we obtain
the following positive result.

Theorem 8.5 Let M = (Rs, Ry, Xst, Xt) be a relational mapping such that ¥y consists
of a set of egds and a weakly acyclic set of tgds, and let Q) be an existential query over Ry.
Then the algorithm COMPUTEUNIVERSALCERTAINANSWERS(Q, M) correctly computes
universal certain answers of Q) with respect to a source S under M in polynomial time.
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Algorithm 3 COMPUTEUNIVERSALCERTAINANSWERS(Q,M)
Require: A source instance S
Ensure: If SOLa(S) # 0, then CUA is the set of universal certain answers for () over S
under M. Otherwise, CUA = fail
1: let T be the result of COMPUTECORE(M) over S

2: if T'= fail then

3: CUA = fail

4. else

5: CUA := Qna’fve(T)
6: end if

Notice that this is in sharp contrast with Theorem 7.4 which showed that even for very
simple existential FO queries (namely, conjunctive queries with inequalities) the problem
of computing certain answers could become intractable. Theorem 8.5 also shows that the
universal certain answers semantics solves one of the main problems with the usual data
exchange semantics that we mentioned at the beginning of the chapter; namely, it permits
efficient query answering for a big and practically relevant class of queries that goes well
beyond the class of (unions of) conjunctive queries.

Since the semantics based on the set of universal solutions behaves relatively well with
respect to the complexity of computing certain answers of FO queries, it is natural to
ask whether it also avoids some of the anomalies of query answering mentioned at the
beginning of the chapter.

The simplest of the anomalies was stated in Proposition 7.15: there is a copying mapping
M and an FO query @ such that () is not FO-rewritable over the canonical universal
solution. The query @ used in the proof of that proposition was existential. We can now
state a partial positive result: for existential queries, the universal certain answers semantics
avoids those “copying” anomalies.

Corollary 4 Let M = (Rs, R, Xst) be a copying mapping and Q) an existential query
over Ry. Then for every source instance S it is the case that certain'y,(Q,S) = Q(T),
where T is the canonical universal solution for S under M (that is, T is the “copy” of S
that is obtained by renaming each relation symbol in Rs into its corresponding relation
symbol in Ry).

For the proof, we observe that universal certain answers of an existential query () can be
obtained by naive evaluation of () over the core of the universal solutions. But in copying
mappings, the canonical universal solution always coincides with its core (and is just a
copy of the source).

However, the counter-intuitive behavior of the certain answers semantics in copying
mappings can still be witnessed when we leave the class of existential queries and deal with
arbitrary relational calculus queries. In fact, if certain answers to a query () with respect
to a source instance S under a copying mapping do not coincide with the evaluation of @
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over the canonical universal solution 7" for S (that is, over the “copy” of S that is obtained
by renaming each relation symbol in Rg into its corresponding relation symbol in Ry),
we may have an anomaly. The following example shows that the universal certain answers
semantics presents this kind of counter-intuitive behavior, even for simple FO queries.

Example 8.6 Consider the copying mapping M = (Rs, R, Xt ) such that X4 consists
of the following st-tgd:

P(z,y) — P'(z,y).

Let S = {P(a,b)} be a source instance and @ be the Boolean FO query that asks whether
the interpretation of the target relation P’ contains exactly one tuple. That is,

Q = EIxEy(P/(:c,y) AV Yy (P (z1,1) = 2 =21 Ay = yl))

Clearly, the query @ holds over the canonical universal solution 7' = {P’(a, b)} for S
under M. On the other hand, certain’y,(Q, S) = false, since it is easy to see that the
target instance 77 = {P’(a, b), P’'(L1, L2)}, where L, Lo are distinct null values, is also
a universal solution for S under M, and () does not hold in 7". (I

Summary

We have seen the following behavior of the universal solution semantics:

e Computing universal certain answers for arbitrary relational calculus queries is an unde-
cidable problem, even in the absence of target dependencies.

o There is a large and practically relevant class of FO queries (namely, the class of exis-
tential queries), for which query answering under the universal solution semantics can
be efficiently solved. Moreover, some of the query answering anomalies disappear for
queries in this class.

o However, the new semantics continues to exhibit counter-intuitive behavior when ap-
plied to arbitrary FO queries, even in the simplest copying mappings.

In the next section we study a different semantics, based on the idea of a closed-world
assumption, that solves all the query answering anomalies we have seen so far and presents
good decidability properties for query answering.

8.2 Closed-world semantics

Both the usual and the universal certain answers semantics are based on the open-world
assumption, or OWA. Under this assumption, solutions in SOL r¢(S) are open to adding
new facts. That is, if 1" is a solution, then all extensions of I" are solutions as well. Under
the universal solution semantics, if 7" is a universal solution, then all its extensions which
are universal must be accounted for when one computes query answers.

All the query answering anomalies we have seen so far arise because of this openness:
one can see that in all the examples, we exploit this fact in an essential way. But if we look,
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for example, at copying settings, then one expects, intuitively, the target to be a copy of the
source rather than an extension of a copy, which OWA permits.

To capture this intuition, we propose a different semantics. It is based not on the OWA,
but rather on the closed-world assumption, or CWA. Under the CWA semantics, solutions
are closed for adding any new facts which are not implied by the source instance and
the mapping. Since data exchange is about transferring data from source to target, then,
intuitively, the semantics for the data exchange problem should be based on the exchanged
data only, and not on data that can be later added to the instances. In other words, the
semantics should be based on those solutions that contain no more than what is needed to
satisfy the specification.

Defining such CWA-solutions is not as straightforward as defining solutions under the
OWA. The definition in fact is quite different in spirit. Note that the definition of OWA-
solutions is declarative: they are instances 7" such that S and 7" together satisfy the con-
straints of the mapping. In contrast, the definition of CWA-solutions is procedural: it ex-
plains how to construct 7" from S using the mapping and nothing else.

This procedural definition relies on a notion of a justification for a tuple with nulls that
may appear in the target. We will present this definition later, but for the time being we
shall use a precise characterization of solutions under the CWA as our working definition.
This characterization is easy to state. For the sake of simplicity, in this section we only
deal with mappings without target dependencies. We will later extend the study of the
CWA-semantics to mappings with target dependencies in Section 8.3.

Recall that an instance 7" is a homomorphic image of T if there is a homomorphism
h : T — T’ such that h(T') — the instance obtained from T by replacing each null L by
h(L) —is exactly T".

Definition 8.7 (Working definition of CWA-solutions) Let M = (Rs,R¢, Xs) be a
mapping, S a source instance and 7" a solution for S. Then T is a CWA-solution for S if

e T'is a universal solution for S, and
e T'is a homomorphic image of the canonical universal solution for S.

We denote the set of CWA-solutions for S under M by SOL{Y (). O

The definition makes sense since canonical universal solutions are unique when map-
pings have no target dependencies (see Proposition 6.10).

If M is a copying mapping and S is a source instance, then SOL%WA (S) contains a
copy of S and nothing else (since the canonical universal solution is a copy of S and thus
the only homomorphism defined on it is the identity). Of course, this observation will be
crucial when we later show that a semantics based on the CWA-solutions solves query
answering anomalies of the OWA.

Note also that the core of the universal solutions is a CWA-solution (since, by definition,
it is a homomorphic image of the canonical universal solution, and by Proposition 6.14 it
is also a universal solution). Moreover, every CWA-solution contains the core (since it is
universal).
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We illustrate the concept of CWA-solutions with the following example.

Example 8.8 Consider the mapping M = (Rs, Ry, Xs:) such that ¥,; consists of the
following st-tgds:

R(z,y) = Fz3w(P(x,y,2) ANU(w, 2))
N(z,y) — JuP(x,y,u).

Let S be the source instance { R(a, b), N (a, b) }. Then, with respect to .S, both its canonical
universal solution 7" = { P(a, b, 11), P(a,b, L2),U(Ls, L)} and the core of its universal
solutions 77 = {P(a, b, L1),U(Ls, L1)} are CWA-solutions.

On the other hand, the solution Ty = {P(a,b, 11),U(L, L)} is not a CWA-solution,
simply because it is not a universal solution for S (as there is no homomorphism from
T into T). The solution T» = {P(a,b, L), P(a,b, L), P(a,b, 14),U(Ls, 1)} is a
universal solution for S' that it is not a homomorphic image of 7T'. Therefore, 75 is not a
CWA-solution. O

To connect the definition of CWA-solutions with a proper intuition behind the CWA,
we will show that these are the solutions that “satisfy” the requirements below (once we
properly formalize them):

(A1) Each fact in the solution is justified by the source instance and the st-tgds in X;.

(A2) Justifications for facts are not overused; that is, justifications for facts do not justify
more facts than necessary.

(A3) Each “statement” that holds in the solution can be explained by the contents of the
source instance and the st-tgds in X; only.

We now formalize these requirements. Start with requirement (A1). Consider a mapping
M = (Rs, Ry, Xgt) and a source instance S. A justification in S under M is a tuple of
the form (o, @), where:

e o is an st-tgd in X of the form ¢(Z) — g (T, §), and
e a is a tuple of elements in DOM(SS) such that |a| = |Z| and S |= ¢(a).

This justification states that any solution 7" for .S under M must satisfy 3g¢(a, 3). Intu-
itively, it can be used to justify any fact P(@) that appears in 1)(a, w), where w is a tuple
of elements in DOM(T) such that |w| = |g|. If that is the case, we say that the justification
(0, a) is suitable for P(u).

Let T be a solution for .S under M. Then the first requirement can be properly formalized
as follows:

(A1) Each factin T can be assigned to some suitable justification in S under M.
In other words, we require that for each fact P(7) in T there is:

e A justification (o, a) in S, with ¢ of the form ¢(z) — 3y(Z, 7), and
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e an assignment v : VAR(y) — DOM(T') where VAR(%) is the set of variables mentioned
iny,
such that T |= v (a, v(y)) and P(v) appears in ¢ (a, v(g))-

We now move to requirement (A2). Intuitively, it asks that justifications should not be
overused. That is, each justification (¢, a@) in S under M must be suitable for the facts in
¢(a,w) for at most one tuple w. Let Jy, be the set of justifications in S under M. Let
T be a solution for S under M. Then we can formally define the second requirement as
follows:

(A2) For every justification j = (0,a) in Jg, with o of the form p(zZ) — 35y (z, §), it is
the case that there exists exactly one tuple v; of elements in DOM(T') such that (o, @) is
suitable for the facts in (@, ;).

By combining with (A1), we obtain that 7" is the union of the facts in ¢(a, 9;), as j = (o, @)
ranges over all justifications in 7, and o is of the form () — 35y (z, ).

Before formalizing requirement (A3), we define a useful notion of CWA-presolutions;
intuitively, these are solutions that satisfy requirements (A1) and (A2).

Let M = (Rg, R, Xst) be a mapping and S a source instance. Also let IC/SM be the set
of all pairs of the form (j, z), where:

e j = (0,a) is ajustification in J ¢, with o = () — 3§y (Z, §), and
e 7 is a variable in .
Consider an assignment o : K7, — CONST U VAR. We define B, (j) to be ¥(a, a(y)),

where a(g) is the tuple of elements in CONST U VAR that is obtained from g by replacing
each variable z mentioned in § with «(j, 2).

Definition 8.9 (CWA-presolutions) A CWA-presolution for source instance S under
mapping M = (Rs, Ry, X4¢) is a target instance T over Ry, such that

T = U Ba (])7
JET R,
for some assignment « : IC/SM — CONST U VAR. O
We illustrate this definition with an example:
Example 8.10 Let us consider a mapping M = (Rg, R¢, X5;) such that X, consists of
the st-tgd
o := P(z,y) — Jz3w(R(x, 2) A R(y,w)),

and a source instance S = {P(a,b)}. Then J}, consists of the single justification j =
(0 (a,b)). Thus, K, = {(j, ), (G, w)}.

The canonical universal solution for S'is T = {R(a, L1), R(b, L2)}, where 1; and Lo
are distinct nulls. It is not hard to see that 7" is a CWA-presolution for S under M. Indeed,
this is witnessed by the mapping @ : K3, — CONST U VAR such that a(j,z) = L4
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and a(j,w) = L. In the same way, the target instance T = {R(a,c), R(b,d)} is a
CWA-presolution for S, as witnessed by the mapping « : ICfA — CONST U VAR such
that «(j,z) = ¢ and a(j,w) = d. Also, the target instance 7o = {R(a, L), R(b, L)},
where | € VAR, is a CWA-presolution for S, as witnessed by the mapping « : ICﬁ/[ —
CONST U VAR such that a(j, z) = a(j,w) = L.

Notice that although both T} and 75 are solutions for S, none of them is a universal
solution for S under M. This shows that the notions of CWA-presolutions and CWA-
solutions do not coincide. O

By abstracting from the previous example, one can easily conclude that the canonical
universal solution 7" for a source instance S is also a CWA-presolution for S under M.
This is witnessed by some assignment ccay, : ICﬁ/[ — CONSTU VAR that assigns a distinct
null value to each pair (j, z) € ICfA. Indeed, it is not hard to see that in this case the result of
the chase for S under M is always a target instance that is isomorphic to | J ieas, Beoeon (4)-

We now relate the notions of CWA-solutions and CWA-presolutions, showing, as the
name suggest, that every solution is a presolution.

Proposition 8.11 Ler M = (Rg, Ry, Xs;) be a mapping, S a source instance and T a
target instance in SOL/(E/lWA (S). Then T is a CWA-presolution for S under M.

Proof Since T' is a CWA-solution, it is, in particular, a homomorphic image of the canon-
ical universal solution T¢,, for S. Let h : Tca, — T be the homomorphism that wit-
nesses this fact. Recall that we can assume that T, is of the form | ieas, B.... (4), where
Qlcan ICﬁ/[ — CONST U VAR is a mapping that assigns a distinct null value to each pair
(j, 2) in K%,. But then T is of the form Ujess, Ba(j), where a : K24 — CONST U VAR
is defined as a(jj, 2) = h 0 aan (4, 2), for each pair (j,z) € K3,. This implies that ' is a
CWA-presolution, as it is witnessed by the mapping o : IC/SM — CONST U VAR. O

On the other hand, the converse of Proposition 8.11 is not true, as it was already shown
in Example 8.10. That is, there are CWA-presolutions that are not CWA-solutions. The in-
tuition is that CWA-presolutions can still make true some “‘statements” that are not neces-
sarily implied by the source instance and the st-tgds in X;. For instance, CWA-presolution
T, in Example 8.10 tells us that the fact R(a, ¢) is true. However, this is clearly not a logical
consequence of the source instance and the st-tgd. In the same way, CWA-presolution 75 in
Example 8.10 tells us that the “statement” 3z R(a, ) A R(c, x) is true. But again, this does
not follow from .S and 3;. With this idea in mind, we can finally define requirement (A3),
which ensures that such “invented” statements do not appear in our solutions. But more
important, this last requirement will allow us to connect our definition of CWA-solution
with a proper intuition behind the CWA.

Let M = (Rs, Ry, X ) be a mapping. A statement over M is a Boolean conjunctive
query over the target schema R¢. Recall that the intuition behind requirement (A3) is that
every statement in a CWA-solution 7" for a source instance .S must logically follow from .S
and the st-tgds in X4;. We formally define this as follows:



8.2 Closed-world semantics 107

(A3) Every statement that holds in T" also holds in every solution 7" for S under M.

We can now characterize the CWA-solutions as those CWA-presolutions that satisfy
this last requirement. This finally allows us to connect the CWA-solutions with a proper
intuition behind the CWA. This is done in the next theorem, which states that the following
two sets of solutions are the same:

e Those that satisfy our initial semantic definition of CWA-solution (Definition 8.7); that
is, those universal solutions that are also homomorphic images of the canonical universal
solution; and

e those that satisfy requirements (A1)-(A2)-(A3), which properly capture the intuition
behind the CWA.

Theorem 8.12 Ler M = (Rs, Ry, Xyt) be a mapping and S a source instance. Then
SOLSAWA(S) is the set of CWA-presolutions for S under M that satisfy the requirement

(A3) formalized above.

Proof Assume first that a target instance 7" belongs to SOLSAWA (S). We proved in Propo-

sition 8.11 that 7" is a CWA-presolution. We prove next that it also satisfies (A3). Indeed,
let () be a statement over M (that is, a Boolean conjunctive query over Ry¢) that holds in
T. Also, let T’ be an arbitrary solution for S. We show that Q holds in 7”. Indeed, since
T e SOLSAWA(S), it is by definition a universal solution for S. Thus, there exists a homo-
morphism i : T — T". But conjunctive queries are preserved under homomorphisms, and
hence Q holds in T".

Assume, on the other hand, that T" is a CWA-presolution for .S that satisfies (A3). We
prove first that 7" is a universal solution for S under M. Take the Boolean conjunctive
query Qr that has T as its tableaux. Clearly, T = Qr, and hence 7" | Qr for each
solution 7" for S under M (because T satisfies (A3)). But the latter holds if and only if
there exists a homomorphism 4 : T — T". This shows that 7" has homomorphisms into
every possible solution, and, therefore, that T’ is a universal solution for S.

We prove next that 7" is a homomorphic image of the canonical universal solution T¢,;,
for S under M. Since 7" is a CWA-presolution, it is the case that 7" = (J,¢ 75, B.(j) for
some assignment « : ICﬁ/[ — CONST U VAR. Recall that T¢,,, is also a CWA-presolution,
and that this is witnessed by some assignment cvcay, : ICﬁ/[ — CONST U VAR that sends
each pair (7, z) in ICfA into a distinct null value. But then it is not hard to see that 7" is the
homomorphic image of T¢,, under homomorphism A defined as follows. Let L be a null
value in DOM(7¢ap ). Then L = acan(j, 2), for some pair (j, z) € K3,. We set (L) to be
a(j, ). O

Query answering under CWA

Under both the usual certain answers and the universal certain answers semantics, we apply
queries ( to solutions as if solutions were ordinary relational instances without nulls. More
precisely, we treated nulls as ordinary database values. As we have mentioned earlier, this
corresponds to the naive evaluation of queries, which leads to a naive semantics. But the
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dangers of treating nulls in this way have been known for a long time. The key drawback of
the naive semantics is that, while it does compute certain answers of unions of conjunctive
queries, it fails to do so for any proper extension of this class of queries (see Section 2.3).
Therefore, it is not strange that beyond the class of positive queries, the certain answers
semantics exhibits a counter-intuitive behavior.

Thus, to define a CWA semantics that avoids as many anomalies as possible, we need
to keep in mind that target instances in data exchange are tables with nulls. In particular,
we need to make use of the techniques that have been developed for handling this kind of
tables, and that were introduced in Section 2.3. Those techniques, however, only apply to
the OWA, and hence we need to adjust them now for the case of the CWA.

Recall that the semantics of an instance 7' with nulls is given by the set Rep(T') of
complete instances that are represented by T. An instance 7" without nulls belongs to
Rep(T) if there is a homomorphism A : T — T". Notice that the previous definition
leaves complete instances represented by 7" open for adding new facts. The reason is that
instances 7" in Rep(T') may contain tuples that do not belong to the homomorphic image
of T in T". But this certainly does not go well with our goal of having a semantics based
on the CWA. Hence we need to refine the previous notion, and define the set of complete
instances represented by 1" under the CWA. This is what we do next.

As expected, an instance 7" with nulls represents, under the CWA, the set Repyya ()
of complete instances that are homomorphic images of T'. Notice that in this way, under
the CWA, we no longer let instances be open for adding new tuples. Moreover, the sizes
of instances in Repywa () do not exceed the size of T itself (contrary to Rep(T'), which
contains instances of arbitrarily large sizes).

In order to evaluate a query () over an incomplete instance 7', the standard approach is
to compute the set:

0Q(T) = ({Q(D) | D € Repewa(T)}-

This set is usually called the certain answers of () with respect to 7" under the CWA in the
incomplete information literature, but we prefer to represent it by [1Q(7') here, in order to
avoid confusion with the certain answers as defined for data exchange. Note that in general
this set may be different from ({Q(D) | D € Rep(T)}; however, if @ is a union of
conjunctive queries, it does not matter whether Rep or Repyy 1S used.

We now define the notion of query answering under the CWA.

Definition 8.13 (CWA certain answers) Let M = (Rg, R, Xs:) be a mapping, Q a
query over Ry, and .S a source instance. Then the CWA certain answers of () with respect
to S under M, denoted by certain§y'*(Q, S), is the set of tuples that would be in Q(D)
for every CWA-solution 7" and every D € Repeywa (T'). That is:

certainS)"™(Q, S) = m{DQ(T) | T € SoLYYA(S)}. O
We illustrate the definition with an example.

Example 8.14 (Example 8.10 cont.) We use again the source instance S = {P(a,b)}
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with the canonical universal solution T' = {R(a, L), R(b, L2)}, where L; and 15 are
distinct nulls. Consider the following Boolean query over Ry:

Q = Jz (R(a,z) A Vy(R(a,y) =z =1y)).

That is, @ checks whether there is exactly one tuple of the form R(a,-) in a solution.
Then it is not hard to see that certain§y *(Q, S) = true. Indeed, every CWA-solution
T’ for S is a homomorphic image of T, and hence it contains exactly one tuple of
the form R(a,-). This implies that also each complete instance D in Repcywa (T7) con-
tains exactly one tuple of that form (since D is a homomorphic image of 7"). That is,
certain$"™ (Q, S) = {OQ(T) | T € SoLS™(S)} = true. O

We now show that computing CWA certain answers reduces to query answering over
an incomplete instance and, unlike in the OWA case, this works for all queries. Let M =
(Rs, R, Xst) be a mapping, S a source instance and T the canonical universal solution for
S under M. Then the CWA certain answers of () with respect to .S can be simply computed
as JQ(T). That is, the CWA certain answers coincide with those answers that are true in
every complete instance that belongs to Repcya (T).

Theorem 8.15 Ler M = (Rs, R, Xst) be a mapping and Q) an arbitrary query over
R:. Then

certain"™ (Q, S) = 0Q(T),
for every source instance S with canonical universal solution T'.

Proof The proof follows from the following two observations, where T” is an arbitrary
CWA-solution for S:

e First, it is the case that Repowa (T7) C Repowa(T). Indeed, assume that D €
Repewa(T'). Then D is a homomorphic image of 7”. By definition, 7" is a homo-
morphic image of 7. We conclude that D is also a homomorphic image of 7', and hence
that D € Repcywa (T).

e Second, for every query @, it is the case that JQ(T") C OQ(T"). Indeed, assume that
the tuple @ belongs to JQ(T'). That is, a belongs to the evaluation of ) over each
D € Repawa(T). But from the previous observation it also follows that a belongs

to the evaluation of () over each D € Repcwa(T”). We conclude that @ belongs to
aQT”").

We prove the theorem now. Clearly, certain$y'*(Q, S) € OQ(T) since T is a CWA
solution for S. The opposite direction is proved as follows. From the second observation
above we obtain that JQ(7T") C OQ(T") for every CWA-solution 7" for S. But then:

0Q(T) € ({OQ(T") | T" is a CWA-solution for S}.
We conclude that 0Q(T') C certain{y *(Q, S). This finishes the proof of the theorem. []

Thus, the problem of finding certain answers under CWA boils down to the problem
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of evaluating queries over incomplete databases (which happen to be canonical universal
solutions). This allows us to make two important observations:

e Returning to our initial example with copying mappings, we can see that under such
a mapping M, the only CWA-solution for an instance S is a copy of S itself. Hence,
certainy(Q, S) = Q(S), as expected. This shows that the CWA-semantics solves all
the query answering anomalies of our two previous semantics, at least under copying
mappings.

o The key difference between certain answers under the OWA and under the CWA is that
the latter are always computable, for all relational calculus queries, and many more.
Recall that under the OWA, we may have FO queries for which finding certain answers
is an undecidable problem. But Theorem 8.15 states that under the CWA, certain answers
are computable for all relational calculus queries simply due to the fact that the sizes of
instances in Repywa (T'), for the canonical universal solution T, do not exceed the size
of T itself.

From the last remark we easily obtain that computing CWA certain answers of FO
queries is not only decidable, but it can be solved in CONP.

Proposition 8.16 Ler M = (Rg, Ry, Xs:) be a mapping and @ an FO query over Ry.
Then the following problem can be solved in CONP: Given a source instance S, and a
tuple @, is a in certain§y > (Q, S)?

Proof Assume for the sake of simplicity that ) is Boolean. Otherwise we use es-
sentially the same argument. We can use the following NP algorithm to check that
certain$}'™ (Q, S) = false:

1 Compute in polynomial time the canonical universal solution 7" for .S.
2 Guess a polynomial size instance T” in Repcya (T).
3 Check in polynomial time that ¢) does not hold in 7”.

Since a CONP algorithm for checking whether certain/({,tWA (Q,S) = true is the same
as an NP algorithm for checking whether certain/({,tWA(Q, S) = false, this proves the
proposition. (|

The notions of certain answers under the CWA and the OWA are different, and in fact
it is easy to construct explicit examples. Let Rg contain a unary predicate U, and Ry
contain a unary predicate U’. Assume that we have one st-tgd U(x) — JzU’(z), and
let S be the source instance containing only U(a). Then the only CWA-solution (up to
renaming of nulls) is the instance U’(_L). However, for an arbitrary collection of nulls
L1,..., Ly, the instance U’(L4),...,U’(L,,) is a universal solution. Hence, if take the
Boolean query Q = VYaVy (U'(x) AU'(y) — x = y), then certainS}"*(Q, S) = true
while certain g (Q, S) = certainy((Q, S) = false.

The previous example shows that there is a mapping M and an FO query @) such that

certaing,lWA (Q,S) # certainp(Q,S) for some source instance S. On the other hand,
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there is an interesting class of queries for which the semantics based on CWA coincides
with the usual semantics. This is the class of existential queries.

Proposition 8.17 Let M = (Rs, Ry, Xst) be a mapping and Q) an existential query over

Ry. Then for every source instance S, certain§y > (Q, S) = certainp (Q, S).

Proof For the sake of simplicity, assume that @) is Boolean. For arbitrary queries we use
exactly the same argument. Clearly, every instance in Repya (1), where T' is a CWA-
solution for S under M, is also a solution for S. Thus, certaina(Q,S) = true implies

certain§}"™ (Q, S) = true. Next we prove the opposite direction.
Assume, for the sake of contradiction, that certain§"»(Q,S) = true but

certainp (Q, S) = false. Then there exists a solution 7" for S where @ does not hold. But
it is easy to see then that ) neither holds in the solution 7" for .S that is obtained from 7" by
simultaneously replacing each null in DOM(T") with a distinct constant that appears neither
in T nor in Q. Let T,, be the canonical universal solution for S under M. By definition,
there is a homomorphism h : Te,, — T”. Let T} be the homomorphic image of T¢,, under
h. Then T1 € Repcywa (Tcan). Furthermore, @ does not hold in 7;. In fact, since @ is an
existential query it is also monotone. This implies that if 77 = @ then 77 = @, that would
be a contradiction. Hence, there is an instance in Repcya (Tean) over which @ does not

hold. We conclude that certain§y * (Q, S) = false, which is a contradiction. O

By combining Proposition 8.17 and results on query answering under the usual certain
answers semantics from Chapter 7, we obtain the following:

Corollary5 1 Let M = (Rs, Ry, Xs:) be a mapping and Q a union of conjunctive
queries over Ry. Then the following problem can be solved in polynomial time: Given a
source instance S, compute certain$y *(Q, S).

2 There exists a mapping M = (Rs, Ry, Xst) and a Boolean conjunctive query Q with
inequalities over Ry, such that the following problem is CONP-complete: Given a source
instance S, is certain$} > (Q, S) = true?

That is, the CWA-semantics shares with the usual certain answers semantics the problem
of intractability of query answering for non-positive queries.

Summary

We can summarize the query answering behavior of the semantics based on CWA certain
answers as follows:

e The semantics eliminates the anomalies of the usual certain answers semantics, at least
under copying mappings.

o Computing CWA certain answers of arbitrary relational calculus queries is a decidable
problem that belongs to the class CONP.

o Computing CWA certain answers of (unions of) conjunctive queries can be done in poly-
nomial time, but extending this class with inequalities immediately leads to intractability.
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8.3 Closed-world semantics and target constraints

So far we considered CWA data exchange in the absence of target dependencies. Here we
extend it to general mappings with egds and tgds. The basic idea is to characterize the class
of solutions that satisfy requirements (A1), (A2) and (A3), as formalized in the previous
section, under mappings that have target dependencies.

Unlike the case without target dependencies, for the class of mappings with target con-
straints it is not so simple to provide a characterization of the class of CWA-solutions in
the spirit of Definition 8.7 (that states that CWA-solutions are precisely the universal solu-
tions that are homomorphic images of the canonical universal solution). Hence, we present
a more procedural version now. This version continues the idea from the previous section
that facts and true statements in CWA-solutions must be justified (but not overjustified) by
the source instance and the dependencies only. However, in this case it will be necessary
to consider not just the dependencies in ¥, but also those in ;. As expected, involving
dependencies in 3J; has an associated cost in the technical complexity of the definition. The
procedural characterization of CWA-solutions under target dependencies that we provide
in this section is based on a suitably “controlled” modification of the chase.

Our initial goal is to redefine the notion of CWA-presolution in the presence of target
dependencies; that is, those solutions that satisfy requirements:

(A1) Each fact in the solution is justified by the source instance and the st-tgds in X4 UX;.
(A2) Justifications for facts are not overused; that is, justifications for facts do not justify
more facts than necessary.

Let us start with requirement (A1). Informally, a fact in a solution 7" for S under M =
(Rs, Ry, Xt Xt ) is justified, if either:

e It can be obtained from S by applying an st-tgd in X4, or
e it can be obtained by applying a tgd in 3, to already justified facts.

We have not yet considered egds, those will be incorporated later.

One has to be careful with “cyclic” justifications: for instance, a tgd ©(Z) — IGY(Z, 7)
together with a tuple @ such that |a| = |Z| may be used to justify facts in ¢(a, 7), while,
at the same time, another tgd may use the atoms in ¢)(a, ¥) to justify the atoms in ¢(a). In
order to avoid this problem, we make use of a “controlled” version of the chase, in which
each tgd can only be applied to facts already obtained by another tgd in the chase sequence.

As in the case with no target dependencies, in order to satisfy requirement (A2) we force
every (st-)tgd (Z) — I (Z, §) in Xs; U X, to be applied at most once with each tuple a
such that |a| = |Z|. We formalize these intuitions below.

We start by redefining the notion of justification in the new setting. Let M =
(Rs, R, X1, X¢) be a mapping, where X consists of a set of tgds only, and S a source
instance. That is, for the time being we do not consider egds, although we will incorporate
them later. A potential justification under M is a tuple of the form (o, a), where o is an
st-tgd in X or a tgd in X of the form ¢(Z) — Iy (Z,§), and a is a tuple of elements
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in CONST U VAR such that |a| = |Z|. Notice that a potential justification differs from a
justification, as defined in the previous section, since ¢(a) does not need to be satisfied.
Intuitively, (o, @) is used to justify any tuple in (@, ), provided the atoms in ¢(a) are
already justified.

By slightly abusing notation, we denote by J the set of all potential justifications
under M, and by K 4 the set of all pairs of the form (j, z), where:

e j = (0, a) is a potential justification in Jpq with o = ¢(Z) — Iy (z, §), and

e 7 is a variable in .

As we did before, we assign values to the existentially quantified variables of (st-)tgds by
a mapping « : yq — CONST U VAR. For each j = (0,a) in Ja with o of the form
o(Z) — IGY(Z, §), let B4 () := ¢¥(a, a(y)), where a(y) is obtained from by replacing
each variable z in § with a(j, 2).

The a-chase, for a : Kxq — CONST U VAR, corresponds to the following “controlled”
modification of the standard chase procedure (as defined in Section 5.3):

1 An a-chase sequence for S under M is a (finite or infinite) sequence Sy, S7,... of
instances such that (i) Sy = S, and (ii) for each i > 0 it is the case that S; is the result
of applying to S; an a-chase step given by a tgd o in X5 U X as follows:

Let o be a tgd in X, U 3 of the form ¢(Z) — 3y¢(Z, 7). Then o can be applied
to instance S;, if there is a tuple a@ of elements in DOM(S;) with |a| = |Z| such that
S; E p(a), and if j = (o, a) then there is at least one atom in B, (j) that does not
belong to S;. The result of this application is the instance S that extends S; with every
factin B (5).

2 An a-chase sequence for .S under M is successful, if it is finite and it cannot be extended
to a longer a-chase sequence for S under M. That is, if .S, is the last instance in the
sequence then no tgd in >4 U 34 can be further applied to .S,,. If this is the case, we
call S, the result of the a-chase sequence. As usual, we identify this result with its
restriction to the relation symbols in Ry.

It is easy to prove that, in the absence of egds, the usual chase for a source instance
S under M always coincides with the a-chase, when « : K,y — CONST U VAR is the
mapping that assigns a distinct null value to each pair (j, z) in . That is, we can see
the a-chase as a refinement of the chase previously defined in Section 5.3. Nevertheless,
there is a big difference in motivation between the two variations of chase. While the usual
chase is applied in data exchange to compute a universal solution, we use the a-chase to
show that all facts in a solution satisfy the requirements (A1) and (A2) formalized in the
previous section.

As in the case without target dependencies, in order to define CWA-solutions it will be
convenient to introduce the notion of CWA-presolutions. Notice that at this point we again
include the egds.
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Definition 8.18 (CWA-presolutions with target dependencies) Let M =
(Rs, R, Y51, X¢) be a mapping, where 3, consists of a set of tgds and egds. If S
is a source instance, then T' is a CWA-presolution for S under M if (i) T is a solu-
tion for S, and (ii) T is the result of an a-chase sequence for S under M, for some
a: Kar — CONST U VAR. O

The reason why we impose the condition that a CWA-presolution is also a solution for
S is to make sure that the result of the a-chase does satisfy the egds in ¥;. We leave as an
exercise for the reader to verify that when X; = () this definition coincides with Definition
8.9, that defines CWA-presolutions in the absence of target dependencies.

We illustrate the concept of CWA-presolution with the following example.

Example 8.19 Consider the mapping M such that the source schema consists of the
unary relation P and the target schema consists of the ternary relations £ and F'. Assume
that X4 consists of the st-tgd o1 and X, consists of the tgd o2, where:

o1 = P(x) = 321320323324(E (2, 21, 23) A E(x, 22, 24))
02 = E(Iaxlvy) A E(CC,CCQ,y) — F('rv'rlaIQ)'
For the source instance S = {P(a)} the following three target instances are CWA-
presolutions:
Ty = {E(a, 11, 13),E(a, Lo, L4), F(a, L1, 11), F(a, Ly, Lo)}
Ty = {E(an—laJ-3)7E(a J-27J—3) (CL J-lv )a
F(a, L, 1o),F(a, L1, Lo),F(a, Ls, 11)}
T3 = {E(a, b, J_3), E(a, J_Q, J_4), F(a, b, b), F(a, J_Q, J_Q)}
This is because for each 1 < ¢ < 3 it is the case that 7T is a solution for S that is the result

of the «;-chase that satisfies the following (among other things that are not relevant for the
final result):

o ai(o1,2;) =L1;, foreachl < j <4
° 042(0'172]') = J_j, for each 1 S] < 3, and 042(01,2’4) = a2(01,23).
L 043(0'1,21) =band 043(0'172]') = J_j, for each 2 S] < 4.

Notice that, in particular, 77 is the canonical universal solution for S. [l

We are finally in the position of defining CWA-solutions in the presence of target depen-
dencies. As in the case without target dependencies, these are the CWA-presolutions 1" for
S that satisfy the requirement:

(A3) Every statement that holds in T" also holds in every solution 7” for S.

Definition 8.20 (CWA-solutions with target dependencies) Let M = (Rs, Rt, Xgt, Xst)
be a mapping, where 3, consists of a set of tgds and egds. If S is a source instance, then T’
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is a CWA-solution for S under M if (i) T is a CWA-presolution for S, and (ii) T satisfies
requirement (A3) formalized above.
As before, we denote by SOLSVA(.S) the set of CWA-solutions for S under M. O

It is not hard to prove that this definition coincides with Definition 8.7 when ¥y = ().
Interestingly enough, it is possible to provide a simple characterization of the CWA-
presolutions that are also CWA-solutions. The proof is left as an exercise for the reader.

Proposition 8.21 Ler M = (Rg, Ry, X1, Xst) be a mapping, where ¥ consists of a set
of tgds and egds, and S a source instance. Then for every target instance T, the following
are equivalent:

1 T e SoLSI™(S).
2 T is a CWA-presolution and a universal solution for S under M.

The previous characterization is useful, as it can be applied to identify which solutions
are also CWA-solutions.

Example 8.22 (Example 8.19 cont.) Target instances 77 and 75 belong to SOLSAWA (9),
since it is not hard to see that they are at the same time CWA-presolutions and universal
solutions for S under M. Indeed, T} is simply the result of the usual chase (and, hence,
it is universal) and 7> has a homomorphism h into 73 (h is the identity in every element
except Lo, where it takes value ;). This implies that 75 has homomorphism into every
solution, and, therefore, that it is a universal solution.

On the other hand, CWA-presolution 73 does not belong to SOLSAWA (S), simply because
it is not a universal solution for S (as there is no homomorphism from 75 to 77). ([

We now prove an important proposition that shows that the core is always a CWA-
solution:

Proposition 8.23 Let M = (R, Ry, Xst, X¢) be a mapping and S be a source instance
such that at least one universal solution for S under M exists. Assume that T is the core
of the universal solutions for S under M. Then T € SOLGY(S9).

Proof We know from Proposition 6.14 that 7' is a universal solution. Hence, Proposition
8.21 tells us that we only need to show that 7" is the result of an a-chase sequence, for
some « : Kor — CONST U VAR.

We start by inductively constructing partial mappings «; : o — CONST U VAR and
sequences C; = (L1, ..., L;) of instances of (Rs, R¢) such that:

e C, is an «-chase sequence for S under M, for each o : Kpq — CONST U VAR that
extends ;; that is, o coincides with «; on every element of KC x4 for which «; is defined,
and

e [, CSUT.

We define o : Krq — CONST U VAR as the partial mapping that is undefined on each
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element of Ky, and Cy = (Lg), where Ly := S. Clearly, Ly C S U T and Cp is an
o -chase sequence for S under M, for each o, : Kxr — CONST U VAR that extends a.

Assume, for the inductive case, that «v; : Kaq — CONST U VAR and C; = (Lo, ..., L;)
are, respectively, a partial mapping and a sequence of instances over (Rs, R¢) that satisfy
the hypothesis. That is, (1) C; is an «/-chase sequence for S under M, for each a :
Kat — CONST U VAR that extends a;, and (2) L; C SUT.If L; |E X5 U 34, then
the inductive construction simply stops. Otherwise, we construct from «; and C; a partial
mapping ;41 : Ky — CONST U VAR and a sequence C;j+1 = (L1,...,L;, Liy1) of
instances of (R, R¢) as follows.

Since L; £ XU, there must be a dependency o € X5 UY; such that L; £ o. Notice
that since L; C S U T, the dependency o cannot be an egd (otherwise, T' = o, which is a
contradiction since 7 is a solution for S). Thus, o is an (st)-tgd.

Assume without loss of generality that

g = sp(j) - ng(f,g)7

where § = (y1,...,yx)- Thus, (1) L; = ¢(a) for some tuple @ of elements in CONST U
VAR such that |a| = |Z|, and (2) L; F~ ¢(a, ) for every tuple © of elements in CONST U
VAR such that || = |g|. Since L; C SUT itis the case that T' = ¢(a). But T is a solution
for S, and hence T' |= +(a, w) for some tuple @ of elements in CONST U VAR such that
@] = [g].

Assuming @ = (wy, ..., wy), we define the partial mapping ;41 : Ky — CONST U
VAR as follows. Let (3, z) be a pair in K 4. Then:

Wy, ifj=(0,a)and z = yy, for 1 <L <k.
aiy1(J,2) = S ai(j,2z), ifj# (0,a)and o;(j, 2) is defined.

undefined, otherwise.

Now we let Ci—i—l to be (Ll, ..., Ly, Li—i—l)y where L :=L; U Bai+1 (U, d). Thatis, L;4+1
extends L; with every atom in ¢ (@, w). Notice that by the induction hypothesis and the
choice of w, we can immediately conclude L, is contained in .S UT'. From the induction
hypothesis it also easily follows that C; 1 is an o -chase sequence for S under M, for
each aj; : Cor — CONST U VAR that extends o 1.

Since T is finite and each «a;-application of a tgd produces at least one new atom, we
conclude that the iterative construction of a; and C; as described above stops after some
number i > 0 of atoms (in fact i < |[DoM(T)|* for some k that only depends on the
mapping). In particular, if C; = (Lq,...,L;) then L, = X UX; and L; € SUT. In
order to finish the proof it will be sufficient to prove the following: (1) L; is the result of a
successful a-chase sequence for S under M, for some mapping o : Kxr — CONSTUVAR,
and (2) if T" is the restriction of L; to the relation symbols in Ry, then 77 = T. We prove
this below.

First, we know that L; is the result of a successful a-chase sequence, for each mapping
a : Ky — CONST U VAR that extends cv; 1. This proves (1). Second, L; | X5 U Xy,
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and hence 7" is a solution for S under M. It follows that there exists a homomorphism
from 7" into 7", since 7' is a universal solution for S. Since L; C SUT, we have T" C T.
It follows that T" = T'; otherwise there would be a homomorphism from 7" into a proper
subinstance of itself, which contradicts the fact that T" is a core. This proves (2). [l

Recall that in the absence of target dependencies the canonical universal solution was,
in a sense, the “maximal” element of the class of CWA-solutions, since every other CWA-
solution was a homomorphic image of it. Example 8.19 shows that this property is no
longer true in the presence of target dependencies. In particular, T, is a CWA-solution that
is not a homomorphic image of the canonical universal solution 77 for S.

The observation that CWA-solutions are not necessarily homomorphic images of the
canonical universal solution (if the latter exists) is particularly important, as it will affect
query answering in a significant way. In fact, we will see later that it implies that in the
presence of target dependencies it is no longer true that for every FO query @, the set
of CWA-certain answers coincides with with JQ(T), for each source instance S with
canonical universal solution 7.

But perhaps there is a different target instance that satisfies the role of being the “maxi-
mal” element of the class of CWA-solutions in the presence of target dependencies (that is,
a CWA-solution such that any other CWA-solution is a homomorphic image of it)? And, if
a unique maximal element does not exist, perhaps there are polynomially many of them?

However, this is not the case, as source instances may generate an exponential number
of “maximal” elements in the class of CWA-solutions. This holds even for the case of
mappings such that 3; consists of a set of egds and a weakly acyclic set of tgds. We leave
the proof of this fact as an interesting exercise for the reader.

Proposition 8.24  There exists a mapping M = (Rs, Ry, Xst, 2¢), such that 3 consists
of a set of egds and a weakly acyclic set of tgds, with the following property. For every posi-
tive integer n, there exists a source instance S and distinct CWA-solutions Ty, Ts, . .., Ton
for S under M such that:

e the instance S contains 2n tuples, and

e ceach solutionT' € SOLSAWA(S) is the homomorphic image of exactly one T;, for 1 <

1 <27

Existence of CWA solutions and target dependencies
In the presence of target dependencies the existence of CWA-solutions is not a trivial prob-

lem. Indeed, it can be proved that it is equivalent to the existence of universal solutions.

Theorem 8.25 For every mapping M = (Rs, Ry, X1, Xt) and source instance S, the
following are equivalent:

e SOLYA(S) #0.
o There exists a universal solution for S under M.
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Proof Clearly, if SOLGY (S) # () then there exists a universal solution for S under M

(since each CWA-solution is, by Proposition 8.21, a universal solution). Assume, on the
other hand, that 7" is a universal solution for S under M. Take the core 7" of T'. Then it
follows from Proposition 8.23 that 7/ € SOL{y(S9). O

Since we already have a good understanding of when the problem of existence of uni-
versal solutions is decidable (and even tractable) from Chapter 6, we can now state the
following result about the complexity of existence of CWA-solutions under M. The input
to this problem is a source S; the question is whether SOLGY *(S) # 0.

Corollary 6 1 There is a mapping M = (Rs, R, Xst, 5¢) such that the existence of
CWA-solutions under M problem is undecidable.

2 Let M = (Rg, R, X5, X4) be a mapping, where X, consists of a set of egds and a
weakly acyclic set of tgds. Then the existence of CWA-solutions under M problem can
be solved in polynomial time.

Query answering under CWA and target dependencies

Recall that in the absence of target dependencies we defined the set of CWA certain answers
of target query @ for source instance S under mapping M = (Rg, Ry, Xy;) as:

certain (@, S) = ({OQ(T) | T € SoLS{™ ()},

where OQ(T) = N{Q(D) | D € Repewa (T)}. Recall also that in the absence of target
dependencies, Repcywa (1) was defined as the set of complete instances represented by
T under the CWA; that is, those complete instances that were homomorphic images of 7T'.
Notice, in particular, that in such case if 7' was a solution then each instance 7"’ represented
by T was also a solution.

But is the latter fact also true in the presence of target dependencies? The answer is
negative, as shown by the following example. Consider an incomplete instance 7' =
{P(Ly,L2)} and a tgd P(x,2) — R(z). Then clearly T satisfies the tgd. But, on the
other hand, its homomorphic image 7" = {P(a,a)} does not satisfy it. Thus, in order to
be semantically sound, we need to redefine the notion of Repyya (1) when there is a set
of egds and tgds 3, that needs to be satisfied. In particular, we define the set of instances
represented by 1" with respect to %; under the CWA, denoted by Repg{,vA(T), as the one
that consists of each complete instance that is a homomorphic image of 7" and satisfies ;.

In the same way, we define

O5,Q(T) = [ {Q(D) | D € Repiiy (T)},

and the set of CWA certain answers of target query () for source instance .S under mapping
M = (R57 Rt7 Estu Et) as:

certain)"™ (Q, ) = ﬂ{DEtQ(T) | T € SoLYA(S)}.

We will see later some examples of the application of this semantics.
Our first observation is that the problem of computing CWA certain answers of FO
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queries is undecidable in the presence of target dependencies, even for mappings with a
weakly acyclic set of tgds. Recall that, on the other hand, for mappings without target
dependencies the problem is decidable.

Proposition 8.26 There exists a mapping M = (Rs, Ry, Xgt, Xt), such that ¥y con-
sists of a set of egds and a weakly acyclic set of tgds, and a Boolean FO query Q
over Ry, for which the following problem is undecidable: Given a source instance S, is

certainS)"™(Q, S) = true?

One would expect, as in the case of Propositions 7.1 and 8.4, that the previous fact
follows directly from the undecidability of the problem of existence of CWA-solutions
(Corollary 6). Unfortunately, this is not the case. The reason is that the CWA-semantics is
given not by the CWA-solutions themselves, but by the complete instances represented by
them. Proving Proposition 8.26 is left as an exercise for the reader.

Recall that, in the absence of target dependencies, we used the following fact to show
that the problem of computing CWA certain answers of any FO query () is decidable:

certain§"™(Q, S) = 0Q(T),

for each source instance S with canonical universal solution 7. Indeed, this fact states that
computing CWA certain answers of an FO query () is equivalent to taking the intersection
of the evaluation of () over every complete instance D that is represented by the canonical
universal solution under the CWA. Since there is only a finite number of such complete
instances D, it follows that computing CWA certain answers in this case is decidable.

But as Proposition 8.26 states, in the presence of target dependencies the problem of
computing CWA certain answers of FO queries is no longer decidable. And, furthermore,
as the following example shows, the property that certain$} > (Q, S) = Ox, Q(T), for
each source instance S with canonical universal solution 7', no longer holds when >; con-
tains some dependencies .

Example 8.27 (Example 8.19 cont.) Recall that T =
{E(a, L1, 13),E(a, Lo, 14),F(a, 1, 11),F(a, La, Lo)} is the canonical univer-
sal solution for S = {P(a)}. Consider the Boolean FO query () that asks whether there
are at most two tuples of the form F'(a,-,-) in a solution. Then clearly every complete
instance in Repgiy, (T) satisfies Q, and, therefore, (s, Q(T}) = true.

On the other hand, it is not hard to see that certain{y *(Q, S) = false. Indeed, recall

that the solution
T2 = {E(avJ—hJ—3)aE(a7J—23J—3)7F(a7J—13J-1)7
F(aaj-QuJ—2)7F(G7J-17J-2)7F(a7 J—27J-1)}
belongs to SOLS" (.S). The instance
{E(a,a,c), E(a,b,c), F(a,a,a), F(a,b,b), F(a,a,b), F(a,b,a)}

belongs to Repgi;vA (T>) and does not satisfy Q. O
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Is there any other mechanism by which we can prove decidability, in the presence of
target dependencies, of the problem of query answering under the CWA for an interesting
class of FO queries? Recall that in the case without target dependencies we were able to
prove that the CWA-semantics coincides with the usual certain answers semantics for the
class of existential queries (Proposition 8.17). If this was also the case in the presence of
target dependencies, then it would allow us to transfer all the results we know about query
answering under the usual semantics into the present setting. However, the next example
shows that this property fails already for the class of conjunctive queries with inequalities
under mappings with a weakly acyclic set of tgds in XJ;.

Example 8.28 Let M = (Rg, Ry, Xt, X¢) be the mapping such that X, consists of the
st-tgd:

P(z,y) — JuIvR(u,v),
and X; consists of the tgd:
R(z,z) — S(z).

Consider source instance S = {P(a,a)}. It is not hard to prove that the only CWA-
solution for S in this case is T' = {R(L1, Lo)}, where 1, and L5 are distinct nulls.
Notice, in particular, that the target instance 7" = {R(L, L), S(L)} is a CWA-presolution
for S (since it is clearly a solution for .S and the result of an a-chase), but not a CWA-
solution (simply because it is not a universal solution for 5).

Moreover, each D € Repgiys (T) is of the form {R(b,c)}, where b and c are dis-
tinct constants. In fact, instances of the form {R(b,b)} cannot belong to Repgiya (T)
because they violate ;. This implies that if @ = JzIy(R(z,y) A = # y) then
certainS}"™ (Q, S) = true. On the other hand, certain(Q, S) = false, since the solu-
tion Ty = {R(a,a), S(a)} for S does not satisfy Q. O

Interestingly enough, we can still recover the equivalence in one important case, namely
for unions of conjunctive queries under mappings with a weakly acyclic set of tgds. This
will allow us to transfer the good behavior of this class of queries under the usual semantics
into the present setting. The following is left as an exercise.

Proposition 8.29 Ler M = (Rg, Ry, Xst, Xt) be a mapping such that ¥, consists of a
set of egds and a weakly acyclic set of tgds, and assume that Q) is a union of conjunctive
queries over Ry. Then for every source instance S it is the case that certaing/[WA(Q, S) =

certainp (Q, S).

Notice that the reason why we need to restrict the statement of the proposition to map-
pings with a weakly acyclic set of tgds, is that in this way we can be sure that the existence
of solutions coincides with the existence of universal solutions, and hence, from Theorem
8.25, also with the existence of CWA-solutions.

By combining Proposition 8.29 and what we know about computing certain answers of
unions of conjunctive queries from Chapter 7, we obtain the following important corollary:
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Corollary 7 Let M = (Rs, Ry, X1, Xt) be a mapping such that 3 consists of a set
of egds and a weakly acyclic set of tgds, and assume that () is a union of conjunctive
queries over Ry. Then the data complexity of computing certain answers, i.e., computing
certaing/lWA(Q, S), is polynomial.

On the other hand, we know from Corollary 5 that the problem of computing CWA
certain answers for Boolean conjunctive queries with inequalities is CONP-hard, even in
the absence of target dependencies.

Summary

We can summarize the query answering behavior of the CWA-semantics, in the presence
of target dependencies, as follows:

o Computing CWA certain answers of arbitrary relational calculus queries is an undecid-
able problem.

o Computing CWA certain answers of (unions of) conjunctive queries can be done in
polynomial time, under mappings with a weakly acyclic set of tgds, but extending this
class with inequalities immediately leads to intractability (even in the absence of target
dependencies).

8.4 Clopen-world semantics

We have seen that the closed-world semantics lets us avoid some of the problems that
arise under the open-world semantics of data exchange solutions. But is the closed-world
semantics free of problems itself? It is not, as the following example shows.

Suppose the source schema has a relation Papers (paper#,title) with the list of
papers, say submitted to a journal, so that the id of each paper and its title are recorded.
Suppose that in the target we have a relation Assignments (paper#,reviewer), with
assignments of papers to reviewers. The natural st-tgd in this case is

Papers(x,y) — 3z Assignments(z, 2).

But now assume that paper# is a key for S, and consider the target query asking whether
every paper has exactly one reviewer. Under the CWA semantics, the certain answer
to this query is true. This is because of the minimalistic CWA, which creates just one
(paper#,reviewer) tuple for each paper id.

This is clearly unsatisfactory, but it also suggests that some attributes in a mapping may
correspond to the CWA, while others correspond to the OWA. In the case of the reviewer
attribute, it is clear that the intention is not to limit it to having a single value for each paper.

We capture this intuition by annotating variables in the target part of the mapping with
cl or op, depending on whether they correspond to the closed or open world semantics. For
instance, in the above example, we shall use an annotated st-tgd:

Papers(z,y) — 3z Assignments(z, 2%)
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saying that for each submitted paper, several tuples can be created in the target: they will
all have the same paper id, since x is annotated as c/, but reviewer names can different,
since z is annotated as op.

Formally, an annotation for a mapping M is a function « that maps every position of a
variable in a target atom into ¢l or op. We refer to the pair (M, «) as an annotated mapping.

To define the notion of a canonical solution under an annotated mapping, we need to
consider annotated instances: these are instances in which every constant or null is labeled
with ¢l or op. The semantics of such an instance 7" is a set Rep(T") on instances over CONST
obtained as follows: after applying a valuation v to T, any tuple (...,a%,...) in v(T)
can be replicated arbitrarily many times with (... b,...), for b € CONST. For example,
Rep({(a!, 1.°P)}) contains all binary relations whose projection on the first attribute is
{a}, and Rep({(a, L")}) contains all one-tuple relations {(a,b)} with b € CONST.

Now suppose we have a source instance S and an annotated mapping (M, «). These
generate the annotated canonical universal solution CANSOL (pq,)(S) in the same way
as the usual mapping will generate the canonical universal solution except that now we
have an annotated instance. For example, if we have a tuple (#1,‘Data exchange’) in re-
lation Papers, the first st-tgd in the mapping will produce a tuple (#1¢/, 1) in relation
Assignment.

The first observation is that the two extreme cases of annotated mappings correspond
precisely to the open world and the closed world semantics we have seen earlier. Let
(M, op) (respectively, (M, cl)) stand for the mapping M in which every position is anno-
tated op (respectively, cl). Then, for each source instance S we have

® SOLA(S) = Rep(CANSOL (p4,0p)(5)):
CWA

® SOLy " (S) = Rep(CANSOL (pq,er)(5)).

Annotated solutions can be defined in a way similar to the CWA-solutions, using the
notion of justification. Since we consider settings without target constraints, we can obtain
their algebraic characterization: annotated solutions T for S under (M, «) are homomor-
phic images of CANSOL (,4) () so that there is a homomorphism from 7" into an expan-
sion of CANSOL (a1,q)(5). An expansion of the annotated instance CANSOL (x4,q)(S5) is
obtained by expanding op-annotated elements; that is, every tuple in the expansion must
agree with some tuple in the instance on all c/-annotated attributes.

With this, we have some expected properties of annotated solutions:

® Rep(CANSOL(aq,)(5)) is precisely the set of all annotated solutions under (M, a);
e if o/ is obtained from « by changing some ¢l annotations to op, then each annotated
solution under (M, «) is an annotated solution under (M, o).

Given an annotated mapping (M, «) and a query @) over the target schema, we define
certain v, (Q,S) = ﬂ {Q(D) | D € Rep(T) where T is an (M, o)-solution }.

For unions of conjunctive queries, this notion coincides with those we have seen.
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Proposition 8.30 If M is a mapping, Q is a union of conjunctive queries, S is a source
instance, and o is an arbitrary annotation, then

certainp (Q,S) = certain§y(Q,S) = certain pg,q) (@, S).

What about more general queries, say FO queries? We know that in the case of CWA,
we can always answer them (and the complexity is CONP-complete). In the case of OWA,
finding certain answers is an undecidable problem. Annotated mappings give us some ad-
ditional cases, compared to OWA, when query answering is decidable.

The parameter that we use is the following:

o #,,(M, a) — the maximum number of open positions per atom in an st-tgd in the anno-
tated mapping.

In our example, the value of #,,(M, ) is 1, as no st-tgd uses more than one open position.

Theorem 8.31 The data complexity of finding certain answers for FO queries under
annotated mappings is as follows:

I in CONP if #,,(M, a) = 0 (which is the CWA case);
2 decidable (in CONEXPTIME) if #,,(M, a) = 1.
3 undecidable for some mappings (M, &) with #,,(M, a) > 1.

Thus, if more than one position in a rule is marked op, query answering behaves like
in OWA. With no op positions, we have the CWA case. The new intermediate case is one
open annotation per rule, and there we retain decidability of query answering.
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End notes

9.1 Summary

Without putting restrictions on schema mappings, all the key computational tasks are
undecidable in data exchange. Hence, one usually deals with the mappings in which:

1 the relationship between the source and the target schemas is specified by source-to-
target tuple generating dependencies (st-tgds), and

2 the target constraints are tuple-generating and equality-generating dependencies (tgds
and egds).

Even in this setting, the problem of checking whether a given source admits a solution
is undecidable. Hence, one usually imposes a further acyclicity condition on the target
constraints.

With this condition (called weak acyclicity), solutions — if they exist — can be constructed
in polynomial time by the chase procedure. If the chase fails, it means that there are no
solutions.

Solutions constructed by the chase are more general than others — they are so-called
universal solutions. There are several equivalent ways of stating that a solution is more
general than others. The result of the chase is usually referred to as the canonical uni-
versal solution.

There is a unique minimal universal solution, called the core. It can be constructed in
polynomial time under the weak acyclicity assumption, although the algorithm is quite
complicated. A simpler algorithm exists if target constraints contain only egds.

Certain answers for arbitrary conjunctive queries () (or unions of conjunctive queries)
can be found if one has an arbitrary universal solution: this is done by means of answer-
ing another query, the rewriting of @, over the solution.

Finding certain answers for arbitrary FO (relational algebra) queries is an undecidable
problem in general. But useful restrictions guaranteeing decidability, and even tractabil-
ity, can be found if one limits the amount of negation allowed in queries. In some cases,
tractable query answering extends even to fragments of Datalog.

Any relational calculus query that is rewritable over the core is rewritable over the canon-
ical universal solution, but not vice versa. Also, there is a simple condition that lets one
test whether a query is not rewritable over those solutions.
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9.2 Bibliographic comments

The basics of data exchange were described by Fagin et al. (2005a). That paper presented
the notions of schema mappings as we use them, adapted the chase procedure to the data
exchange setting, and introduced universal solutions (using the definition based on homo-
morphisms). The choice of schema mappings one normally considers in data exchange
was justified by ten Cate and Kolaitis (2009). Complexity of the key tasks associated with
data exchange, such as the existence of (universal) solutions, was studied by Kolaitis et al.
(20006).

The central notion of weak acyclicity was first formulated by Deutsch and Popa, and later
independently used by Fagin et al. (2005a), and Deutsch and Tannen (2003). Given the role
of chase in data exchange, finding conditions for its termination is an active research topic.
Recent results show that chase can be pushed beyond weak acyclicity (Deutsch et al., 2008;
Marnette, 2009; Meier et al., 2009).

The notion of core originates in graph theory (Hell and Nesetfil, 1992). Its usefulness
in data exchange was shown by Fagin et al. (2005¢), who gave the simple algorithm for
computing cores. The polynomial-time algorithm for the general case was developed by
Gottlob and Nash (2008).

The algorithm for answering conjunctive queries based on naive evaluation (Imielifiski
and Lipski, 1984) was given by Fagin et al. (2005a). It was already shown by Fagin et al.
(2005a) that the extension of the algorithm for all of FO is impossible. In the case of unions
of conjunctive queries with inequalities, they showed that finding certain answers remain
tractable with one inequality per disjunct; however, Madry (2005) showed that with two
inequalities per disjunct, query answering becomes CONP-complete. Extensions to datalog
with predicates for constant and inequalities are by Arenas et al. (2011c).

The notions of rewritings over the core and the canonical universal solution were studied
by Fagin et al. (2005c,a). The result showing the exact relationship between them is by
Arenas et al. (2004). The notion of being locally source-dependent, and its applications in
proving that some queries are not rewritable, come from the work of Arenas et al. (2004) as
well. An alternative notion of locality for schema mappings based on conjunctive queries
was studied by Fagin and Kolaitis (2012).

It was also shown by Arenas et al. (2004) that query answering in data exchange may
exhibit unnatural behavior. It was argued by Libkin (2006a) that this is due to the openness
of solutions to adding new facts. The closed world semantics was proposed in that paper too
and later extended to schemas with target constraints by Hernich and Schweikardt (2007);
these semantics avoid some of the unwanted behavior noticed by Arenas et al. (2004). A
combined account of the closed world semantics is given by Hernich et al. (2011), who
also presented a version of chase that led to easy proofs of some older results by Deutsch
et al. (2008). The clopen semantics was proposed by Libkin and Sirangelo (2011); further
extensions are given by Afrati and Kolaitis (2008), who considered aggregate queries in a
data exchange scenario, and Hernich (2011), who dealt with a relaxed version of closed-
world semantics.
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We briefly mention some other extensions that have not been treated in detail in this
part. First, we viewed data exchange as uni-directional (from source to target); an exten-
sion of schema mappings that works in a bi-directional way (peer data exchange) was
given by Fuxman et al. (2006). Giacomo et al. (2007) proposed a setting that reconciled
peer data exchange with both data exchange and data integration settings. Approximate
data exchange settings, which do not require targets to follow all constraints precisely,
were proposed by de Rougemont and Vieilleribiere (2007). Data exchange in a probabilis-
tic setting was studied by Fagin et al. (2010). Techniques for implementing general data
exchange using mappings without target constraints are studied by Marnette et al. (2010).
Practical aspects of computing cores are discussed in Mecca et al. (2009) and ten Cate
et al. (2009). Learning schema mapping from data exchange examples is studied in ten
Cate et al. (2012).

9.3 Exercises

1 Find the exact complexity of computing the canonical universal solution. Also prove
that the canonical universal solution can be constructed in DLOGSPACE if the mapping
is fixed.

2 Show that the set of tgds constructed in the proof of Theorem 5.3 is not weakly acyclic.

3 (Source: Deutsch et al. (2008))

In this exercise we prove that efficient chase procedures can be pushed beyond weak
acyclicity. Let dy := 901(.”21) — Jyn (i‘l,gl) and dy := (pg(,fg) — 3@21/12(.%2,@2) be
tgds over the schema R. Then d; triggers ds if there are instances T} and 75 over R,
and tuples @ € DoM(T})!*1l and b € Dom(T3)!?2!, respectively, such that:

e Either some element of b does not belong to DOM(T}), or T1 = ¢2(b) —
Jgo1)o (b, 72). That is, dy is not applicable in T} for tuple b;

o T} dua, T, i.e. T, is obtained from 73 by applying a chase step on d; with tuple a;
and

o T, |= @o(b) A =3arha (b, §o), i.e. Ty violates dy, and this is witnessed by tuple b.

Let X be a set of tgds. We define the chase graph of X as the undirected graph whose
nodes are the tgds in 3 and such that there is an edge between tgds d; and ds if and only
if d; triggers do. The set X is stratified if the set of constraints in every cycle of its chase
graph is weakly acyclic.

1 Prove that the notion of stratification properly extends the notion of weak acyclicity.
That is, prove that each weakly acyclic set of tgds is stratified, but there is a stratified
set of tgds that is not weakly acyclic.

2 Prove that the chase is guaranteed to terminate, in at most polynomially many steps,
for stratified sets of tgds. That is, prove that there exists a polynomial p such that
the length of every chase sequence for an instance 7" under a stratified set of tgds is
bounded by p(||T||)-
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(Source: Arenas et al. (2011c))

Prove the following stronger version of Theorem 5.13. There exists a LAV mapping
M = (R, Ry, Xst, Xt), such that 3, consists of a single egd, and the problem of
checking for the existence of solutions under M is PTIME-complete.

(Source: Kolaitis et al. (2006))

Prove that there exist fixed source and target schemas Rg and Ry such that
SOLEXISTENCE restricted to mappings of the form (Rs, R¢, s, X¢), where ¥ con-
sists only of egds, is EXPTIME-hard.

Complete the proof of Theorem 6.5 by proving Claim 6.6.

Prove Lemma 6.8 stated as follows. Let .S} d’—a> So be a chase step, where So # fail.
Assume that S3 is an instance that satisfies the dependency d and such that there is a
homomorphism from S; into S3. Then there exists a homomorphism from Ss into Ss.
Prove Proposition 6.10, i.e., show that if M = (Rg, R¢, Xst, X¢) is a mapping such that
3J; consists only of egds, then every source instance S has a unique canonical universal
solution 7" (up to a renaming of nulls) under M.

Show that in general cores cannot be constructed as canonical solutions of a modified
mapping. That is, give an example of a schema mapping M without target constraints for
which there is no mapping M’ (also without target constraints) satisfying the condition
that for every source S, the canonical universal solution for S under M’ is the core for
S under M.

(Source: Gottlob and Nash (2008))

Prove Theorem 6.17 stated as follows. Let M = (Rs, Ry, X5, Xt ) be a fixed relational
mapping, such that 3J; consists of a set of egds and a weakly acyclic set of tgds. There is
a polynomial-time algorithm that, for every source instance .5, checks whether a solution
for S exists, and if that is the case, computes the core of the universal solutions for S.
Give an example of a relational algebra query that is not a union of conjunctive queries
such that its certain answers cannot be computed by naive evaluation. In fact, even a
stronger statement is true: if () is a Boolean relational calculus, i.e., FO, query, and its
certain answers can be computed by naive evaluation, then () is equivalent to a union of
conjunctive queries.

Show that certain answers for DATALOG queries can be computed in exactly the same
was as for conjunctive queries. Namely, if ) is a DATALOG query, S is a source instance,
and T is a universal solution for S, then certain (Q, S) = Qnaive(T)-

Complete the proof of Theorem 7.4 by showing that ¢ is satisfiable iff
certainp (Q, S,) = false.

(Source: Madry (2005))

Show that there exists a Boolean conjunctive query ) with two inequalities and a LAV
mapping M, such that CERTAIN r((Q) is CONP-complete.

(Source: Arenas et al. (2011c))

In this exercise we prove that one can efficiently compute certain answers to conjunctive
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queries with two inequalities, by assuming some syntactic restrictions on queries. Fur-
thermore, those restrictions are, in a sense, optimal, since by lifting any one of them the
problem becomes intractable.

Let M = (Rg, Rt, Xst) be a mapping. Then for every n-ary relation symbol 7" in
R, we say that the i-th attribute of 7' (1 < ¢ < n) can be nullified under M, if there
is an st-tgd « in X4 such that the ¢-th attribute of 7' is existentially quantified in the
right hand side of «. Notice that for each mapping M and source instance S, if the
i-th attribute of T' cannot be nullified under M, then for every tuple T'(cy,...,¢,) in
the canonical universal solution for S, it holds that ¢; is a constant. Moreover, if () is a
conjunctive query with inequalities over R and x is a variable in (), then we say that x
can be nullified under ) and M, if x appears in () as the i-th attribute of a target relation
T, and the i-th attribute of 7" can be nullified under M.

Let  be a conjunctive query with two inequalities over a target schema R¢. Assume
that the quantifier free part of @ is of the form @(x1,...,Zm) Aur # v1 Auz # v,
where ¢ is a conjunction of relational atoms over Ry and w;, vy, uz and vy are all
mentioned in the set of variables x4, ..., x,,. Then:

e () has almost constant inequalities under M, if u; or vy cannot be nullified under
@ and M, and ug or ve cannot be nullified under () and M. Intuitively, this means
that to satisfy @ in the canonical universal solution of a source instance, one can only
make comparisons of the form ¢ # | and ¢ # ¢/, where ¢, ¢’ are constants and | is a
null value.

o () has constant joins under M, if for every variable x that appears at least twice in
, the variable = cannot be nullified under () and M. Intuitively, this means that to
satisfy () in the canonical universal solution of a source instance, one can only use
constant values when joining relations.

Prove that the two syntactic restrictions mentioned above yield tractable computation
of certain answers for conjunctive queries with two inequalities, at least in the absence of
target dependencies. That is, let M = (Rg, R, Xs¢) be a mapping without target depen-
dencies, and let ) be a conjunctive query with two inequalities. Then CERTAIN r((Q)
can be solved in polynomial time, if () has constant joins and almost constant inequali-
ties.

Then prove that by lifting any of the two syntactic restrictions the problem becomes
intractable, even under LAV mappings. That is, prove that there exists a a Boolean
conjunctive query @ with two inequalities, such that () does not have almost con-
stant inequalities (or does not have constant joins), and a LAV mapping M, such that
CERTAIN 5 (@) is CONP-complete.

(Source: Arenas et al. (2011c))

Prove the following stronger version of Theorem 7.8. Let M = (Rg, Ry, Xst, 24)
be a mapping such that 3, consists of a set of egds, and let (Q be a union of con-
junctive queries with at most one inequality or negated relational atom per disjunct.
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Then there exists a DATALOGC(#) program Il such that for every source instance S,
certainp (Q, S) = certainp (g, S).

Give an example of a query (), which is a union of conjunctive queries with at most
one negated atom or inequality per disjunct, and a mapping M, such that there is no
DATALOG program IT satisfying certainap(Q, S) = certainp (11, S) for every source
instance S.

(Source: Fagin et al. (2005a))

Let M = (Rs,R¢, X4, X¢) be a mapping such that 3, consists of a set of egds and
a weakly acyclic set of tgds, and let () be a union of conjunctive queries with at most
one inequality or negated relational atom per disjunct. Prove that CERTAIN »4(()) can be
solved in PTIME.

(Source: Arenas et al. (2011c))

In this exercise we analyze the combined complexity of computing certain answers to
conjunctive queries with inequalities, under mappings without target dependencies. De-
fine CERTAIN(CQ;é) as the problem of, given a mapping M = (Rg, R, X¢), with-
out target dependencies, a Boolean conjunctive query with inequalities (), and a source
instance S, determine whether certain(Q,S) = true. Prove that CERTAIN(CQ”)
can be solved in CONEXPTIME, and that it is CONEXPTIME-hard even for conjunctive
queries with two inequalities.

Show that there exists a Boolean conjunctive query () with a single inequality and a
LAV mapping M, such that () is not FO-rewritable under M, both over the canonical
universal solution and the core.

(Source: Arenas et al. (2004))

Consider the following statement which essentially says that small neighborhoods are
preserved in data exchange. Given a mapping M without target constraints, for each
number r > 0 there is a number d > 0 so that the following holds:

e if S is a source instance and @, b two tuples of elements of S such that N, 2(a) =
N3 (b), then N (a) =2 NT(b), when T is the canonical universal solution for S.

Show that this is true if M is a LAV mapping. Also give an example of a GAV mapping
which makes the statement above false.
(Source: Arenas et al. (2004))

Show that there exists a mapping M = (Rs, R, ¥s:) and an FO query () such that Q
is FO-rewritable over the canonical universal solution under M, but it is not rewritable
over the core.

Prove Proposition 8.21. That is, let M = (Rs, Rt, X, Xs¢) be a mapping, where 3,
consists of a set of tgds and egds, and S a source instance. Then for every target instance
T, the following are equivalent:

1 T e SoL§M™(9).

2 T is a CWA-presolution and a universal solution for .S under M.
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Show that Proposition 8.24 is witnessed by the following example. The source schema
contains a binary relation F, and the target schema contains two ternary relations R
and Ry. The only st-tgd is R(z,y) — Jz32" Ri(x,z,2’), and the only target tgd is
Ri(x,u,y) A Ri(x,v,y) = Ra(z,u,v). Then the 2n-tuple instance .S producing expo-
nentially many maximal CWA-solutions is { F(i, a), E(i,b) | 1 <i < n}.
Prove Proposition 8.26, i.e. there exists a mapping M = (Rs, Ry, X5, X¢), such that
3J; consists of a set of egds and a weakly acyclic set of tgds, and a Boolean FO query @
over Ry, for which the following problem is undecidable: Given a source instance S, is
certain"™(Q, S) = true?
Prove Proposition 8.29: Let M = (R, Ry, X, 2;) be a mapping such that ; con-
sists of a set of egds and a weakly acyclic set of tgds, and assume that () is a union
of conjunctive queries over R¢. Then for every source instance S it is the case that
certaing/[WA(Q, S) = certainp (Q, S).
(Source: Hernich et al. (2011))
Prove that there exists a mapping M = (Rs, Ry, X5, X¢) such that 3 consists of a
set of egds and a weakly acyclic set of tgds, and a Boolean conjunctive query with a
single inequality () over Ry, such that the following problem is CONP-complete: Given
a source instance S, is certain§y) " (Q, S) = true?
Show that for annotated mappings, we have certain p,0)(Q,S) = N{Q(D) | D €
Rep(CANSOL (A4,)(S))} for arbitrary queries, and give a proof of Proposition 8.30.
(Source: Libkin and Sirangelo (2011))
Prove that there exists an annotated mapping (M, a) with #,,(M, «) = 1 and an FO
query @ such that data complexity of finding certain r,q)(Q, S) is CONEXPTIME-
complete.
(Source: Arenas et al. (2011b))
A usual assumption in data exchange is that the domain of a source instance consists
exclusively of constants. On the other hand, target instances are allowed to contain null
values, and, in fact, universal solutions require those null values in order to capture the
whole space of solutions. However, this naturally raises the question of what happens if
we need to further exchange those instances with null values? What is the right semantics
for data exchange in this case, and how is it possible to represent universal instances for
source instances with nulls?

Let M = (Rs, R¢, X5¢) be a mapping without target dependencies. Assume that S is
a source instance with nulls, i.e. S is a naive database over Rs. Then a naive database T’
over Ry is a universal representative for S under M if

Rep(T) = U SoLp(S").
S’E€Rep(S)

Hence, analogously to the case when source instances contain no nulls, a universal rep-
resentative 1" defines the whole space of solutions for a source instance S. The difference
in this case is that .S itself represents an infinite set of source instances without nulls, and
therefore 7" must represent the space of solutions for each one of them.
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Prove the following:

e If S is a source instance without nulls, then the set of universal representatives for .S
coincides with the set of universal solutions for S.

e There exists a mapping M = (Rs, R, X5:+) and a naive database over R, such that
no naive database over Ry is a universal representative for S under M.

e The latter result states that naive databases are not expressive enough to act as univer-
sal representatives in data exchange when source instances contain null values. Here
we present an extension of the class of naive databases, called conditional databases
(see Abiteboul et al. (1995); Imieliniski and Lipski (1984)), that allows defining uni-
versal representatives for source instances given as naive databases (and, in fact, even
for source instances given as conditional databases).

A conditional database T extends a naive database with a condition p; attached to
each factt € T'. Each such condition is a Boolean combination of formulas of the form
z = y with z,y € CONST U VAR. Given a valuation v : VAR U CONST — CONST
that is the identity on CONST, we denote by v(T") the instance that is obtained from
T by replacing each fact W (uy, ..., u,) in T with W (v(uy),...,v(uy)), and then
removing the resulting facts of the form v(¢) such that v does not satisfy p; (in the
usual sense). The set Rep(T') is defined as all those instances 7", without nulls, such
that v(T") C T”, for some mapping v : VAR U CONST — CONST that is the identity
on CONST.

As before, conditional database T' over Ry is a universal representative for conditional
database S over Rg under M, if

Rep(T) = U SoL(S").
S’ ERep(S)

Prove that for every mapping M = (Rs, R, X4;) and conditional database S over
R, there is a conditional database T" over Ry that is a universal representative for S
under M. Moreover, prove that the same property holds if one restricts to the case
of positive conditional databases, which are obtained by disallowing the use of nega-
tion in the conditions attached to the facts in conditional databases. Thus, we say that
conditional databases, and positive conditional databases, form a strong representa-
tion system for the class of mappings specified by st-tgds (this problem has also been
studied by Grahne and Onet (2012)).

31 In this exercise, you will provide another justification for the mapping languages used in
this book, which is inspired by the notion of instance-completeness that was used to jus-
tify relational languages. More precisely, say that a pair (S, T') of instances is admissible
if: (1) the schemas of S and T are disjoint, (2) every constant mentioned in 7 is also
mentioned in S, and (3) every isomorphism from S to itself (which is not necessarily the
identity on constants) can be extended to an isomorphism from 7 to itself. Moreover,
say that a class C of mappings is instance-complete if for every admissible pair (S, T),
there exists a mapping M € C such that T is a universal solution for S under M. In this
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exercise, you have to prove that the class of mappings defined by finite sets of st-tgds
including inequalities in the source formulae is instance-complete.



PART THREE
XML DATA EXCHANGE






10
The problem of XML data exchange

In this chapter we shall study data exchange for XML documents. XML itself was invented
as a standard for data exchange on the Web, albeit under a different interpretation of the
term ‘data exchange’. In the Web context, it typically refers to a common, flexible format
that everyone agrees on, and that, therefore, facilitates the transfer of data between different
sites and applications. When we speak of data exchange, we mean transforming databases
under different schemas with respect to schema mapping rules, and querying the exchanged
data.

10.1 XML documents and schemas

In this section we review the basic definitions regarding XML. Note that a simple example
was already shown in Chapter 1. XML documents have a hierarchical structure, usually
abstracted as a tree. An example is shown in Fig. 10.1. This document contains informa-
tion about rulers of European countries. Its structure is represented by a labeled tree; in
this example, the labels are europe, country, and ruler. In the XML context, these are
referred to as element types. We assume that the labels come from a finite labeling alphabet
and correspond, roughly, to relation names from the classical relational setting.

The root of the tree is labeled europe, and it has two children that are labeled country.
These have data values, given in parentheses: the first one is Scotland, and the second
one is England. Each country in turn has a set of rulers. That is, the children of each
country node are labeled ruler, and have associated data values assigned to them, for
example, James V. These data values come from a potentially infinite set (e.g., of strings,
or numbers). We also assume that, in general, children of each node are ordered; normally
this order is interpreted as going from left to right in the picture. That is, James V is the
first child of the Scotland node, and Charles I is the last. In our example, this corresponds
to the chronological order.

In general, a node may have more than one data value. We assume, under the analogy
between node labels and relation names, that each node has some attributes that store data
values associated with it.
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europe
country country
(Scotland) (England)
ruler ruler ruler ruler ruler ruler ruler

(James V) (MaryI) (James VI&I) (CharlesI) (ElizabethI) (James VI&I) (CharlesI)

Figure 10.1 An XML tree: an example

7N\
0 1
/1\N\ VA

00 01 02 03 10 11 12

Figure 10.2 Unranked tree domain for the XML tree in Figure 10.1

XML documents: definition

To define XML documents, we need to specify both their structure and data they carry.
The structure, as we already mentioned, comes in the shape of a tree. Unlike binary trees
(considered, for example, in Section 2.5), trees describing XML documents may have in-
ternal nodes with different numbers of children. For example, in the document shown in
Figure 10.1, the root has two children, the Scotland node has four, and the England node
has three. We refer to such trees as unranked trees.

We describe the nodes of the tree by paths to them from the root. For example, the
Mary I node is the second child of the first child of the root, hence we describe it by the
sequence 01. Note that we start numbering children from 0, i.e., the first child is numbered
0, the second is numbered 1, and so on. The node corresponding to Charles I as the ruler
of England is the third child of the second child of the root, hence we describe it by the
sequence 12. In general each node is a sequence of natural numbers, i.e., a string over N.
If we have such a node s = 7312 . .. ik, then all its prefixes ¢; . .. %, for m < k are nodes
of the tree as well, as they lie on the path from the root to s. Furthermore, if s - ¢ is a node
in a tree, then so is s - j for 7 < 4: that is, if there is, say, a third child of a node, there must
be the first and the second as well. This leads to the following definition.

Definition 10.1 (Unranked tree domain) An unranked tree domain is a finite set U C N*
of strings of natural numbers that contains with each element all its prefixes (i.e., is prefix
closed) and such that s - ¢ € U implies s - j € U forall ¢, j € N satisfying j < 4.

The unranked tree domain of the tree from Figure 10.1 is shown in Figure 10.2.

With this, we can formally define XML documents over a given labeling alphabet (i.e.,

the set of element types) and a set of attributes as follows.

Definition 10.2 (XML trees) Given a labeling alphabet I' of element types and a set of
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country
(England)

IO

ruler ruler ruler
(Elizabeth I) (James VI&I) (CharlesI)

Figure 10.3 A subtree of the XML tree form Figure 10.1.

attributes Att, XML trees (documents) over I' and Att are structures

T = (Ua \In —, lCLb, (pa)aEAtt) 5

where

U is an unranked tree domain;

J is the binary child relationon U, i.e., s | s - ¢ whenever both s and s - ¢ are in U;;

e — is the binary next-sibling relation, i.e., s - i — s - (i + 1) whenever both s - i and
s-(i+1)areinU;

lab : U — T is the labeling function; and

each p, is a partial function from U to V/, the fixed domain of attribute values, or data
values, that gives the values of attribute a for all the nodes in U where it is defined.

Consider again the document shown in Figure 10.1. It has ten nodes, as depicted in
Figure 10.2. The root is always ¢, the empty string, the children of the root are 0 and 1,
both labeled country, the children of 0 are 00,01, 02, and 03, and the children of 1 are
10,11, and 12, all of which are labeled ruler. If we assume that both country and ruler
have an attribute @name defined for them, then the values of this attribute, assigned by the
function papane, are as shown in the figure, e.g., panane (03) = Charles I.

Very often we will need to talk about parts of XML trees. A most basic part is the subtree
rooted at some given node. For example, the subtree of the document in Figure 10.1 rooted
at node 1 is the tree shown in Figure 10.3. Formally, we define subtrees as follows.

Definition 10.3 Let T = (U, |, —, lab, (pa)ac ai) be an XML tree and let v € U be its
node. The subtree of T rooted at v is the XML tree

Twv = (vilU, (e ST labT'”, (Pf'”)aeAtt)
where

o v U = {w | vw € U} is the set of all words in U having v as a prefix;

e [T and —T* are the child and sibling relations restricted to v—'U, and

e lab™""(w) and pI-? are inherited from lab and p, in T, i.e., lab”"* (w) = lab(vw), and
o (w) = pa(vi0).

Observe that the definition assures that the subtree is an XML tree, i.e., its root is &, the
root’s children are 0, 1, . . ., k, etc. For example, the node storing the value Charles I is 12
in the original document, but in the subtree it is 2.
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Schema languages for XML

Relational schemas essentially specify a list of attributes (columns) for every relation. In
the case of XML one also needs to specify a set of attributes for each label. This, however,
is insufficient, as schemas must describe the hierarchical structure of XML documents too.

To see how this can be done, let us revisit again the example in Figure 10.1. If we look at
the root and read the labels of its children, from left to right, then we get a string country
country. If we look at the Scotland node and read the labels of its children, then we see a
string ruler ruler ruler ruler. It is a common approach to describe schemas in terms
of the allowed strings obtained in this way. The simplest such schemas are Document
Type Definitions, or DTDs. They put restrictions on strings of labels in terms of regular
languages they belong to.

For example, the tree from Fig. 10.1 conforms to the DTD below:

europe — country” country : @Qname
country — ruler® ruler : @Qname

The first column restricts regular expressions of strings of labels. It says that labels of
children of a europe node must come from the language country®, i.e., be a sequence
of country labels, and that labels of children of a country node must come from the
language ruler®. The right column gives a list of attributes: in this case, the attribute
@name is defined for country and ruler nodes. Formally, DTDs are defined as follows.

Definition 10.4 (DTDs) A DTD D over an alphabet I" with a distinguished symbol r (for
the root) and a set of attributes Att is a triple (Pp, Ap, r) where:

e Pp is a mapping from I" to regular expressions over I' — {r}, which one typically writes
as productions ¢ — e if Pp({) = e.

e Apisamapping Ap : T' — 24 that assigns a (possibly empty) set of attributes to each
element type.

The size of D, written as || D||, is the total length of all used regular expressions, plus | Att|.

Leaf nodes do not have any children; for instance, ruler nodes are such. Technically,
it means that they have an empty string of children. For them, DTDs will have rules like
ruler — ¢; however, we usually omit them when we describe DTDs. So, if there is no
rule of the form ¢ — e in the description of a DTD, we assume that £ — €.

We always assume, for notational convenience, that attributes of a node (if there are
several of them) come in some order. This is the same as in the relational case: attributes
in tuples come in some order so we can write R(a1, ..., a,). Likewise, we shall describe
an ¢-labeled tree node with n attributes as £(a1, . .., ay).

A tree T conforms to a DTD D = (Pp, Ap,r), written as T = D, if

1 its root is labeled r;
2 for each node labeled /, the labels of its children, read left-to-right, form a string in the
language of Pp(¢); and
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3 the set of attributes for each node labeled ¢ is Ap(¢).

In particular, if an ¢-labeled node is a in a tree 7" that conforms to D, then the empty string
¢ must belong to the language Pp ({).

We shall often deal with a very common subclass of DTDs based on simple regular
expressions. Examples of such simple expressions are country* and ruler®, or for ex-
ample, book - chapter®, or book-author® - publisher?, where £7 is an abbreviation for
{le (i.e., an optional element). Formally, these are defined as follows.

Definition 10.5 A DTD D is nested-relational if two conditions are satisfied:

e Every production in it is of the form

!/ — 21'...'&”,
where all the /¢;’s are distinct labels from I'" and each éz is either ¢;, or ¢}, or K;F, or
e The DTD D is not recursive, i.e., there are no cycles in the graph in which we put a
directed edge from / to all the ¢;’s for each production above.

The DTD used in our example in this section is nested-relational. In fact, empirical
studies show that these are very common in practice, and cover many, if not most, real-
world DTDs. As we will see shortly, many computational problems become easier for
them.

Automata and schemas

There are specification languages which are richer than DTDs. In those languages (e.g.,
XML Schema, or RelaxNG), one can specify more general regular properties of trees. For
example, one can define the string of labels of children of a node based on the whole path
to the node from the root, not just its label. In general, all these languages are captured by
the power of automata for trees.

We have explained how automata operate on binary trees (see Section 2.5). In such
trees, each non-leaf node has exactly two children, so transition functions are of the form
Q x Q x I' — 29 and define possible states of a node, based on its label and the states of
its two children. In the case of unranked trees, we do not know a priori how many children
anode would have. Instead of introducing a separate transition function §,, : Q" x I — 29
for nodes with n children, these automata are defined with a different transition function,
that assigns regular languages of states to states and labels.

Definition 10.6 An unranked nondeterministic finite tree automaton (UNFTA) on un-
ranked node-labeled trees over alphabet I is defined as A = (Q, T, F, §) where

e () is the set of states,

e [ C (@ is the set of final, or accepting states, and

e §:Q xT' = 29 is the transition function such that d(q,a) is a regular language over
the set of states @, forevery ¢ € Q anda € T'.
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Given an unranked tree 7', a run of A on T is a function p 4 : T — () that assigns states to
nodes. This function must satisfy the following condition:

e if 5 is a node with label a and children s, ..., s, ordered by the sibling relation as
$1 — ... = Sp, then the word pa(s1)...pa(s,) over Q must be in the language
5(pa(s), a).

Note that if s is a leaf, this condition states that a run can assign a state g to s only if the
empty string ¢ is in §(g, a).

A run is accepting if it assigns an accepting state to the root, i.e., p4(e) € F. A tree T
is accepted by A if there is an accepting run. We let L(.A) denote the language recognized
by A, that is, the set of trees accepted by A.

The standard representation of UNFTAs uses NFAs for transitions, that is,  maps pairs
state-letter to NFAs over ). We will call these NFAs horizontal automata. Assuming this
representation, the size of A, written as ||.A]], is the number of states plus the total size of
the horizontal automata (number of states plus the size of transition relation). It is known
that testing nonemptiness and testing membership can be done in polynomial time, in the
size of the automaton. An automaton is (bottom-up) deterministic if for each label ¢ € T,
the languages d(g, ¢) are pairwise disjoint for ¢ ranging over all states of the automaton.
Note that in this case each tree admits at most one run. For such automata we assume that
all transitions are represented by DFAs, and refer to them as UFTA(DFA).

A (regular) schema S over the set of element types I and the set of attributes Att consists
of an UNFTA A over I and a mapping As : I' — 24 that assigns a (possibly empty)
set of attributes to each element type. The size ||S|| is ||.A|| plus | Att|. A tree T conforms
to such a schema if it is accepted by .4 and the set of attributes of each ¢-labeled node
is As(¢). Testing conformance to a schema can be done in polynomial time, even if the
schema is counted as a part of the input.

DTDs can be seen as a restricted form of regular schemas. A DTD D = (Pp, Ap,r)
overI" and Att can be presented as Sp = (Ap, Ap), where Ap = (Q, F, ) is an UNFTA
defined as follows:

o the set of states Q is {q, | a € T'};

o the set of final states F is {g};

e the transition function is defined as follows: d(gy, £) is the language of the regular ex-
pression Pp(¢), with each letter a replaced by q,, and §(qe, £') = @ for £ # ¢'.

Then the set of trees that conform to D is exactly the set of trees that conform to Sp.

Coming back to our example, the labeling alphabet consists of europe, country, and
ruler. The automaton will have three states: geurope> Gcountrys aNd Gryier; the state geurope
is the only final state. The transitions are as follows:

6(qeuropev europe) = q:ountry
6 (QCountryu CountrY) Q:uler
0(qruler, Tuler) = &
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For all other combinations (¢, a), we have 6(q,a) = 0.

10.2 Key problems of XML data exchange

The main tasks of XML data exchange are similar to those in relational data exchange.
Static analysis tasks, dealing with schemas and mappings only, involve consistency issues
and operations on mappings like composing and inverting . We discuss them in PART
FOUR. In the current part we focus on the tasks that deal also with data, that is, XML
documents. Among these the following are the most prominent ones.

e Materializing target instances (solutions). Given a source document, one needs to re-
structure it under the target schema following the rules specified by a mapping. In the
XML context, the target schema (DTD or XML Schema) imposes complex conditions
on the structure of the solution. One of the consequences is that schema mappings are
often over-specified. As a result of this, for some source instances there are no solu-
tions. One needs to be able to verify that a mapping admits a solution for a given source
document and, if it does, build one.

e Query answering. Usually, schema mappings are also hugely under-specified, giving
rise to many possible choices for the target document. Nevertheless, queries should be
answered in a way that depends only on the content of the source document and not on
particular choices made when a target instance is constructed. For queries that return
sets of tuples this is guaranteed by declaring correct only these tuples that are returned
for each solution (so-called certain answers). For queries that return XML documents,
the notion of correct answers is based on common properties of the answers returned on
all solutions.

For some mappings, the choices in the solution building process can be made in a
harmless way so that no facts are invented, that is, the solution only satisfies properties
enforced by the dependencies in the mappings and the target schema. This guarantees
correctness of the answer returned by a query. We will see classes of mappings for
which such solutions can be obtained and queries can be answered effectively. For other
classes, we will have finite representations of all possible choices that can be examined
to determine correct answers.

Why not use relational techniques?

All of PART TWO was about developing techniques for relational data exchange. So, why
can we not just use them for XML? After all, XML documents are special relational struc-
tures, and in fact there are many ways of storing XML documents in relations.

The answer to this question is that relational and XML data exchange techniques are
largely incompatible. This is due to the fact that restrictions imposed by XML schemas
and XML source-to-target dependencies are much more complex than their relational
counterparts, due to the more complex hierarchical structure of XML documents. Many of
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them cannot even be expressed as relational calculus constraints over relational translations
of XML, making the previously developed techniques inapplicable.

That said, we can, and will make use of relational techniques. We do so in two ways.
First, some of the lower bounds for various XML data exchange problems are already wit-
nessed in the relational case. Since relational databases can be represented as particularly
simple XML documents, every now and then we shall obtain lower bounds for free. Sec-
ond, we shall see that under some restrictions, XML data exchange can be performed by
translating XML into relations and then using relational techniques. However, for that to
happen, restrictions need to be imposed both on schemas and on schema mappings.



11

Patterns and mappings

XML schema mappings are expressed in terms of tree patterns, a simple query language
for XML trees that plays the role analogous to that of conjunctive queries for relational
databases. In this chapter we define the syntax and semantics of tree patterns, introduce a
classification based on the features they use, and determine the complexity of basic com-
putational problems. Then we do the same for XML schema mappings.

11.1 Tree patterns: classification and complexity

In XML trees information can be represented by means of data values, as well as the
structure of the tree. Let us return to the example shown in Fig. 10.1. The edge between
the node storing Scotland and the node storing Mary I represents the fact that Mary 1
ruled Scotland. The value Charles I appearing twice informs us that Charles I ruled both
Scotland and England. The node storing Mary I coming directly after the node storing
James V corresponds to the fact that Mary I succeeded James V on the throne of Scotland.
This already suggests the querying features needed to extract information from XML trees:
child, next sibling, and their transitive closures: descendant, following sibling. We call these
four features axes. It is also necessary to compare data values stored in different nodes.

In the light of PART TWO, a natural query language for XML trees is the family of
conjunctive queries over XML trees viewed as databases over two sorts of objects: tree
nodes, and data values. Relations in such representations include child, next sibling, and
relations associating attribute values with nodes.

To avoid the syntactically unpleasant formalism of two-sorted structures, conjunctive
queries on trees are best formalized by means of tree patterns with variables for attribute
values. Nodes are described by formulae ¢(Z), where ¢ is either a label or the wildcard _,
and Z is a tuple of variables corresponding to the attributes of the node (possibly empty).
For each node, a list of its children and descendants is specified, together with (perhaps
partial) information on their order.

For instance, the pattern on the left of Figure 11.1 expresses that y succeeded ruler x in
some country; the solid edges of the tree express the child relation , and the solid arrow
denotes the next-sibling relation . The middle patterns simply says that = is a ruler; the
dashed edge expresses the descendant relation. The pattern on the right expresses that
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europe europe europe
|
|
country I country — — = country
|
VRN ruler(z) | |
ruler(z) —> ruler(y) ruler(z) ruler(z)

Figure 11.1 Examples of tree patterns.

ruled in two different countries; the dashed arrow denotes the following sibling relation
between two country nodes.

Definition 11.1 (Pattern Syntax) Tree patterns are given by the following grammar:

m = LT[N] 4(T) (patterns)
A= opl /)T AN (sets)
o= w|lr—=plTt—=Tp (sequences)

We write 7(Z) to indicate that Z is the list of all the variables used in 7. By ||7|| we denote
the size of m, i.e., the length of its syntactic representation.

The intuition behind this syntax is as follows:

e a pattern is either £(Z), describing a node labeled ¢ with attributes Z, or it is £(Z)[}],
describing a node and part of the subtree rooted at this node (given by \);

e sets A\ have as their elements either sequences i rooted one level down (e.g., like the
ruler—ruler sequence below the country node in the leftmost pattern in Figure
11.1), or single patterns which are rooted an arbitrary nonzero number of levels down
(//m);

e sequences describe patterns rooted at the same level and connections between them:
those could be next-sibling (—) or following-sibling (—) connections.

Before giving the formal semantics, we show how the patterns from Figure 11.1 can now
be written in this syntax:

71(x,y) = europe[country[ruler(z) — ruler(y)]],

ma(x) = europe|//ruler(z)],

+

m3(x) = europe[country[ruler(z)] — country[ruler(x)]].

We shall use abbreviations:
Lz)/m  for £(Z)[r], and
t(z)//m for  L(z)[//m]

to write patterns more compactly. For instance, the patterns above can be shortly written as

m1(x,y) = europe/country[ruler(z) — ruler(y)],

ma(x) = europe//ruler(z),

+

m3(x) = europe[country/ruler(z) =" country/ruler(x)].
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To define the semantics of patterns, we introduce relations | ™ and —* which are transi-
tive closures of | and —. That is, | T is the descendant relation, and — is the following-
sibling relation. Formally, we have s |* s - s/, whenever s’ is a nonempty string, and
s+-1 —71 s-j whenever i < j. With this, we are ready to introduce the semantics of
patterns.

Definition 11.2 (Pattern Semantics) The semantics of patterns is formally defined by
means of the relation (T, s) = w(a), saying that 7(Z) is satisfied in a node s of a tree T
when its variables Z are interpreted as a. It is defined inductively as follows:

(T, s) = L(a) iff s is labeled by ¢ (or £ = _) and a is the tuple of at-
tributes of s (or is empty);

(T, s) = L(@)[\, A2] iff (T,s) =€(a)[ 1] and (T, s) = £(a)[A2];

—~

(T, s) = £(a)[u) iff (T,s) =¢(a)and (T,s’) | pfor some s’ with s | ¢/;

(T, s) = L(a)]//n] iff (T,s) = £(a) and (T, s’) = 7 for some s’ with s |
s

(T,s)Em—p iff (T,s) =mand(T,s') = ufor some s’ with s — ¢/;

(T,s) Em—Tu iff (T,s) = mand (T,s') = u for some s’ with s —+

/

V)

For a tree 7" and a pattern m, we write

T = n(a)

if (T, ¢) |= w(a), that is, patterns are witnessed at the root. We also define
m(T) =A{a|T | n(a)}
and write T |=  if 7(T) is not empty.
If T is the tree from Fig. 10.1, then

m1(T) = {(James V,Mary I), (Mary I, James VI & I),

(James VI & I, Charles I), (Elizabeth I, James VI & 1)} ,
mo(T) = {James V,Mary I, James VI & I, Charles I, Elizabeth I}
w3(T) = {James VI & I, Charles I} .

Note that witnessing patterns at the root is not a restriction since we have descendant
// in the language, and can thus express satisfaction of a pattern in an arbitrary node of a
tree. Also note that “sets” in tree patterns are literally sets, i.e., the listed subpatterns do
not have to be witnessed by distinct nodes. That is, for a node satisfying £(a)[A1, 2], the
nodes witnessing \; are not necessarily distinct from the ones witnessing Ao. For instance,
the pattern r[_, a] is witnessed by a tree with r-labeled root and a single a-labeled child, as
that child witnesses both _ and a.
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Observe that the patterns already can express equalities between data values by simply
repeating variables, e.g., pattern 73 uses the variable x twice. Inequalities have to be added
explicitly. To keep the setting uniform, we also allow explicit equalities.

Definition 11.3  Generalized tree patterns are expressions of the form

(1,22, Tn) A(T1, T2,y Trtm),
where w(x1,xa,...,2,) is a tree pattern and «(z1, 22, ..., Zn4m) is @ conjunction of
equalities and inequalities among variables x1, x3, . . ., p+4m. The semantics is naturally

extended:
T = m(a) A a(a,b) iff T |=m(a)and a(a,b) holds.
For example the pattern

europe[ country[ruler(y) — ruler(x)]

country[ruler(z) — ruler(z)]| Ay # 2

expresses the fact that x succeeded two different rulers, y and z.

From now on, whenever we write pattern, we mean generalized tree pattern. We refer
to the non-generalized tree patterns as pure patterns.

A pattern (Z) = 7(x1, 22, . .., Tp)Aa(X1, T2, . .., Tnim) satisfies the safery condition

if for each variable x there is a sequence of equalities in o connecting = to a variable

used in 7. In other words, either x is used in 7, or we have a sequence of equalities z =
Tiy, Tig = Tiq, --- 5 Tip_, = T, in asuch that z;, is used in 7. Note that all pure patterns
have this property.

The safety condition guarantees that for each finite tree there are only finitely many
tuples for which the pattern is satisfied. Without it, we would have to be prepared to handle
infinite infinite answers. Therefore, from now on we assume that all patterns satisfy the
safety condition.

Where is the conjunction?

We are going to use patterns as analogs of conjunctive queries when we define XML
schema mappings. However, one key feature of conjunctive queries appear to be missing
from patters — namely, the conjunction itself!

The syntax of patterns can be trivially extended with conjunction: if 77; and 7o are pat-
terns, then so is 3 A mo. The semantics of conjunction is the natural one: given patterns
m1(Z,y) and w2 (Z, Z), where Z, g, Z are disjoint tuples of variables, we have

(T,v) |= (m1 A7m2)(@,b,¢) ifandonlyif (T,v) | m(a,b)and (T,v) | m2(a,c).

The reason why we do not include explicit conjunction into the definition of patterns is
that patterns are already closed under conjunction. That is, for each 71 (Z, §) and m2(Z, 2),
there exists a pattern 7(Z, §, Z) such that for each tree 7' and each node v, for all tuples
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\.g‘
o
o

(T,v) = n(a,b,e) ifandonlyif (T,v) = (71 Am2)(a,b,c).

The conjunction of the form £[A;] A £[\2] can be expressed by £[A1, A2], e.g.,
r/country(z)/ruler(y) A r/country(z’)/ruler(y)
can be expressed as
r[country(z)/ruler(y), country(z’)/ruler(y)].
The conjunction
country(z)/ruler(y) A country(z’)[ruler(y’) — ruler(y”)]
needs to be expressed as
"

country(z)[ruler(y), ruler(y’) — ruler(y”)|Ax = 2.

The equality z = 2’ explicitly expresses the fact that the variables x and z’ are always
equal to the attribute value of the common node where the patterns are matched.
In general, the conjunction

61 (if)[/\l] N o A 62(17)[)\1] N Qg
can be expressed as
fl(,f)[)\l,/\g]/\al Nag ANx1 =yy1 N2 =Y N+ NTp = Yn ,

if only ¢1(Z) and ¢2(g) are compatible, i.e., {1 = €y 0or {; = _orly = _,and T =
X1, T2y ey Ty § = Y1,Y2, - - -, Yn- If £1(Z) and £2(7) are not compatible, the conjunction
is always false. To express this we allow a special pattern L, which can be seen as a new
element type, never allowed by the schema.

Classification of patterns

In our analysis we often consider patterns with a restricted set of available axes and com-
parisons. We denote classes of patterns by I1(c), where o is a signature indicating which
axes and comparisons are present. Specifically, we can choose from having the following
features (including navigational axes and comparisons):

e | (child),
e | T (descendant),
— (next-sibling),

—7 (following-sibling),
_ (wildcard),

= (equality), and

# (inequality).
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We now explain what it means that patters use these features. All our patters will use
the simple child navigation (as it corresponds to £(Z)[A]). If a subpattern of the form //7 is
present, then a pattern uses descendant. If a sequence of the form p1; — o is present, then
a pattern uses next-sibling. If a sequence of the form p; —™ o is present, then a pattern
uses following-sibling. If we have a subpattern of the form _(Z)[\], then wildcard is used
in a pattern. For patterns not using the wildcard, only ¢(Z) with £ € T" are allowed.

Equality and inequality require some additional explanation. Having # in o means that
we can use conjuncts of the form = # y in the patterns; having = in o means that we can
use explicit equalities = y in patterns, as well as reuse variables. If = is not in o, we are
only allowed to reuse variables in inequalities (if # is in o) or nowhere at all.

For instance, II(] ) is the class of patterns only using the child axis. Patterns in this class
can be described as follows:

e if {is alabelin I, then ¢(Z) is a pattern in II(]); and
o if my,..., 7y, are patterns in TI(]), then so is £(Z)[m1, . . ., Tm)].

The class TI({, | *, —, =T, _, =, #) describes all (generalized) patterns.
To save space, we often write:

e || for the triple (|, ™, ),
e = for the triple (—, —7,_), and
o ~ for the pair (=, #).

For example, the class of all patterns is TI({}, =, ~).

Semantics of patterns via homomorphisms

We now present a different way of defining the semantics of patterns that resembles the
semantics of conjunctive queries. One way of checking if, for a relational database D and a
conjunctive query Q(Z), we have @ € Q(D) is to check whether we have a homomorphism
from the tableau (T, ) of @ into (D, a). Or, equivalently, we want to see if there is a
homomorphism h from T to D such that h(Z) = a.

We now apply the same approach to patterns. First, we need an analog of the notion
of tableau for patterns; that is, we need to view patterns as structures. Indeed, a pure tree
pattern can be seen as a tree-like structure

Sﬂ' = (Uu \In J/+7 -, _>+7 labuﬂ—ap)a

where U is the set of (occurrences of) subpatterns of 7 of the form £(Z)[A], with lab and p
naturally defined as:

o lab(0(z)N]) = £;
e p(t(2)[A]) =

Other relations are defined as follows:

Z.
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europe .
d

7/
/

ruler(z) country

 ruler(z) —> ruler(y)

europe

E . country country
. - (Scotland) (England)
ruler ruler ruler rul er ruler ruler ruler

(JamesV)  (Maryl) (JamesVI&I) (CharlesI) (Elizabethl) (JamesVI&I) (CharlesI)

Figure 11.2 A homomorphism from a pattern to an XML tree.

the relation | contains all pairs 7, w2 € U such that the set under the head of 7, contains
a list that contains 7a, i.e., 11 = £(Z)[\, p ~ 7o ~ p/, X'], where ~ is — or —T, and
all \, N, , ' can be empty;

(71'1, 7T2) eltiffm = é(f)[/\, //7T2, /\/];

(71, m2) €— iff w contains (syntactically) m; — 7o; and

(71, m2) €—7T iff 7 contains m; —7T 3.

For instance, for 7 = europe[country[ruler(z)] = country[ruler(x)]] shown in
Figure 11.1, S; has 5 nodes: u corresponding to the whole pattern, vy, v2 corresponding to
the two occurrences of country[ruler(x)], and wy, ws corresponding to the two occur-
rences of ruler(z). The relations are given as follows: | = {(u,v;), (vi, w;) ’ i=1,2},
1= {(u, ), (vi, w3), (w,w;) | i =1,2}, and = = =T = {(v1,v2)}.

Under this interpretation, there exists a natural notion of homomorphism.

Definition 11.4 Let 7 be a pure pattern with S, = (U, |, T, —, =T, lab, 7, p), and let
T = (UT, 1T, =T 1ab”, (pT)ac au). A homomorphism h: S, — T is a function that
maps U into UT and the variables of 7 into the domain of attribute values V' such that for
all my,m € U

the root of 7 is mapped to the root of T, i.e., h(7) = ¢;

the labeling is preserved, i.e., if lab(m1) # _, then lab(m1) = lab” (h(my));

forevery o € {},}T,—, =T}, if 7 0 w2 in Sy, then h(m) © h(me) in T

if p(m1) = Z then h(m) stores the tuple h(Z), i.e., h(m) is a node with attributes
ai,az, ..., a and h(z;) = pL (h(m1)) where T = (z1, x2, ..., a).

Note that while in T the relations | ™ and — are externally defined as transitive closures
of | and —, in S, they are built-in relations. In fact, in Sj it is true that | N | T= @ and
— N —%= () but all four relations can be extended in such a way that the structure
becomes a proper tree. An example of a homomorphism is given in Figure 11.2.

For h: S — T, we say that h is a homomorphism from 7 to T'. For a generalized pattern
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T = 7o A o, a homomorphism from 7 to 7" is a homomorphism h: S, — T extended to
all variables used in « in such a way that

o for every equality z = y in «, we have h(z) = h(y);
o for every inequality 2 # y in «, we have h(z) # h(y).
In either case we write h : m — T instead of the more formal h : S, — T.

An immediate observation is that the semantics of tree pattern satisfaction can be stated
in terms of homomorphisms:

Lemma 11.5  For each pattern 7(ZT)

1 T | w(a) iff there is a homomorphism h : m — T such that a = h(Z);
2 T [ 7 iff there is a homomorphism from w to T.

Evaluation of tree patterns

We now look at basic decision problems related to the evaluation of tree patterns, as well
as their satisfiability. We start with evaluating tree patterns, formulated as follows.

PROBLEM: PATTERNEVAL.
INPUT: A tree pattern 7, a tree T, a tuple a.
QUESTION: Does T = m(a)?

The problem PATTERNEVAL corresponds to the combined complexity of pattern evalua-
tion. For each fixed pattern 7, we have a problem PATTERNEVAL (7), whose input consists
only of T" and @, with the question whether T’ |= 7r(a). This corresponds to data complexity
of pattern evaluation.

Since patterns are essentially conjunctive queries over trees, the data complexity is in
LOGSPACE (and the bound cannot be lowered in general, since transitive closures of | and
— may have to be computed). And since they are tree structured conjunctive queries, the
combined complexity is tractable as well. More precisely, we have:

Proposition 11.6  The problem PATTERNEVAL(7) is in LOGSPACE for each pattern m;
moreover, there exist patterns T so that PATTERNEVAL() is LOGSPACE-complete. The
problem PATTERNEVAL is solvable in PTIME.

Proof Take a tree pattern 7(Z), a tuple @, and a tree T'. Checking that 7' = w(a) can be
done in PTIME by a bottom up evaluation of the subpatterns of 7 (a), i.e., the pattern 7(Z)
with variables Z evaluated according to a. The idea is to annotate each node v with a set
®(v) of the sub-formulae of 7(a) satisfied in v. More precisely, if v is a leaf labeled with
o and storing a tuple b, let ®(v) contain all subpatterns of 7(a@) of the form o’ (b), with
o' € {o,_}. If v is an internal node labeled with o, having children v, vs, ..., vk, and
storing a tuple b, let ®(v) contain all subpatterns of 7(a) of the form o’ (b)[A1, Az, - . ., Ap]
satisfying
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o o' €{o,_},
e for each \; = //m; there exists a node v; such that //m; € ®(v;) or w1 € ®(v;),
e foreach \; = m; ~»1 7o ~»g ... ~,_1 7, there exists a sequence 1 < n; < ng <

... <n, < ksuchthat m; € ®(vy, ), and if ~»;=— thenn; 1 = n; + 1 forall 5,

and all subpatterns of w(a) of the form //m; satisfying m; € ®(v;) or //m € ®(v,) for
some j. The answer is “yes” iff 7(a) € ®(¢), where ¢ is the root of the tree.

Let us now consider the data complexity. Tree patterns can be viewed as first-order
queries over signature extended with descendant and following-sibling , and so can be
evaluated in LOGSPACE provided we can evaluate descendant and following-sibling tests
in LOGSPACE. This can be done since the next-sibling relation graph has outgoing degree
at most one, and for the child relation graph the same holds if we only reverse edges.
LOGSPACE-hardness follows from the hardness of reachability over successor-relations;
hence even evaluating 7[a —* b] over a tree of height 1 is LOGSPACE-hard. |

Satisfiability of tree patterns

The satisfiability problem for tree patterns is about finding a tree that satisfies a pattern.
The input consists of a schema S (a tree automaton or a DTD) and a pattern 7(Z); the
problem is to check whether there is a tree T that conforms to S and has a match for 7
(i.e., T = 7). That is, the problem is formulated as follows:

PROBLEM:  PATTERNSAT.
INPUT: A schema S, a tree pattern 7.
QUESTION: s there a tree 7" that conforms to S and has a match for 7?

We are now going to pinpoint the exact complexity of this problem.

Theorem 11.7 The problem PATTERNSAT is NP-complete.
Furthermore, it remains NP-complete even if the schema is given as a DTD, and the
pattern comes from 11({, _) and has no free variables.

Proof We start with the upper bound. We are going to show that there exists a small
witness for satisfiability. This witness, however, cannot be a tree that conforms to S and
satisfies 7, simply because even the smallest tree that conforms to S can be exponential in
the size of S (see Exercise 1). However, to check that a tree T' conforms to S and satisfies
7, we do not need the whole tree, but only a portion of it that happens to be polynomial in
the sizes of S and 7. We define it now.

Definition 11.8 (support) The support of a homomorphism . : 7 — T, denoted supp £,
is the subtree of 7" obtained by keeping only nodes that have a descendant in the range of
h, or one of their sibling does.

For example, consider a tree pattern r[//a, //b/c, //e]. This pattern is satisfied by a tree
T given in Figure 11.3(a) with the obvious homomorphism /& which appropriately assigns
sub-formulae to the encircled nodes. To obtain supp h, we start with the range of h, then
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Figure 11.3 A homomorphism from r[//a, //b/c, //e] into a tree and its support

we add all ancestors of these nodes, and finally all siblings of all previously added nodes.
The result is shown in Figure 11.3(b).

Note that together with each node included in the support we also include all its siblings.
As we shall see shortly, this is convenient if we want to check if a given support can be
extended to a tree conforming to the schema.

It turns out that for satisfiable patterns one can always find a tree and a homomorphism
with a polynomial support.

Lemma 11.9 For each pattern 7(Z) and tuple a such that 7(a) is satisfiable with respect
to a regular schema S, there exists a homomorphism h from 7 to some T conforming to S
such that h(Z) = @ and |supp h| < 12]|x| - ||S||*

Proof Take an arbitrary T' conforming to S and satisfying 7(a). Let h be a homomor-
phism from 7 to T such that h(Z) = @. Divide the nodes of supp h into four categories:
the nodes from the image of h are red, the nodes that are not red and have more than one
child that is an ancestor of a red node (or is red itself) are green, the others are yellow if
they are ancestors of red nodes, and blue otherwise. For example, in Figure 11.3(b) the
encircled nodes are red, as is green, ag is yellow, and ay is blue. Let NVyeq, Ngreen» Nyellows
and Nypye be the numbers of red, green, yellow, and blue nodes.

node decreases the number of subtrees containing a red node by at least one, and since in
the root we arrive with one subtree containing a red node, Ngreen < Nred.

By definition, Nyeq < ||7]|. Also Ngreen < ||7||: when going bottom-up, each green

We now show by a pumping argument that the length of yellow paths in supp & can be
bounded by the number of states in the UNFTA .4 underlying S. Let p be an accepting run
of A on T If a yellow path is longer than the number of states of A, by the pigeon-hole
principle, it contains two nodes v, w such that p(v) = p(w). Modify T by replacing T.v
(the subtree rooted at v) with 7".w. The run p can be easily transformed into an accepting
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run of A over the modified 7', and h can be similarly transformed into a homomorphism to
the modified tree.

Analogously, the length of blue sequences of siblings in supp /& can be bounded by the
maximal number of states in the horizontal automata of A (which can also be bounded
by ||S|]). Indeed, suppose that a sequence v, va, . .., v, of blue siblings is longer. Let v
be the parent of the v;’s. Fix an accepting run of the corresponding horizontal automaton
over the sequence of states of .4 in the children of v. By the pigeon-hole principle there
exist nodes v;, v;, ¢ < j, that are assigned the same state in this run. If we remove from T’
the subtrees rooted in v;, v;y1,...,v;_1, the resulting tree is also accepted by A and the
homomorphism h can be naturally adjusted.

The number of (maximal) yellow paths is at most Nyeq + Ngreen. Hence there are at most
2||7|| - |IS|| yellow nodes. Since all blue nodes are siblings of nodes of other colors, the
number of (maximal) blue sequences of siblings is at most 2(Nyed + Ngreen + Nyellow) <
47| - (IS]| + 1) and s0 Npjwe < 4||7] - (J|S]| + 1)||S||. Altogether we have at most
2|7 (ISIl + IS + 1) < 12||[| - |S]|* nodes. O

We now can prove the NP upper bound. Let 7 and S be the given pattern and schema. By
Lemma 11.9, if 7 is satisfiable, there exists a homomorphism into a tree conforming to S,
with a polynomial support. To decide satisfiability first guess a polynomial support together
with a partial run of the UNFTA underlying S (a consistent labeling with states) and a
homomorphism. Verifying the homomorphism is polynomial in the size of the formula
and the support, hence it is polynomial. Verifying that the support is actually a restriction
of a tree conforming to S requires a consistency check which amounts to checking if a
given word is in the language defined by a given NFA (checking correctness of the guessed
labeling), and checking if the language defined by a given UNFTA is non-empty (providing
subtrees to be rooted in the yellow nodes). Both these checks can be done in polynomial
time.

To get NP-hardness, we do a standard 3CNF SAT reduction. In fact, we only use patterns
from TI({,_) without variables. Take a formula ¢ = /\];:1 ZiN Z3 N Z3 with Z} €
{z1,z2,...,2n,T1,T2,...,Tn}. Consider a DTD D (without attributes)

T — T1Xx2* " Tp

over the alphabet {21, xa,...,2,,C1,Ca, ..., Ci}. In the second rule, interpret each set
as a concatenation of all its elements. (The order in which the elements are concatenated
does not matter.)

The labels C; are intended to correspond to Z} V Z? \VV Z?. Each tree conforming to D
encodes a valuation of all variables x;: for each x; it stores either all conjuncts made true
by assigning 1 to x;, or all conjuncts made true by assigning 0 to z;.

The satisfiability of ¢ is equivalent to the satisfiability of the pattern
r[-/C1,-/Ca,...,-/Ck] with respect to D. O
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11.2 XML schema mappings and their complexity

XML schema mappings resemble relational mappings a lot. Like before, each mapping
consists of a source schema, a target schema, and a set of source-to-target tuple generating
dependencies relating the two schemas. In the XML context, relational schemas are nat-
urally replaced by regular schemas and dependencies use patterns instead of conjunctive
queries.

Definition 11.10 (XML schema mapping) An XML schema mapping is a triple M =
(Ss,St, Xst), where S is the source schema, S; is the target schema, and X, is a set of
st-tgds of the form

n(z,y) — Jz7'(7,2)
where 7 and 7’ are (generalized) patterns and 7 satisfies the safety condition (see p. 146).

Definition 11.11 (semantics of mappings) Let M = (S;, S, Xst) be an XML schema
mapping. Given a tree .S that conforms to S, and a tree 7" that conforms to S;, we say that
T is a solution for S under M if (S, T) satisfy all the st-tgds from X, i.e., for every
st-tegd 7(Z,§) — 3z (Z,Z) in Xy,

S En(a,b) = T | '(a,é) for some tuple of data values ¢.

We denote the set of all solutions under M for S by SOL v((S).
The semantics of M is defined as a binary relation

M] = {(S,T) | SES,, TES:, T<cSoLm(9)}.

Just like for relational databases (see Section 2.3), the domain of data values V' allowed
in the attributes of XML trees is partitioned into two disjoint and infinite sets:

o the set CONST of constants, and
e the set VAR of nulls, or variables.

We use the symbol L (with subscripts or superscripts) to denote nulls, and lowercase letters
or specific values to denote constants. Most of the time we shall assume that source trees
take data values from CONST only. In target trees we use VAR for attribute values that are
not specified by the dependencies.

Example 11.12 Let S, be the familiar DTD

europe — country® country : Qname
country — ruler® ruler : @Qname

and let S; be
rulers — ruler® ruler : Qname

ruler — successor successor : @Qname
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rulers

ruler ruler ruler ruler
(James V) (Mary I) (James VI & I) (Elizabeth I)
successor successor successor successor
(Mary 1) (James VI & I) (Charles I) (James VI & I)

(a) To, asolution for T

rulers

ruler % m ruler
(James V) (Mary I) (James VI & I) (Louis XIII) (Elizabeth I) (James VI & 1)
successor successor successor successor successor successor
(Mary I) (James VI & I) (Charles I) (Charles I) (James VI & I) (L)

(b) T3, another possible solution for T

Figure 11.4 Solutions for 71 under M

Assuming the rulers are stored in the chronological order on the source side, a natural
schema mapping M might be defined with the following st-tgd:

europe[ruler(z) — ruler(y)] — rulers/ruler(z)/successor(y).

A natural solution for T} in Fig. 10.1 is the tree 7% in Fig. 11.4(a). As we already know,
every tree obtained from 7% by adding new children with arbitrary data values, or by per-
muting the existing children, is also a solution for 7. For instance, 73 in Fig. 11.4(b) is
as good a solution for 7} as any. On the other hand, according to the schema, each ruler
node should only have one successor child. So, merging the two James VI & I nodes in
T3 would not give a solution. (|

The XML mappings we have just defined naturally generalize the usual relational map-
pings. If we have relational schemas Rs and Ry, they can be represented as regular
schemas S, and S;: for example, for Rg = {S1(4, B), S2(C, D)}, the schema S; is a
the following DTD

T — 8182
S1 — tT ty : @A, QB
So — t; to : @C, QD

Then each conjunctive query over a relational schema is easily translated into a pattern over
the corresponding DTD together with some equality constraints. For example, the query
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Q(z,y,2z) = Si(x,y) A Sa(y, z) will be translated into

r(s1/ti(z,y1), s2/t2(y2, 2)|, y1 = Y.

Of course equalities can be incorporated into the pattern (i.e., by
r[s1/t1(z,y), s2/t2(y,2)]) but as we said, we often prefer to list them separately to
make classification of different types of schema mappings easier. Note also that these
patterns use neither the descendant relation nor the horizontal navigation nor inequalities.

Classification of schema mappings

We shall denote classes of schema mappings by SM* (o), with ¢ indicating features of
patterns used in mappings, and * restricting their structural features, such as the type of
schemas they use, or whether they deal with just the structure of documents, or both struc-
ture and data.

Specifically, we write

e SM™*(0) to restrict any class of mappings SM™ in a way that only uses patterns from
(o).

For instance, SM({}, =, ~) is the class of all schema mappings and SM(/,, =) is the class
of mappings that only mention the child axis and equality of data values.
As for possible values for *, we use three of them.

e SM°(0) is the class of mappings in SM(o) where st-tgds in X, do not mention at-
tribute values, i.e., where all pattern formulae are of the form ¢[\]. These will be useful
for establishing hardness results, telling us that structural properties alone make certain
problems infeasible.

e SM*4(q) is the class of mappings from SM (o) whose schemas are DTDs.

o SM" (o) is the class of nested relational schema mappings in SM(c), i.e., schema map-
pings whose target schemas are nested relational DTDs.

The class of nested relational schema mappings will play an important role in the study
of XML data exchange. These mappings have particularly nice properties, especially with
respect to the complexity of many computational problems. The class itself includes many
important types of schema mappings. Note, for example, that under the standard XML
encoding of relational databases shown earlier, relational schema mappings fall into the
class SM™ (|, =).

Complexity of schema mappings

We now move to the complexity of schema mappings, that is, the complexity of the mem-
bership problem, checking whether (S,T") € [M]. That is, the general problem we con-
sider is:



11.2 XML schema mappings and their complexity 157

PROBLEM: XML-SM-MEMBERSHIP.
INPUT: A schema mapping M, two XML trees S and 7T'.
QUESTION:  Is (S,T) in [M]?

Of course this corresponds to the combined complexity of schema mappings. We shall
also look at data complexity, when the mapping is fixed. That is, for each mapping M, we
look at the problem XML-SM-MEMBERSHIP(M ) whose input consists only of S and T,
and the question, as before, is whether (S, T') € [M].

Compared to patterns, the data complexity remains low; the combined complexity jumps
to the second level of the polynomial hierarchy, but the parameter that makes it jump there
is the number of variables in st-tgds. If we fix that number, even the combined complexity
is tractable.

Theorem 11.13 e The problem XML-SM-MEMBERSHIP is II5-complete. Its complex-
ity drops to PTIME if the maximum number of variables per pattern is fixed.

e The problem XML-SM-MEMBERSHIP(M) is always in LOGSPACE. Moreover, there
is a mapping Mg such that XML-SM-MEMBERSHIP( M) is LOGSPACE-complete.

In other words, the combined complexity of schema mappings is IT5-complete, but
tractable when we fix the number of variables used in patterns; the data complexity of
schema mappings is low: in LOGSPACE, and the bound cannot be lowered.

Proof We first explain the proof for data complexity. Checking if a given tree conforms to
a schema amounts to verifying if the tree is accepted by the underlying UNFTA . As shown
by Gottlob et al. (2005), this can be done in LOGSPACE if the size of the automaton is fixed.
Let us now see how to check if S and T satisfy a single constraint 7(Z, §) — 3z 7' (Z, 2).
LetZ = x1,%2,..., Tk, ¥ = Y1,Y2,...,Ye, and Z = 21, 22,..., zm. Let A be the set of
data values used in S or 7. We need to check that for each @ € A* and each b € A such
that S = 7(a, b) there exists ¢ € A™ such that T |= 7’(a, ¢). Since the numbers k, £, m
are fixed (as parts of the fixed mapping), the space needed for storing all three valuations
is logarithmic in the size of S and T'. Using Proposition 11.6 we obtain a LOGSPACE
algorithm by simply iterating over all possible valuations @, b, and &. LOGSPACE-hardness
is shown in the same way as in the proof of Proposition 11.6.

We now move to combined complexity. Checking conformance to schemas can be done
in PTIME. Let us concentrate on verifying the dependencies. Consider the following al-
gorithm for the complementary problem: guess a dependency 7 (Z, ) — 3z 7'(Z, z) and
tuples @, b, and check that S = 7(a, b) and T [~ 3z 7'(a, Z). By Proposition 11.6, the first
check is polynomial. The second check however involves a tree pattern possibly contain-
ing variables, so it can only be done in CONP. Altogether the algorithm is in IT5. Hardness
can be obtained via a reduction from the validity of II, quantified boolean formulae (see
Exercise 3).

When the maximum number of variables per pattern is fixed, proceed like in the case of
fixed mapping. Since there are only polynomially many possible valuations of variables,
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we may iterate over all of them using the algorithm from Proposition 11.6 to check S |=
7(a,b) and T |= 7/ (@, ©). O
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Building solutions

One of the two fundamental aims of data exchange is to build a solution for a given source
document. Under the complex restrictions that can be imposed on target documents by
XML schemas, this task is highly nontrivial. The goal of this chapter is to describe a
polynomial-time algorithm that builds solutions in XML data exchange. We first explain
why the straightforward approach gives an exponential-time algorithm. Then we show a
simple polynomial algorithm for child-based mappings between nested-relational DTDs
and point out difficulties arising from the presence of sibling order and regular schemas. In
the subsequent two sections we refine the algorithm to deal with them. We finally analyze
the combined complexity of the solution building problem and show that, modulo some
complexity-theoretic assumptions, the presented algorithm is likely to be optimal in terms
of combined complexity.

12.1 Building solutions revisited

Recall the problem of building solutions. We are given an XML schema mapping M =
(Ss,St, Xst ), where S; is the source schema, S; is the target schema , and 3, is a set of
st-tgds. These are of the form

7(z,y) — Jz7(z,2)

where 7 and 7’ are generalized patterns (and 7 is required to satisfy the safety condition ).
We are also given a tree T that conforms to Ss. The goal is to construct a solution T" for
T under M, i.e., a a tree T’ that conforms to S; such that the pair (T, T") satisfies all the
st-tgds from Y.

When the mapping M is fixed, we refer to the complexity of the problem as the data
complexity of building a solution. When both M and T" are given as inputs, we refer to the
combined complexity of the problem.

Building a solution for a given source tree 1" with respect to a mapping M can be seen
as a constructive version of satisfiability, i.e., finding a tree conforming to a given schema
and satisfying a given pattern. Given a mapping M = (Ss, S, Xs:) and a source tree T’
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conforming to Ss, consider the following set of partially valuated tree patterns
Aram = {¥(a,2) | p(2,9) = F29(7,2) € Ty and T | p(a,b)}.

We refer to elements of Ap aq as target requirements. Then Definition 11.11 (of XML data
exchange solutions) can be restated as follows. A tree 7" conforming to the target schema
is a solution for 7" if and only if it satisfies each target requirement,

T' e SoLpm(T) <= T'ESiand T’ | ¢(a, z) forall ¥ (a, z) € Ar .

We can simplify this even further by combining all the patterns from A x4 into one. First,
rename variables in A x4 so that every pattern uses disjoint sets of variables. Then, take
the conjunction of all the patterns from the modified A7 x4 by merging all the patterns at
the root,

Srom = \ Az

Recall that we have shown in the previous chapter that patterns are closed under conjunc-
tion. Also, in the case when A ¢ contains two patterns with incompatible labels in the
root, set 07 o¢ = L, where _L is a fixed pattern incompatible with the schema.

Thus, we have the following property:

Lemma 12.1 7’ € SOoLpm(T) < T' E Stand T’ |= 07 pm.

In other words, building a solution for 7" amounts to finding a tree T with two properties:

1. T’ conforms to the target schema, and

2. T’ satisfies the pattern 67 . (12.1)

Hence, building a solution in XML data exchange amounts, according to (12.1), to build-
ing a tree accepted by a tree automaton (serving as an abstraction of a schema) and satis-
fying a tree pattern.

12.2 A simple exhaustive search algorithm

We now provide a simple algorithm searching for a tree 7" satisfying (12.1). The main idea
is as follows:

o If there is a tree satisfying conditions (12.1), there is one whose size, and the size of
the set of possible data values it uses, are bounded by some function of the size of the
schema mapping and the source tree.

e We can then simply search over all such trees, checking if a solution is found.

The bounds in this naive algorithm will be exponential, but we shall see later how to
lower them. To establish such bounds, we need three results, putting restrictions on:

e sizes of trees accepted by a tree automaton ;
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e sizes of trees accepted by a tree automaton and at the same time satisfying a tree pattern;
and
e sets of data values that appear in trees satisfying (12.1).

We establish these bounds in the next three lemmas, and then use them to provide an
exhaustive search algorithm for building solutions. We begin with the case with no pattern,
i.e., only a tree automaton providing restrictions on trees.

Lemma 12.2 Let A be an UNFTA. If L(A) is nonempty, it contains a tree of height and
branching bounded by || A||.

Proof Let @ be the set of states of 4. Suppose L(.A) is nonempty and let T € L(.A).
Fix an accepting run p of .4 on T'. If the height of T is larger then |@Q|, by the pigeon-hole
principle, T' contains two nodes v, w such that w is a descendant of v and p(v) = p(w).
Modify T by replacing T.v (the subtree rooted at v) with T.w. The run p can be easily
transformed into an accepting run of A over the modified 7'. Repeating this operation as
long as needed, we obtain a tree of height at most |Q| accepted by \A.

Similarly, we can bound the branching. Let v be a node with children v, vs, ..., vy,
where 7 is greater than the maximum of the numbers of states of the vertical automata. Fix
a witnessing accepting run of the corresponding horizontal automaton. Again one can find
two children, v; and v;, ¢ < j, that are labeled with the same state of the the horizontal

automaton. If we remove from 7' the subtrees rooted in v;, V41, ..., v;—1, the resulting
tree is also accepted by .A. Repeating this operation we obtain an accepted tree whose
height and branching are bounded by ||.A||. O

From the Lemma 12.2 it follows immediately that for each regular schema S there is an
exponential-size tree conforming to S, or there is no conforming tree at all. This is also
true if we restrict to trees satisfying a given pattern.

Lemma 12.3  For a regular schema S over I, a pattern w(Z), and a tuple of data values
a, either there exists a tree T of size at most 12 - ||z || - ||S||>T1S such that T = S and
T E ©(a), or no tree conforming to S satisfies w(a).

Proof By Lemma 11.9, for each pattern 7 satisfiable with respect to a schema S over I,
there exists a homomorphism from 7 to some 7' conforming to S satisfying |supp h| <
12 - ||«|| - ||S]|?. Let us take such a tree 7' and homomorphism h. Let A be the UNFTA
underlying schema S. Fix an accepting run p of A on 7" and take a node v of T that is a
leaf in supp h. It is easy to see that if we replace T.v with any XML tree T such that the
root of T” is labeled with labr(v) and there is a run of .4 on 7" that assigns state p(v) to
the root, we get a tree conforming to S and satisfying 7(a). Observe that the set of such
trees can be recognized by an automaton of size bounded by ||S||: it is enough to change
the initial state of A to p(v) and modify the transition relation by setting §(p(v),£) = 0
for all £ # labp(v). Consequently, by Lemma 12.2, we can assume that for each leaf v in
supp h the subtree T.v has size at most ||S||!ISIl. The total number of nodes in 7T is then
bounded by |supp A/ - ||S||IS!l, which proves the lemma. O
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The bound on the size does not immediately give a bound on the number of trees we need
to consider, because there are infinitely many ways to fill the attributes with data values.
We now show that one can restrict to data values used in the source tree and a small set of
nulls, representing the values invented to fill in the unspecified attributes on the target side.

Lemma 124 For each XML tree T, pattern 7(Z,y) and tuple of values a, such that
T | w(a, ), there exists a tree T' with the same tree structure as T but storing only data
values used in a or taken from the set { Lo, L1, ..., Lz}, such that T" |= w(a, 7).

Proof Suppose that T' |= 7(a, b) for some tuple of values b and let h be the witnessing
homomorphism. Let A, B be the sets of values used in @ and b, respectively. There exists
an injection

f:AUB—>AU{J_1,J_2,...,J_|g‘}

such that f(a) = a for all @ € A. Let ¢ be the tuple (f(b1), f(b2), ..., f(b,)) and let
T’ be obtained by replacing each data value d in T with f(d) if d € AU B, and with L
otherwise. Note the nodes in the image of h can only store data values from AU B. Hence,
h witnesses that T’ |= (@, ¢). O

Combining the bounds, we obtain a simple algorithm for constructive satisfiability (Al-
gorithm 4). Checking conformance to a schema can be done in polynomial time. By Propo-

Algorithm 4 Constructive satisfiability by exhaustive search

Require: S is a regular schema over I, 7(Z, §) is a pattern, a is a tuple of values
n =12 ||a|| - [|S|>+IS]
D:={d|disusedina}U{Lo, L1,..., Ly}
for all trees 7" of size at most n and data values in D and all tuples b from D do
if T =S andT = 7(a,b) then return T’
end for
if no T found return ‘w(a, 3) is not satisfiable with respect to S’

sition 11.6, evaluation of the patterns also takes only polynomial time. Hence, each itera-
tion of the loop takes time polynomial in n, and the number of iterations is exponential in
n. For a fixed schema S this gives a single exponential algorithm.

To compute a solution for a given source tree 1" with respect to a fixed mapping M, we
simply apply Algorithm 4 to the pattern 67 ¢ and the schema S;. Since M is fixed, the
size of 07 aq 18 polynomial, and the whole procedure is single exponential. Summing up,
we have the following.

Theorem 12.5 Algorithm 4 correctly computes a solution for a source tree T under a
schema mapping M (if there is one). Its data complexity is single-exponential.

The brute force algorithm for constructive satisfiability described above cannot be sig-
nificantly improved unless NP = PTIME. Indeed, constructing a tree satisfying a given
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pattern is clearly at least as hard as deciding if it exists, which constitutes the satisfiabil-
ity problem. If the schema is part of the input, the satisfiability problem is NP-hard by
Theorem 11.7. It is not difficult to find fixed schemas for which the problem is NP-hard
(see Exercise 2). This means that if we want a polynomial solution building procedure,
reduction to constructive satisfiability is not enough.

12.3 Nested-relational DTDs

As we learned in the previous section, the approach via a single pattern combining all the
target requirements leads to an inefficient algorithm. In this section we introduce a different
approach: instead of combining the requirements and then trying to find a solution satis-
fying the obtained pattern, we first find partial solutions for all target requirements, and
then try to combine the solutions. We first implement this general recipe in a simple setting
of SM™ ({}, ~), i.e., mappings with nested-relational DTDs using only vertical navigation,
and identify difficulties arising in the general case.

Definition 12.6 (partial solution) Let M be mapping and 1" a source tree. A partial
solution for a target requirement ¢(a, zZ) € Ap aq is a tree that conforms to the target
schema of M and satisfies 1(a, b) for some tuple b.

The first step of the recipe is easy. Since the target side patterns are bounded by the
size of the mapping, the partial solutions for all target requirements can be constructed in
polynomial time by Lemma 12.3 if the mapping is fixed. The difficult part is to combine
the partial solutions into one tree that satisfies all target side patterns.

Let us begin with an example. Consider the schema r — a b* with a, b : Qattr and two
trees

S =rla(1),b(2)], T =r[a(1),b(3)].
A natural combination of .S and T is
SeT=r[a(1),b(2),b(3)].

Clearly S&T contains all nodes of .S and 7', and more generally, S & T satisfies all patterns
from SM™ (|}, ~) that are satisfied by S or 7.

Note that not all nodes of .S and T are treated in the same way. The nodes b(2) and b(3)
are put separately in .S @ T, but the a(1)-nodes and r-nodes from S and T are merged
together. This seems the only reasonable thing to do, but it is only possible under certain
assumptions: the nodes can be put separately only if the schema allows it, and they can be
merged only if they store the same data value. For instance, if we take r[a(3), b(3)] instead
of T, the trees cannot be combined. Likewise for D replaced with r — ab.

This gives rise to the following strategy: if the schema allows it, put both nodes, oth-
erwise merge the nodes. But how do we distinguish the nodes that must be merged? For
nested-relational DTDs they can be identified easily.
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Definition 12.7 Fix a DTD D over I'. For a node v in a tree conforming to 7' we can
consider the label sequence o103 . ..oy, that is read on the downward path from the root
to v. We say that the label sequence is unambiguous if for all ¢, the symbol 0,41 occurs in
the production for o; as 0,417 or o;41.

If o341 occurred as o7, | or a;fH in the production for o;, then a o;-labeled node could
have had many different children labeled o, , and there would be some ambiguity regard-
ing the appearance of a o;1-labeled node as its child. If, however, ;1 occurs as ;17
or ;41 in the production for o;, then the position of a 0,41 -labeled child of a o;-labeled
node is unambiguous.

Note that in every tree conforming to D

e nodes with unambiguous label sequences form a subtree which contains a root,
e there is at most one node with any given unambiguous label sequence (there may be
none if 0,11 occurs in the production for o; as ;17 for some 7).

The second property implies that nodes with the same unambiguous label sequence taken
from S and T always need to be merged. It turns out that all other nodes can be put into
S @ T without merging.

Thus, the partial solutions we are constructing need to store the same data values in
nodes with the same unambiguous label sequences, which means that they are all exten-
sions of a single XML tree containing all unambiguous label sequences. It is possible that
some of these sequences correspond to nodes optional in the schema and are not required
by the patterns, but adding them does not spoil the partial solution.

The idea of the algorithm is then to guess this tree, construct partial solutions extending
it, and then combine them. The manipulations on parts of trees performed by the algorithm
are most easily described in terms of forests and contexts.

Definition 12.8 A forest is a sequence of trees. We write F' + G for the concatenation of
forests F' and G.

A multicontext C' over an alphabet I is a tree over I" U {o} such that o-labeled nodes
have at most one child. The nodes labeled with o are called ports. A context is a multi-
context with a single port, which is additionally required to be a leaf. A leaf port v can be
substituted with a forest F', which means that in the sequence of the children of u’s parent,
u is replaced by the roots of F. An internal port u can be substituted with a context C” with
one port v’ first the subtree rooted at u’s only child is substituted at ', then the obtained
tree is substituted at u.

For a context C' and a forest ' we write C - F' to denote the tree obtained by substituting
the unique port of C with F'. If we use a context D instead of the forest F', the result of the
substitution is a context as well. More generally, for a multicontext M with leaf ports only,
SAY U1, U2, - - « 5 Uy, We write M (T1, T, ..., T,,) for the tree obtained by substituting T;
at u;, forl <7 <m.

Instead of the subtree containing all unambiguous label sequences, it is convenient to



12.3 Nested-relational DTDs 165

Oq
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A A A
Figure 12.1 A D-kind K andatree T' € L(K). The trees 11, T> have label a in the root and conform
to Dg; T3 has label b in the root and conforms to Dy,.

work with a multicontext, called kind, that contains this tree and has a port wherever new
nodes can be added according to the DTD. For the sake of uniformity, in the definition of
kind we assume that whenever the DTD contains arule 7 — ...o71 ..., each 7-node in
the kind has one o-child.

Definition 12.9 For a nested-relational DTD D over I', a D-kind K is any XML tree
conforming to the DTD DoverI'U {og ] o € T'} obtained by replacing for each o, each
occurrence of o? with o, each occurrence of o* by o, and each occurrence of o by o -o,,
where the fresh labels o, have no attributes and their productions are o, — €.

Note that for a nested-relational DTD D, all D-kinds are identical up to data values.
For a kind we define a set of trees that can be obtained from it by substitutions at ports,
according to the additional information provided by the label of the port.

Definition 12.10 Let D be be a nested-relational DTD and let D, stand for the DTD
obtained from D by changing the root symbol to o. An XML tree T' agrees with a D-
kind K if T can be obtained from K by substituting at each port labeled with o, a forest
(possibly empty) consisting of trees conforming to the DTD D,,. By L(K) we denote the
set of XML trees that agree with K.

An illustration of these notions is given in Figure 12.1. The tree 7" shown in the figure is
obtained from K by substituting 77 + 75 at the port labeled with o, and 7% at the port
labeled with oy.

Directly from the definition we get that for every nested-relational DTD D,

{T| T = D} = | AL(K) | K is a D-kind}. (12.2)

Note that for each T € L(K) there exists a witnessing substitution: a sequence of forests
and contexts T, with u ranging over the ports of K, such that substituting each v in K
with T, we obtain T'. It is easy to check that 7}, is unique (Exercise 6). The combining
operation can be described as follows.
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a a a
AL ANAS LAV
Figure 12.2 The operation & on trees from L(K).

Definition 12.11 Let K be a D-kind for some nested-relational DTD D. For trees 7" and
Sin L(K), define T @& S € L(K) as the tree obtained by substituting at each port v in
K the forest S,, + 1y,. Since the operation is associative, we will skip the parenthesis and
write Ty ®To ® -+ - ® T, forTh, T, ..., T, € L(K).

An illustration of the operation @ is given in Figure 12.2.
We now need to check that if we start with a set of partial solutions for all valuations of
target patterns, the operation € gives a complete solution. We prove a more general fact.

Lemma 12.12 Forall Th,Ts, ..., T, € L(K) and every w € TI({}, ~),
T'oTa®---®T, E=n(@) whenever T, = n(a)forsomei.

Proof Foralli, Ty ®To®---®T), subsumes T}, i.e., T; isasubtree of T} ®To D --- DT},
containing the root. In particular, there exists an unordered homomorphism from 7; to
Ty ®Ty @ - & T,. This means that for all © € TI({}, ~), whenever T; = w(a), it also
holdsthat Ty @ To ® --- & T, | w(a). O

Now that we have all ingredients ready, it remains to put them together. This is done by
Algorithm 5 that shows how to build solutions for mappings in SM™ ({}, ~).

Theorem 12.13  For each mapping M € SM™ (|}, ~), Algorithm 5 computes a solution
for a source tree T' (or determines that it does not exist) in polynomial time.

Proof Let D, be the target schema of M. By the equation 12.2, if there is a solution for 7',
it agrees with a D;-kind K. The size of K is at most £ = || Dy||I”¢Il. The kind only needs
to use data values from 7" and nulls from a set { Ly, Lo, ..., Lo} C {1y, Lo,..., Ly}
Hence, we can check such kinds K one by one, looking for a solution in L(K).

For each §(2) € Ap a we need to find a tree S5 € L(K) and a tuple ¢ such that
S = 6(€). The branching of S5 can be bounded by || D;|| + ||0]|: one can safely remove
each child v that is not enforced by D; and the subtree rooted at v has empty intersection
with the image of the homomorphism witnessing that S5 |= §. Furthermore, arguing like in
Lemma 12.4 one shows that Ss only needs to use data values in D. Hence, also the entries
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Algorithm 5 Building solutions for nested-relational DTDs
Require: M = (D;, Dy, %) € SM™({},~) and T |= D;
compute A1 g
m:= HDt” + MaxXseAr u ”6”
n = || D171 + maxse ar o 6]
D:={d|disusedin T} U{Lo, L1,..., L}
for all D;-kinds K with data values in D do
forall 0 € Ap o do
find S5 € L(K) with data values in D, branching at most m, satisfying S5 = 0
end for
if all S5 found then return (B, Arr S
end for
if no success for each K return ‘7" has no solution with respect to M’

of ¢ are taken from D. In consequence, we can look for a partial solution S5 by exhaustive
search.

If for some § the search fails, there is no solution for 7" agreeing with K. If all partial
solutions have been found, we can combine them with the operation & into a single full
solution in EXPTIME, by Lemma 12.12.

For a fixed mapping, the set Ar ¢ can be computed in polynomial time. The num-
ber of possible kinds is polynomial in |T'| and their size is bounded by a constant. Their
correctness can be checked in time polynomial in |K| and ||D;|| (independent of T"). For
each kind finding and combining partial solutions takes polynomial time. Hence, the whole
procedure is in PTIME. O

Difficulties with extension to the general case

We now give two examples which explain why extending the algorithm of this section to
the general case causes problems.

Example 12.14 Consider the mapping given by
DS:{T—sz*}, th{r—>c;c—>cb|a},

Sa = {rla(2),b(y)] — r[//a(z), //by)] } .

where a and b have one attribute. For the source tree shown in Figure 12.3(a), partial
solutions could be the trees in Figure 12.3(b). The natural combination of these partial
solutions, shown in Figure 12.3(c), cannot be expressed in terms of kinds, as defined in
this section. The unique a node on the target side should clearly be part of the kind, as
shown in Figure 12.3(d), but under the current definition this is not allowed. In the next
section, we are going to develop a more general definition of kinds, allowing internal ports
into which contexts are substituted. The ports will also have much richer requirements for
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the forests or contexts that can be substituted, which will be essential in handling arbitrary
regular schemas.

T T T T
7 | | |
a(0) b(1) --- b(n) c . c c
AN /N AN
(a) a source tree a(0) b(1) a(0) b(n) <o b(n)
(b) partial solutions c
/ \
a(0) (1)

(c) the combined solution

—0—=
~
>~
~N
7

a(0) (e) substituted contexts

(d) a generalized kind

Figure 12.3 Combining partial solutions under recursive schemas.

Example 12.15 Let us look at the following mapping:
Dy={r—(ab)*}, Dy={r—ab*},

Sa = {rla(z) = by)] — rla(z) = b(y)] } -

Figures 12.4(a) and 12.4(b) show a source tree T and a possible set of partial solutions.
Unless n = 0, these partial solutions cannot be combined into a full solution, because in
fact there is no solution at all for 7". This shows that extending our algorithm to mappings
using sibling order requires additional requirements on kinds. Intuitively, to ensure that
partial solutions can always be combined, we demand that large enough areas of the tree
around each port are specified. We formalize this in terms of margins, introduced in Sec-
tion 12.5. An example of a kind that allows combining solutions (for the mapping we are
considering) is shown in Fig. 12.4(c). Note that this kind does not provide all the partial
solutions for T, and this is exactly what we need: if there is no full solution, no kind should
provide all partial solutions.

r r <. r r
7 /'\ /\ AN
a(0) b(1) --- b(n) a(0) b(1) a(0) b(n) a(0) b(i) o
(a) a source tree (b) partial solutions (c) a possible generalized kind

Figure 12.4 Combining partial solutions in the presence of sibling order.

Thus there are two main challenges: complex schemas and sibling order. In the following
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two sections we show how to overcome them by refining the notion of kind, essentially
without modifying the main algorithm. In Section 12.4 we deal with regular schemas under
an additional assumption that the child axis is forbidden (under regular schemas it also
causes problems), and in Section 12.5 we extend our methods to cover the child axis and
the sibling order.

12.4 The algorithm for regular schemas

In the previous section we showed the algorithm for mappings in SM™ ({}, ~), i.e., those
with nested-relational DTDs and downward navigation. We also indicated the difficulties
posed by extending the algorithm to both regular schemas and horizontal navigation. In this
section we handle the first problem and develop solution building techniques for regular
schemas (while still staying with downward navigation, in fact, for now just the descendant
relation).

For nested-relational DTDs, building solution required manipulating contexts and
forests in a way consistent with the DTD. For regular schemas it is most convenient to de-
scribe contexts and forests in terms of existing runs of the UNFTA underlying the schema.

Definition 12.16 Let p,p’, p” be states of an UNFTA A, and let ¢, ¢’ be states of one
of A’s horizontal automata. A tree 7' is a p-tree if it admits a run of A that assigns p to
the root. A context C' is a p, p’-context if it admits a run of A which assigns the state
p to the port of C' (formally, we add a transition 6(p,0) = & to .A) and p’ to the root.
More generally, a multicontext M is a p1, pa, . .., pn-multicontext if it has n — 1 ports
U1, U, . . . , Up—1, each of them a leaf port, and it admits a run of A which assigns p; to u;
fori =1,2,...,n—1, and p, to the root. A forest F = 5155 ... S, is a q, ¢'-forest if and
only if there are states p1, pa, - . . , P Of A such that .S; is a p;-tree and there is a run of the
corresponding horizontal automaton over p1ps . . . py, starting in ¢ and ending in ¢'.

Note that for the initial state ¢y, the set of g;-trees is exactly L(.A). Moreover, if T is a
p-tree, and C' is a p, p’-context, then C-T is a p’-tree. Indeed, the run over C'- T is obtained
by substituting the run over T in the run over C. Similarly, for a p’, p”’-context D, D - C'is
a p, p”’-context, and for a q, ¢’-forest F' and a ¢’, ¢"’-forest G, F' + G is a q, q" -forest. If M
isapi,po,...,pp-multicontext and T; is a p;-tree, M (T4, Ts, ..., Ty—1) is a p,-tree.

It will be convenient to assume that all states of A are productive, in the sense that for
each state p there exists a p-tree, and that all states of the horizontal automata are reachable.
This can be guaranteed by polynomial preprocessing.

As we learned in Section 12.3, building solutions requires distinguishing the areas of the
schema that are unique from those that can be repeated, or pumped. For regular schemas
the areas that can be pumped are associated with strongly connected components of the
underlying graphs. An NFA B = (Q, %, qo, d, F') can be seen as a graph Gz = (Q, E),
where (p,q) € E if (p,0,q) € ¢ for some o € T'. With an UNFTA A = (Q,T', 4, F) we
can also associate a graph: let G4 = (Q, E), where (p,p’) € Eiff Q*pQ* Ni(p’, o) is
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nonempty for some o € I'. We speak of strongly connected components (SCCs) of 5 or A
meaning SCCs of G and G 4, respectively.

The pumping properties of SCCs of A depend on their internal structure. We say that
an SCC is non-trivial if it contains an edge (it might have only one vertex though). A non-
trivial SCC X of A is branching if there exist p, p;,p2 € X such that Q*p1Q*p2Q* N
d(p, o) is nonempty for some o. If this is not the case, X is non-branching.

In the automata version of the notion of kind, which we are about to define, ports come
in three flavors, corresponding to pumpable trees, contexts , and forests. The additional
requirements forests or contexts that can be substituted is given in terms of the UNFTA’s
states.

Definition 12.17 Let A be an UNFTA. An A-kind K is a multicontext in which each port
belongs to one of the following categories:

e p-port, aleaf port decorated with a state p contained in a branching SCC of A4;

e p,p’-port, an internal port with a single child, decorated with states p, p’ contained in
the same non-branching SCC of A;

e ¢, ¢ -port, aleaf port decorated with states ¢, ¢’ contained in the same SCC of one of A’s
horizontal automata.

By L(K) we denote the set of trees that agree with K, i.e, can be obtained from K by
compatible substitutions, i.e., by substituting p-trees at p-ports, p, p’-contexts at p, p’-ports,
and ¢, ¢’-forests at g, ¢’-ports. We refer to the three kinds of ports above as tree, context,
and forest ports.

Trees agreeing with a kind can be combined in a natural way, just like trees conforming
to a nested-relational DTD. Like before, for ' € L(K) there is witnessing substitution
T, u ranging over the ports of K, such that if we substitute at each port v of K the forest
or context T, we obtain T'. Unlike for nested-relational DTDs, we cannot guarantee that
there is a unique witnessing substitution (Exercise 7), but as we shall see in Lemma 12.19,
this is not a problem. In order to combine S, T € L(K) into a single tree

S®&T e L(K)
we perform the following substitutions at ports of K:

e if uis a ¢, ¢’-port u, substitute S, + F + T, for some ¢’, g-forest F,
e if u is a p, p’-port, substitute S, - C - T, for some p’, p-context C,
e if u is a p-port, substitute M (S,,, T,,) for some p, p, p-multicontext M.

Multifold b is performed from left to right, i.e.,
hehe T, =(.TeTh)®...)DT,.

The result of the operation & depends on the choice of F, C, M. The existence of small
F,C, M is guaranteed by the following lemma. In this lemma and elsewhere we shall be
talking of “single-exponential” objects (e.g., forests, or multicontexts ); the meaning of this
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is that the size of such an object is at most single-exponential in the size of the automaton
that gives rise to it.

Lemma 12.18 Let A be an UNFTA.

e For all states q,q' from the same SCC of one of A’s horizontal automata, there exist a
single exponential q, q'-forest.

e For all states p,p’ from the same SCC of A, there exists a single exponential p,p’-
context.

e Forall states p,p', p” from the same branching SCC of A, there exists a single exponen-
tial p,p’, p"” -multicontext.

Proof Assume that ¢, ¢’ belong to the same SCC of a horizontal automaton 3. Then there
is a sequence of states 175 . . .7y, of A that admits a run of B starting in ¢’ and ending in
q. For each 7 we can find a single exponential r;-tree \S;: branching can be bounded by the
maximal number of states of the horizontal automata, and paths’ lengths need not exceed
the number of states of .A. Then 5155 ... S, is a ¢, ¢'-forest of single exponential size.

A p,p/-context can be constructed as follows. If there is an edge (p,p’) in G 4, then
T1IT9 .. Tk DTk41Tk+2 - - - Tm € O(p, o) for some o and some states r1, o, . . ., 7. Hence,
olS1,52, ..., Sk, 0, Sk+1,Sk+2, - - -, Sm] is a p, p’-context if only S; is a r;-tree for all 3.
In the general case, let the path from p to p’ in G4 be 1172 .. .70, With 7y = p, 1y, =
p’. A p,p’-context is obtained by taking C1Cs . ..C,,_1, where C; is a 7;, r;+1-context
constructed like above.

If X is a branching SCC, there are pg,p1,p2 € X such that Q*p1Q*p2Q* N (po, o)
is nonempty for some o. Hence, a p;, p2, po-multicontext M of exponential size can be
constructed in the same way as above. To obtain a p, p’, p”-multicontext for arbitrary
p,p',p" € X, take C - M(Cy,C5), where C1 is a p, pi-context, Co is a p’, pe-context,
and C'is a pg, p-context. O

Regardless of the chosen F,C, M, and the witnessing substitutions, the operation pre-
serves satisfiability of patterns that do not use |, —, and — 7.

Lemma 12.19 Forall T\, T, ..., T, € L(K) and every m € TI({*, _, ~),
TheTh® 0T, En(a) whenever T,k n(a)forsomesi.

Proof Itis enough to observe that the operation @ does not break the descendant relation:
if a node w is a descendant of v in T3, the corresponding nodes in 17 @ Ts & - - - & T, will
also be in this relation. O

Based on the above lemma, we can effectively build solutions for mappings that do not
use |, —, and —. The last missing ingredient is to show that one can cover all target trees
with small kinds. Towards this end we need to distinguish kinds that produce only trees
accepted by the UNFTA.

An accepting run of A over an A-kind K must satisfy the usual conditions for ordinary
nodes, and the following rules for the ports:
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e cach p-port is evaluated to p,
e the only child of each p, p’-port u is evaluated to p, and u evaluates to p/,
e if u is a ¢, ¢’-port, the horizontal automaton arrives at v in state ¢ and leaves in state ¢'.

More precisely, we assume that each port w is labeled with a unique label o, and we
consider an accepting run of A extended with the following transition rules for each w:

d(p,ou) =€ if w is a p-port,
o(p',ou) =p if u is a p, p’-port,
§(pu,on) =cand ¢, p, — ¢ if u is a ¢, ¢-port,

where p,, is a fresh state.

Thus, if a tree T is obtained from K by substituting compatible forests or contexts, an
accepting run of 4 over T' can be obtained by combining an accepting run over K with
runs witnessing compatibility. In consequence, if K admits an accepting run of A, then
L(K) C L(A).

Lemma 12.20 Every T € L(A) agrees with some A-kind K of branching and size
bounded by ||.A

, admitting an accepting run.

Proof Fix an accepting run A of A on 7', together with witnessing runs of the horizontal
automata. Prune 7" introducing ports as stubs according to the following rules.

First, each maximal forest such that the witnessing horizontal run in its roots stays within
some (horizontal) SCC is replaced with a g, ¢’-port, where ¢, ¢’ are the first and the last
state of the corresponding fragment of the run.

Next, all maximal subtrees that evaluate to a state p, which is contained in a branching
SCC of A, are replaced with a p-port.

Finally, for each non-branching SCCs X, consider the maximal paths of length at least
2 where the run stays in X. Since X is non-branching, the paths are disjoint. Replace the
subtree rooted at the top end of the path with a p, p’-port for suitable p, p’, and under it put
the subtree originally rooted at the bottom end of the path.

Note that the result of this procedure depends on the order in which the non-branching
SCCs are processed.

Let K be the resulting kind. By construction T € L(K). The bounds on the height and
branching of K follow from the observation that no state and no SCC occurs more than
once in a sequence of children, or a branch. o

The solution building algorithm for SM(}*, _, ~) is just like for the case of SM™ ({}, ~),
except that we use .A-kinds admitting an accepting run of A instead of D;-kinds, where A
is the UNFTA underlying the target schema.

Theorem 12.21  For each mapping M € SM( T, _, ~), Algorithm 6 computes a solution
for a source tree T' (or determines that it does not exist) in polynomial time.

Proof Let Abe the UNFTA underlying the target schema of M. Lemma 12.20 guarantees
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Algorithm 6 Building solutions for SM({ T, _, ~)
Require: M = (S;,S8:, %) € SM(IH,_,~), T = Ss, and S; = (A, Attr)
compute A g
n = AT+ maxse sy, 119]
D:={d|disusedinT} U{Llo, Ly,..., L}
for all A-kinds K of height and branching at most ||.A||, data values in D, admitting an
accepting run do
forall § € Ap o do
find S5 € L(K) with data values in D and a witnessing substitution of forests and
contexts of height and branching at most || A]| - (2 + ||d]]), satisfying S5 = ¢
end for
if all S5 found then return (B, Arrn S
end for
if no success for each K return ‘7" has no solution with respect to M’

that if there is a solution to 7, it agrees with a kind K that admits an accepting run, and
has height and branching are bounded by |.A||. It suffices to consider kinds using data
values used in 7 and nulls {1y, Lo,..., Ly}, with £ = |.A||IMIl. The size of the run
is linear in | K| and its correctness can be checked in time polynomial in |K| and [|.A]|.
By Lemma 12.19, it is enough to check for each such kind if there is a partial solution
for each target requirement 0 € Ag : if we succeed, we combine the partial solutions
using the operation @. It is not difficult to give bounds on the height and branching of
forest and contexts substituted at ports of K in the partial solutions. Arguing exactly like
in Lemma 12.3 one shows the bound ||A|| - (1 + ||0]|) for forest and tree ports. For context
ports we modify the argument as follows. When a context C' is substituted, one needs to
take into account the existence of the port in C'. It is enough to consider the port a red node
in the argument of Lemma 12.3. Since the port is a leaf in C, the number of blocks of white
nodes on any branch does not increase, and the bound on the height is not influenced. In
the argument for the branching, the number of blocks can increase by one, which means
that the bound increases by ||.A||, resulting in [|A|| - (2 + ||d]]). O

12.5 The general algorithm

Recall our journey so far:

e First, in Section 12.2, we gave a naive exhaustive-search algorithm for building a solu-
tion; it ran an exponential time.

e Then, in Section 12.3, we described a polynomial-time algorithm for building solutions
for mappings in SM™ (|}, ~), i.e., those with nested-relational DTDs and downward
navigation. The algorithm could not, however, be straightforwardly extended to handle
regular schemas and horizontal navigation.
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e Then, in Section 12.4, we showed how to incorporate regular schemas, extending the
polynomial-time algorithm to handle mappings in SM({ ™, _, ~).

In this section we complete the journey by providing a polynomial-time solution-
building algorithm for arbitrary mappings: we refine our techniques to cover mappings
using |, —, and —. For such patterns Lemma 12.19 no longer holds for arbitrary kind.
For instance, the schema r — ab*, where b has a single attribute, and a kind K = r [a, o] s
where the port admits any forest that is a sequence of b-nodes with no children. For each
d =1,2,...,nthereis a Ty in L(K) that satisfies 7(d) = r[a — b(d)], but there is no
single tree in L(K) satisfying 7(d) for all d.

What is wrong with our definition of kind? Recall that the intuition behind kinds is to
specify completely the areas of the tree that are unique and cannot be pumped. The reason
why there is no way to combine the trees Ty; above is that values in the leftmost b-node are
different, and they are different because the kind does not specify this data value. But this
violates the idea behind the kinds: in the presence of sibling order, the leftmost b-node is
clearly a unique node!

Thus for expressive patterns we cannot simply rely on SCCs of the UNFTA underlying
the schema, when distinguishing between the unique and pumpable node; we also need to
think of nodes that can be uniquely selected by patterns. This leads to further difficulties.
In a tree conforming to the schema » — ab*, every b-node can be specified uniquely with
a pattern of the form r[a -b—-b—=- = b(:c)} Does this mean that we can give no
bound on the size of schemas? The answer is that we can, but the bound needs to depend
on the patterns used in the mapping. Intuitively, a pattern with n nodes can only specify
uniquely n — 1 leftmost b-nodes. To guarantee an analog of Lemma 12.19, the kinds need
to specify large enough areas around each port (the phenomenon described above takes
place also for context ports and tree ports, and the child axis). We formalize this intuition
by the notion of a margin.

Definition 12.22 For m € N, a run A of an UNFTA over a kind K has margins of size
m if there exist witnessing runs of the horizontal automata such that for each port u, the
following hold:

e if v is a tree port , there is a |-path v_,, V_m41, ..., v Where \ stays in the same SCC
and the only port on the path is vg = u;

e if u is a context port, there is a |-path v_,, V—_m+1, - - ., Uy, Where A stays in the same
SCC and the only port on the path is vg = u;

e if u is a g, ¢’-port with ¢,¢" in an SCC X of some horizontal automaton, there is a
sequence of consecutive siblings v_,,, V_m+1, - - - , U, Where the horizontal run stays in
the same SCC and the only port in the sequence is vy = u.

Before we show how to combine trees, let us observe that the set of target instances can
be covered by small kinds with margins of given length.
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Lemma 12.23 For every UNFTA A and a tree T € L(A) and m € N there is an A-
kind K with height and branching at most (2m + 1) , admitting an accepting run with
margins of size m, such that T € L(K).

Proof Argue just like for Lemma 12.20, only keep margins of size m around ports : for
SCCs of horizontal automata and non-branching SCCs of A keep m initial and m final
steps of the run within the SCC, and for branching SCCs keep the m final steps (looking
bottom-up). O

In the combining procedure, instead the T;,’s we use larger forest/contexts, encompass-
ing the margins. Fix a run A over K with margins of length m. Foratree T € L(K), a port
win K, and k < m, define ij as an extension of 7}, by k nodes along the margins, i.e.,
using the notation in Definition 12.22,

e if u is a p-port, let ij = T.vg,

e if uis a p, p’-port, then T is the context obtained from T.7_j, by replacing 7.7, with a
port,

o ifuisagq,q-port, let TF = Y7 | T.0; + T, + X0, T\,

where ¥ denotes the node in ' corresponding to v, and T".w denotes the subtree of 7" rooted
at w. In particular, T = T,,.

Note that in 7' € L(K), then the T*’s need not be disjoint. This means that combining
n trees one by one would result in an exponential overhead. In consequence, we have to
combine them in one go by concatenating the forests or contexts replacing v in all n trees.

Fix a run A over K with margins of size m, together with the witnessing horizontal
runs, and let Ty, T, ..., T, € L(K). Fori = 1,2,...,n fix arun \; compatible with ),
witnessing that T; € L(K'). We build

by substituting at each port » in K the following forest or context

o [+ (T )m + FQ + (Tg) -+ Fypa if w is a forest port, or
o Cy - (T Coy - (Tn)T Cin41 if u is a context port, or
o Mi((Ty)™, ((Tg)um,.. -1 ((Th=1)™, (Tr)™)...)) if uis a tree port,

where F; are compatible forests, C; are compatible contexts, and M; are compatible
multicontexts with two ports. The existence of small F;’s, C;’s, and M;’s follows from
Lemma 12.18 and the fact that along the margins the runs stay within a single SCC (a
branching one in the case of tree ports). In this way we obtain a tree of size at most
|K|(|T1| + |T2| + ... + |Tw| + (n + 1)c), where c is a constant independent of the T},
single exponential in A.

Correctness of the construction is guaranteed by the following lemma.
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Lemma 12.24 Let A\ be a run over K with margins of size m. For all Ty, Ts,..., T, €
L(K) and every pattern  of size at most m,

Ty & To @ B T = (@) whenever T; | w(a) for somei.

Before giving the proof, we show how Lemmas 12.23 and 12.24 lead to a general solu-
tion building algorithm.

Algorithm 7 Building solutions for SM({}, =, ~)
Require: M = (S;,S5,,%) € SM({},=,~), T = Ss, and S, = (A, Antr)
compute A g

m = MaXse Ay pm ”5”
n = LA + maxsen .y, 1]
D:={d|disusedinT} U {Lo, Ly,..., Ln}
for all A-kinds K of height and branching at most (2m + 1)||.A||, data values in D,
admitting an accepting run with margins of size m do
forall § € Ap o do
find S5 € L(K) with data values in D and a witnessing substitution of forests and
contexts of height and branching at most || A]| - (2 + ||d]|), satisfying S5 |= ¢
end for
if all S5 found then return (B, Arr S
end for
if no success for each K return ‘7 has no solution with respect to M’

Theorem 12.25 For each mapping M € SM({}, =, ~), Algorithm 7 computes a solu-
tion for a source tree T' (or determines that it does not exist) in polynomial time.

Proof Let m be the maximal size of target side patterns in M. The only modification
needed in the argument in Theorem 12.21 is that we only consider kinds admitting runs
with margins of size m, the operation @ is replaced by @,,,, and Lemmas 12.19 and 12.20
are replaced by Lemmas 12.24 and 12.23, respectively. O

It remains to prove Lemma 12.24. From the point of view of a single 73, the tree T} @,
T @y - - - Bm T, 1s obtained from T; by extending the forests/contexts substituted at the
ports, according to some rules. An m-safe extension of T' at port u is obtained by replacing
T, with any compatible

e forest of the form F' + T + F’, if u is a forest port;
o tree of the form C' - 1", if w is a tree port;
e context of the form C' - T - C”, if w is a context port.

A tree T € L(K) is an m-safe extension of T € L(K) if it is obtained from 7' by
simultaneous m-safe extensions at different ports.
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Clearly, T1 @y, 1o ®p, - - - B T, 1s a safe extension of T; for each ¢, so Lemma 12.24
follows from the following fact.

Lemma 12.26 Fix a pattern , a natural number m > |7

, a kind K together with an
extended run with margins of size m, and a tree T € L(K). For each m-safe extension T’
of T

T' &= w(a) whenever T = 7t(a) .

Proof Fix a suchthat T |= 7(a) and a witnessing homomorphism h : # — T'. We define
a partition ) of V., the set of 7’s vertices, such that a homomorphism »’: = — T" can be
defined independently on each part as long as some simple rules are satisfied.

The areas potentially affected by the extension are the T),’s. We associate with u a set
Zy, such that T,, C Z,, C T, where the homomorphism can be modified independently
of the rest of the tree. If for some u the image of A is disjoint from T, take Z,, = 0. If T},
is not disjoint from the image of h, there are three cases, depending on the type of u.

Case 1 If u is a forest port, then T, = M + T, + N and since the image of 1 has
cardinality at most ||7r|| and is not disjoint from Ty, by the pigeon-hole principle there
exist roots v in M and v' in N outside of the image of h. (If there is choice, choose
the ones closest to T},). Let Z,, be the forest of trees rooted at the sequence of siblings
between v and v’ (excluding v and v’).

Case 2 If u is a tree port, then T, = M - T,, and there exists a node v in M on the path
from the root to the port, closest to 7;,, that is not in the image of h. Let Z,, = T.v.

Case 3 1If u is a context port, then T))* = M - T}, - N, and one can find v on the path from
the root to the port in M and v’ on the path from the root to the port in N, closest to Ty,
that are not in the image of h. Let Z,, = T.v — T.v'.

The sets Z,, need not be disjoint, but we can pick a pairwise disjoint subfamily Z covering
all the sets 7T, that intersect the image of h. To prove this, we first show by case analysis
that for each v’ u” either Ty C Zyr, or Ty C Zy, or Zy and Z,, are disjoint. In fact,
in all cases except the last one, Z,/ and Z,~ either are disjoint or one is contained in the
other.

e For two forest ports, we are dealing with two forests whose roots are children of some
nodes w and w’. If such forests are not disjoint, and neither is contained in a subtree of
the other, then they share one of the roots. But this is impossible: two sibling ports are
always separated by a margin, which must contain a node that is not in the image of h;
the associated forests are disjoint because they were chosen minimal.

e For a tree port and a forest port (or a tree port), the corresponding sets are: a subtree,
and a subforest whose roots are siblings. Such sets are always either disjoint, or one is
contained in the other.

e For a context port and a tree port, whose corresponding sets are not disjoint and neither is
contained in the other, the root of the tree must be contained in the path between the root
and the port of the context. But this would mean that the margin paths of the two ports
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are not disjoint, which implies that the SCCs associated with the ports are the same. This
leads to a contradiction, as one was assumed branching and the other non-branching.

e For two context ports, if the contexts are not disjoint and neither is contained in the other,
the root of one of them lies on the path between the root and the port of the other. Like
above, in this case both ports are associated with the same SCC. Moreover, since the
SCC is non-branching, the two ports are on the same branch of K (otherwise, the two
margin paths would branch). It follows that the ports are separated by a node that is not
in the image of h, which guarantees disjointness of the associated contexts.

o Finally, for a context port «’ and a forest port v, we are dealing with a context T.v —
T.v', and a forest whose roots are children of a single node w. If such sets are not disjoint
and neither is contained in the other, the node w must lie on the path between v and v’
(excluding v"). The margin path around «’ in K cannot contain other ports, which means
that the set T, is disjoint from this path. As v’ lies on this path, T+ does not contain
v'. It follows that T),» C Z,.

To construct Z start with £ = () and for each port v make sure that T, is covered:
let Z(u) = {Z € Z|ZNZ, # 0};if T, C Z for some Z € Z(u), then T, is
already covered and we can proceed to the next port; otherwise, by the observation above,
T C Z, for all v such that Z,, € Z(u), and we replace Z with Z — Z(u) U {Z,}. Let
V={hY2)|ZeZ}u{V, —h Y(J2Z)} and denote V,, = h=1(Z,).

Since h~*(|J Z) covers all vertices of 7 mapped to | J,, T, for z € V. — h1(J 2),
h(x) = w is a vertex from the fixed area of T', and hence has its counterpart w’ in 7. Let
B (x) = w'. Now let us see how to define ' on V,, € V. Since T” is a safe extension of
T, the forest/context substituted at « in 7" contains a copy of Z,,, which in turn contains
h(V.,). We define A’ on V,, by transferring h from Z,, to its copy in 7”. To prove that this
gives a homomorphism we need to check that no relation between vertices of 7 is violated.
We are going to show that each relation between 2z € V,, and y ¢ V,, must be witnessed
by a path visiting a critical node in the fixed part of T induced by K, and that in 7" the
witnessing paths to the critical nodes exist as well. Since the critical nodes are in the fixed
part, the relations between them are the same in T and in T’ and the correctness of b’/
follows.

Suppose first that u is a forest port. Let us analyze the possible relations in 7 between
x and y. First, we exclude some possibilities. The case (z | y) is impossible, because
it would mean that h(y) is a child of h(x), and since h(z) € Z,, it would follow that
h(y) € Z,, contradicting the fact thaty ¢ V,, = h~'(Z,). Similarly, the cases (v —
y), (y — z), (x [T y) are impossible. If (y | z), then h(y) = w, the parent of v and v'. In
the remaining cases, (y J* z), (z =% y), (y =T z), one checks easily that the witnessing
paths must visit w, v’, and v respectively. Note that w, v, v" are vertices of K and have their
counterparts in 7”. After transferring the image of V,, to the copy of Z,, contained in T},
as a subforest, the child and descendant relation with w and the following-sibling relation
with v, v’ are preserved.

If w is a tree port, the only possible edge between x € V,, and y ¢ V,, is (y | z), and
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the witnessing path must visit v. Hence, the image of V,, can be transfered to the copy of
Z,, contained in T}, without violating the existence of witnessing paths.

Finally, if u is a context port, let Vielow, Vs Vabove b€ @ partition of 7’s vertices into
those mapped to T.v', Z,, = T.w — T.v’, and elsewhere. The only possible edges between
2 € Vi, ¥ € Vaboves and 4y € Vielow, are (y LT x), (x [T o), or (y |7 o) with
the witnessing paths visiting v, v/, or both of these, respectively. Consequently, we can
transfer the image of V,, to the copy of Z,, contained in T, preserving the existence of the
witnessing paths. O

12.6 Combined complexity of solution building

The solutions built by the algorithms from the previous sections are polynomial-size, and
can be constructed in polynomial time, for each fixed mapping M. A quick analysis of
the algorithm (already done in the proofs of correctness results) shows that in terms of
M, such solutions can be of exponential size. This bound is in fact tight: the smallest tree
conforming to the target schema might be exponential, and even if the schema is fixed, a
simple rule like

rlf)- (@), [l -(x2), s /)~ (@n)] — v/a(ar, @, )

causes exponential blow-up.

We now investigate the bounds on the combined complexity of solution building. That
is, we look at the problem of building a solution when the input consists of both a mapping
M and a source tree T'.

Theorem 12.27 The combined complexity of solution building for schema mappings in
SM({}, =, ~) is in EXPSPACE.

Proof Let us sum up the space used by Algorithm 7. The kinds and partial solutions
considered by the algorithm have branching and height bounded by functions polynomial
in the size of the mapping, and their data values come from a set single exponential in
the size of the mapping. The number of partial solutions kept in memory at the same time
is bounded by the number of target requirements, i.e., |Ar r¢|, which is at most [|M]| -
|T |1 1t follows that these objects can be stored in exponential memory.

The merging operation @,,, uses memory polynomial in the size of the partial solutions
and the kind (modulo exponential multiplicative overhead needed for the padding contexts
and forests used in the operation). All other checks and operations need memory polyno-
mial in the size of these objects. O

Note that an EXPSPACE algorithm in general implies doubly-exponential running time
(just like a PSPACE algorithm implies a single-exponential running time). To understand
better the complexity of the problem, and to see whether this bound can be lowered, we
consider a decision version of solution building, i.e., solution existence.
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PROBLEM: SOLEXISTENCE
INPUT: mapping M, source tree T’
QUESTION:  Is M(T") nonempty?

Clearly, finding a solution is at least as hard as deciding if it exists. The following theo-
rem implies that an algorithm for solution building with exponential combined complexity
is unlikely to exist. We show that the problem is NEXPTIME-complete, even for a simple
class of mapping. Just like NP-completeness implies an exponential-time algorithm (mod-
ulo some unresolved problems in complexity theory), NEXPTIME-complete is a strong
indication that doubly-exponential time is required.

Theorem 12.28 SOLEXISTENCE is NEXPTIME-complete. The problem remains
NEXPTIME-hard for mappings from SM™ (], _).

Proof To get the upper bound proceed just like in the proof of Theorem 12.25, only
instead of examining every possible kind K, choose it nondeterministically, together with
a witnessing run. Then, for each dependency 7(Z,7) — 3z ' (%, 2) in ¥ and tuples a, b
such that T' |= (@, b), we need to check if there exists 7’ € L(K) such that T’ = 7'(a, 2).
By Lemma 12.29 below, this can be done nondeterministically in polynomial time.

Lemma 12.29 For an A-kind K, a pattern 7, and a tuple a, satisfiability of w(a) in a
tree agreeing with K can be witnessed by an object polynomial in the size of , the height
and branching of K, and the size of A.

Proof We need to check if the ports of K can be filled in such a way that 7(a) is satisfied
in the resulting tree. The contexts/forests needed might be large, but just like in the proof
of Theorem 11.7 all we need is a support for the homomorphism from 7 (a) to the tree. It is
easy to see that the total size of the support in the substituted parts can be bounded polyno-
mially. In particular, the number of ports involved in the realization of 7 (@) is polynomial,
and for the remaining ones the support is empty. A homomorphism from 7(a) into K ex-
tended with the support can also be stored in polynomial memory. Verifying the witness
can be done in PTIME. (]

To get the lower bound we give a reduction from the following NEXPTIME-complete
problem: given a nondeterministic Turing machine M and n € N, does M accept the
empty word in at most 2" steps? The idea of the reduction is to encode the run of the
machine in the target tree. The run will be encoded as a sequence of 2" configurations of
length 2™. The machine M is stored in the source tree , except the (specially preprocessed)
transition relation, which is encoded in the target tree. The source tree is also used to
address the configurations and their cells.

We give a reduction of this problem to SM™ (|, _, =). Removing = from the source side
is an instructive exercise (see Exercise 10).

Let M have the tape alphabet A with the blank symbol b € A and the states
qo; 41, ---,qy. W.lo.g. we assume that g; is the only final accepting state. The extended
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transition relation of M, denoted 5, describes possible transitions in a window of three
consecutive tape cells. Formally, 6 € ({qo,q1,...,qs, L} x A)®, where A is the set of
decorated tape symbols, defined as A = {s, s”, s | s € A}. The symbol L means “the
head is elsewhere”, > marks the beginning of the tape, < marks the end of the tape (at posi-
tion 2™), and (p1, 01, p2, 02, - . ., D6, T6) € & iff at most one of p1,p2, ps is not equal to L,
and p4o4p505pe0s 1s obtained from py o1 paoapsos by performing a transition of M. Note
that p; = p2 = p3 = L and py # L is possible as long as o4 is not marked with . Note
that § can be computed in polynomial time.
The source DTD is given as

r— zeroone qoqr---qf LTiT2 0 Ty

zero, one — bit

where A = {71, 72,...,Tm} and each label except r, zero, one has a single attribute. The
target DTD is given as

r—=aibitritrg -+ try
tr; — tr
@j, bj = a1 b1
Q2n, bon — cell
tr: @st; @sym, @sym, @sym,, - -- @symg @symg
cell: Qay Qag - - - Qag, Qst Qsym

fori =1,2,...,d,j =1,2,...,2n —1,and d = |5| The cell nodes store in binary a
configuration number and a cell number, as well as a state and a decorated tape symbol.
The #r nodes store 4.

The source tree 7' is any tree conforming to the source schema storing a different data
value in each node. The children of the root store data values encoding the states and
tape symbols used in 4. To ensure that ¢ is stored properly on the target side, for each
(p1,01,p2,09,...,D6,06) € 6 add a dependency

7[p1(u1), o1(v1), p2(uz), 02(v2), . .., pe(ue), o6 (v6)] —

— 1/ [tr(uy, vy, u2, V9, ..., Ug, Vg) -

Note that d different dependencies are introduced, so each #r node in the target tree contains
a tuple from 5.

The data values stored in 7" in two bit nodes are used to address the configurations
and their cells. This is done by means of three auxiliary patterns, First(Z), Last(Z), and
Succ(Z,y) with T = z1,22,...,Zn, § = Y1,Y2, - - - , Yn, Which roughly speaking imple-
ment a binary counter over n bits. In the auxiliary patterns we use disjunction, but since we
are only going to apply them on the source side of dependencies, disjunction can be easily
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eliminated at the cost of multiplying dependencies. Formally, they are defined as:

First(Z) = zero|bit(x1), bit(x2), . . ., bit(zy)]
Last(z) = one|bit(z1), bit(x2), . .., bit(z,)] ,

Succ(z,q) \/ </\ [bit(x;), bit(y;)], zero /bit(x;) A one/bit(y;),

i=1 \ j=1

/\ one/bit(x;) A zero/bit(yj)> .

j=i+1
Using the auxiliary patterns we ensure that the target tree encodes an accepting run of
M. In the first configuration the tape is empty and the head state qq is over the first cell,

r[First(Z), First(§), qo(u),b” (v)] — r//cell(z, §,u,v) ,
r[First(Z), Succ(z1,9), Succ(g, z2), L(u),b(v)] — r//cell(Z, 7, u,v),
r[First(Z), Last(y), 1 (u),b(v)] — r//cell(Z, §,u,v) .

Note that the valuations of ¢ correspond to all numbers from 0 to 2" — 1, and thus the
content of each cell of the tape is specified.
The correctness of transitions is ensured by

r[Succ(:Eo,fl), Succ(g1,72), Succ(gjg,gg)} —

— Judv r[_/tr(ul, V1,U2,0V2,...,Ups, 1)6), /\ //cell(:fi, ﬂj, U3i+7, 1)31'+j):| .
i,j
Again, Ty, T range over k, k+1 with 0 < k < 2"—1,and y1, y2, y3 range over £, {+1, (+2
with 0 < ¢ < 2™ — 2, which means that the evolution of each three consecutive cells is
checked for every step.
Finally, the machine needs to reach the accepting state (w.l.o.g. we assume that the
accepting state is looping),

rlas(w)] — 323930 v/ Jcell(@, 5. u.0).

Note that each occurrence of // above can be replaced with a sequence of _and / symbols
of suitable length.

It is straightforward to verify that M has an accepting computation of length at most 2"
if and only if 7" has a solution with respect to the mapping defined above. O
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Answering tuple queries

The ultimate goal of data exchange is to answer queries over the target data in a way
consistent with the source data. In this chapter we focus on queries that return sets of
tuples of data values. The reason for this restriction is twofold:

o first, for such queries the notion of certain answers is easy to define; and
e second, already for these queries we shall be able to identify features that need to be
ruled out in order to ensure tractability of query answering.

We deal with a query language based on tree patterns, as it forms a natural analog of
(unions of) conjunctive queries. We show that the problem of finding certain answers is
in CONP, just like for conjunctive queries in the relational case. We then identify several
features specific to XML, such as disjunction in DTDs or the horizontal order , that make
the query answering problem intractable. Finally, we give a polynomial query answering
algorithm that computes certain answers for unions of conjunctive queries that only use
vertical navigation, restricted to schema mappings with nested-relational DTDs.

13.1 The query answering problem

Just like in the relational case, we study conjunctive queries and their unions. As we have

learned, it is convenient to work with tree patterns, which have very similar expressivity

to conjunctive queries. Thus, for querying XML documents we use the same language as

for the dependencies: tree patterns with equalities and inequalities, to capture the analog of

relational conjunctive queries (with inequalities). And, of course, we allow projection.
That is, a query @ is an expression of the form

(7, 9),
where 7 is a (generalized) tree pattern satisfying the safety condition, i.e., each variable

used in 7 is connected by a sequence of equalities to a variable used in the pure pattern
underlying 7. The semantics is defined in the standard way:

T 3yr(a,y) < T = 7(a,b) for some tuple b of attribute values.
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The output of the query is the set of those valuations of free variables that make the
query hold true

QT)={a|T E=3yn(ay)} .
This class of queries is denoted by CT'Q (conjunctive tree queries).
Note that conjunctive queries from CTQ are indeed closed under conjunctions. This is
because patterns are closed under conjunction, as we have seen in Section 11.1.

We also consider unions of such queries: UCTQ denotes the class of queries of the
form

Q@)U+ UQm(2),

where each @); is a query from CTQ. Like for schema mappings, we write CTQ(0)
and UCTQ(o) foro C {|,]",—, =T, =,#,_} to denote the subclass of queries using
only the symbols from o. Recall that we are using abbreviations |} for ({,]", ), = for
(—,—7,.), and ~ for (=, #).

Example 13.1 Recall the mapping defined in Example 11.12 on page 154. Suppose we
want to find out which rulers succeeded more than one other ruler. This can be expressed
over the target schema by the following conjunctive query with inequalities MultiSucc:

Jx Jy rulers|ruler(x)/successor(z), ruler(y)/successor(z)| Az £ y.

Just like in the relational case, the query might return different answers on different solu-
tions to a given source tree. For instance, for the source tree 77 shown in Fig. 10.1, two
possible solutions are 75 and T3 shown in Fig. 11.4. On T5 the query MultiSucc returns
{James VI & I}, and on T3 the answer is {James VI & I, Charles I}. O

What is the right answer to a query then? Since the queries return tuples of values, we can
simply adapt the certain answers semantics from the relational case. For a mapping M,
a query @, and a source tree S conforming to Dy, we return the tuples which would be
returned for every possible solution:

certainp (Q, S) = ﬂ {Q(T)

T is a solution for S under J\/l} .

The subscript M is omitted when it is clear from the context.

This is precisely why for now we restrict to queries that return tuples of data values: for
them, it is clear how to define certain answers. For queries that can return XML documents,
the definition is not so clear; we revisit the problem in the next chapter.

In our running example,

certainpg(MultiSucc, T1) = {James VI & I} .

Note that when @ is a Boolean query, certaina(Q, S) is true if and only if @ is true for
all the solutions.

To understand the computational resources needed to find certain answers, we focus on
the following decision problem, for fixed M and Q:
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PROBLEM: CERTAIN y((Q)
INPUT: asource tree S, a tuple 5
QUESTION: 5 € certainpm (Q, S) ?

In what follows we investigate how the complexity of this problem depends on the fea-
tures allowed in schemas, st-tgds, and queries.

13.2 An upper bound

We have seen that in the relational case certain answers problem for CQs with inequalities
is in CONP. In the XML setting this is no longer the case: the problem can be undecidable
for some mappings and queries. This happens either with mapping and queries permitting
downward navigation, or child/next-sibling navigation, as long as inequalities are allowed
in queries. Specifically, the following is true.

Proposition 13.2  Let o include either downward axes |, | ", or the child and next-sibling
axes | and —. Then there exist a mapping M € SM(c) and a query Q € CTQ(o,~)
such that CERTAIN ((Q) is undecidable.

As soon as we forbid inequalities in queries, we get the CONP upper bound back, but
the proof is more involved. Below, we only give a sketch of the main ideas.

Theorem 13.3  For every schema mapping M from SM({}, =, ~) and every query Q
from UCTQ(|}, =, =), the problem CERTAIN »((Q) is in CONP.

Proof idea Take a query Q € UCTQ(},=,~), an XML schema mapping M =
(Ss,St, Xst), and a source tree S conforming to Ss. Without loss of generality we can
assume that @) is a Boolean query.

A tree conforming to the target schema is a solution for S’ iff it satisfies every pattern
from the following set:

AS,./\/t = {w(dv 2) ’ gp(,@g) — 321/](*%’2) € X and S ): (p(d,B)}.

Note that for a fixed mapping the set Ag 1 can be computed in PTIME.
The certain answer to () is false iff there exists a counter-example tree T' such that

1 TES,
2 T):AS,M,and
3T Q.

Assume that there exists such a counter-example 7'. Fix a set of nodes witnessing Ag a4.
Observe that since () does not use #, we can assume that all the non-witnessing nodes store
unique data values. Under this assumption, we will show that we can trim most of the non-
witnessing nodes without satisfying @, or violating S;, so that 7" becomes of polynomial
size. This gives an NP algorithm for checking whether certain answers are false: simply
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guess a tree T' of polynomial size, and check if it satisfies the three conditions of being a
counter-example. This, in turn, implies that checking whether certain answers are true is in
CONP.

Consider a first-order logic (FO) formula equivalent to (), and let & be its quantifier rank,
i.e., the depth of quantifier nesting. The k-type of a node is the set of all FO formulae of
quantifier rank & with one free variable it satisfies. It is known that there are only finitely
many nonequivalent FO formulae of any given quantifier rank. In consequence, there are
only finitely many different k-types. Since k depends only on the query, we have a fixed
number of k-types.

Now, roughly, for any pair u, v of non-witnessing nodes with the same FO k-type, we cut
the nodes in-between and merge u, v (provided that cutting neither removes any witnessing
node nor leads to violation of the schema). Cutting this way, vertically and horizontally,
we make sure all the witnesses are not too far apart, and the resulting tree has polynomial
size. Since v and v above have the same k-type, it can be shown that after cutting, the tree
satisfies all the same FO formulae of quantifier rank & as before; in particular, the cut tree
satisfies () iff the original tree did. O

13.3 Sources of intractability

The certain answers problem easily becomes CONP-hard. In the this section we investigate
the reasons for hardness which will help us isolate a fairly expressive tractable case, that is
further analyzed in the next section.

The reasons for hardness may come from three main sources: schemas, st-tgds, and
queries.

Hardness due to schemas

Let us first consider schemas. It can be shown that for SM%4(|, =) and UCTQ({, =)
there is a dichotomy: if schemas (DTDs ) allow enough disjunction, the problem is CONP-
hard, otherwise it is polynomial. Without giving the precise (and rather technical) charac-
terization of the class of mappings that gives hardness, we show how simple these map-
pings can be.

To do so, we will give examples of an XML schema mapping M and a Boolean query
@ such that the well known NP-complete problem 3SAT is reducible to the complement
of CERTAIN (@), i.e., for each 3SAT instance (a propositional formula ) ¢, we have

certainp (Q, S,) is false iff ¢ is satisfiable,

where S, is a tree encoding of ¢ described below.

Suppose we are given a 3-CNF formula ¢ = A, V?:l ¢;j, where c;; is a literal and
in each clause all three literals are different . The tree encoding, S, is best explained on a
concrete example. A formula (z1 V —x3 V x4) A (22 V 23 V —y) is encoded as
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c% T\V\V
JIN /I 02 ee se 09

Ly Ly Ls Ly Lz Ls

1 © @ @ 6 @
Each V node has two attribute values encoding a variable and its negation with two dif-
ferent values. For example V' (1, 2) indicates that ; is encoded by the data value ‘1” and
-1 by 2°. Also for each clause in the formula we have a C node that has three children
labeled L1, Lo, Ls. The L; node holds the data value encoding the 7th literal in the clause.
In the example above, the second literal of the first clause is —x3 and hence the data value
of L1 under the middle C node is ‘6’.

Let us first see that disjunction in schemas leads to intractability.

Proposition 13.4  There is a schema mapping M € SMdtd(ia =) whose source DTD is
nested-relational, the target DTD combines nested-relational rules and rules of the form
a — b|c, and a query Q € UCTQ({, =) so that CERTAIN \((Q) is CONP-complete.

Proof Let Dy, the source DTD, be

r— C*V* V: Qaq, Qas
C— L1L2L3 Lz Qb

where ¢ = 1,2, 3. The target DTD D is defined as

r— C*V* V. Qaq,Qay
C— L1LoLg L;: Qb
Li»K|N

where i = 1, 2, 3. The st-tgds ¥, simply copy the tree S, in the target, guessing a K -node
or an N-node under each L;-node:

r/C[L1(z), L2(y), Ls(2)] = r/C[L1(x), L2(y), L3(2)] ,
r/V(z,y) = r/V(x,y).
K means that the literal is set to true, N means it is set to false. Now we need to check

that either a variable and its negation is set to true, or there is a clause with all literals set
to false. This is done by the following query:

Q = 323y r[V (@), C/Li(x) /K, C/Li(w)/K] U 1/ClL1/N, Ls/N, Ls/N]
2%
It is easy to verify that certain(Q, S.,) is false iff ¢ is satisfiable. O

Next, we show that setting a fixed number of children (greater than 1) with the same
label can lead to intractability.
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Proposition 13.5 There is a schema mapping M € SMdtd(ia =) whose source DTD
is nested-relational, the target DTD has nested-relational rules except one of the form
a — bbb, and a query QQ € CTQ({,, =) so that CERTAIN p((Q) is CONP-complete.

Proof This time, the mapping itself is defined so that a solution for .S, corresponds to a

selection of (at least) one literal for each clause in ¢. The query only asks if the selection

contains a variable and its negation. Thus the existence of a solution falsifying the query

implies the existence of a well-defined (partial) assignment that satisfies the formula .
The source DTD D is as in the proof of Proposition 13.4, and target DTD D is:

r— C*V* V: Qaq, Qas
C —- LLL L: @b
L — K?

The st-tgds X are:
r/ClLi(x), L2 (y), Ls(2)] = r/C[L(x), L(y), L(z), L/ K],
r/Vi(z,y) = r/V(z,y).
Essentially, we copy S, in the target, and with a K-child we indicate the chosen literals.
As we demand that in each clause at least one literal be chosen, a solution gives a valuation

satisfying the formula, provided that we have chosen consistently. This is verified by the
query, which is defined as

3y r[V (2, ), C/L(x)/K,C/L(y)/K].
Clearly, the query is true if a variable and its negation are chosen. o

The examples in the two propositions above involve a lot of guessing on where patterns
could be put in a target tree. If the mapping is specific enough, this is not possible. In
terms of schemas this restriction is well captured by the notion of nested-relational DTDs
(for instance, there is no explicit disjunction). Thus, in the analysis of the remaining two
parameters, st-tgds and queries, we will be assuming that schemas are given by nested-
relational DTDs.

Hardness due to st-tgds

Even under nested-relational DTDs guessing can be enforced by st-tgds: allowing wild-
card, descendant, or next-sibling leads to intractability.

Proposition 13.6  There exist queries Q1,Q2, Q3 € CTQ(|, =) and mappings

e My e SMY({, ., =),
e My e SM™(,}T,=), and
e M3 e SM™(|,—,=)

such that CERTAIN p, (Q;) is CONP-complete fori = 1,2, 3.
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Proof The CONP upper bounds follow from Theorem 13.3. Below we prove the lower
bound for the first claim. The proof for the second claim can be obtained by replacing _
with | *. The third claim is left for the reader (see Exercise 11).

The reduction is very similar to the one used in the proof of Proposition 13.5, only the
selection of literals for each clause is done by permuting the data values in the L;-children:
we choose the literal encoded by the data value stored in L; .

Thus, the source DTD D, remains the same, the target DTD D, is equal to Dy, the
st-tgds X4, are

r/ClLa(x), L2(y), Ls(2)] = /C[(z), -(y), (2)],
r/V(zy) = r/V(z,y).
and the query is 3z3y r [V (z,y), C/L1(z),C/L1(y)].

Hardness due to queries

Let us now move to the analysis of the query language. One lesson learned from the re-
lational case is that inequality in the query language leads to CONP-hardness. Since the
usual translation from the relational setting to the XML setting produces mappings from
SM™ (], =), we immediately get CONP-hardness even for the simplest mappings (we have
already seen that for more expressive mappings the problem may be undecidable).

Corollary 8 There exist a mapping M € SM™ (|, =) and a query Q € CTQ({,=,#)
such that CERTAIN o((Q) is CONP-complete.

Similarly, allowing any form of horizontal navigation in queries leads to intractability even
for the simplest mappings.

Proposition 13.7 There exist a schema mapping M € SM™(]), and queries Q1 €
CTQW,—,=) and Q2 € CTQ(,—",=), such that both CERTAIN»((Q1) and
CERTAIN A (Q2) are CONP-complete.

Proof The proof is almost identical as for Proposition 13.6. The mapping uses the same
D;. The target DTD Dy is

r— C*V* V. Qaq,Qay
C—L* L: @b
and the st-tgds X5, are
r/C[Ly1(z), L2(y), L3(2)] = r/C[L(z), L(y), L(2)],
r/V(z,y) —=r/V(z,y).

Intuitively, we choose the literal having more than two following siblings. Since each C'
node has at least three L children, clearly at least one literal is chosen for each clause. The
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query Q1 is just 3z3y r[L(z,y), C[L(z) — L — L],C[L(y) — L — L]]. Replacing —
with =7 gives Q-. O

We have seen that if we stick to child-based mappings, we cannot extend the query lan-
guage. But perhaps we can find a more suitable class of mappings? Observe that the map-
ping in the proof above is very imprecise: the queries use horizontal navigation, and yet the
mapping does not specify it at all. It might seem a good idea to demand more precision,
for instance, by allowing only a[b — ¢] or a[c — b], but not a[b, ¢|. Unfortunately, the
reduction above can be modified to obtain hardness for such mappings too (see Exercise
13). Sibling order in queries inevitably leads to intractability.

In summary, if certain answers are to be tractable, the following conditions must be
imposed:

o the schemas should be simple (nested-relational),
e st-tgds should not use descendant , wildcard, nor next-sibling, and
e queries should not use horizontal navigation nor inequality.

13.4 Tractable query answering

The conclusions of the previous section indicate that, in order to have a chance to achieve
tractable query answering in XML data exchange, we need to impose some restrictions:

e mappings should come from the class SM™ (], =), and
e queries should come from the class UCTQ({}, =).

We now show that these restrictions indeed guarantee tractability of query answering.

Theorem 13.8  For each mapping M € SM™ (|, =) and query QQ € UCTQ({, =), the
problem CERTAIN v (Q) is solvable in polynomial time.

In the rest of the section we describe the polynomial-time algorithm. The approach, just
like in the relational case, is via universal solutions.

Recall that in data exchange the set of values that may appear in databases/documents
is split into CONST, the set of constants (data values appearing in source documents), and
VAR ,the set of nulls (data values invented to fill in unspecified attributes on the target side).

In order to carry over the concept of universal solutions to the XML setting, we need
the notion of homomorphisms between XML trees in which we do not care about the
horizontal axes, since the mappings do not use them.

Definition 13.9 (unordered homomorphism) For two XML trees
S = (U, 1%, =5,1ab%, (p7)acan) and T = (UT, 17, =" 1ab", (pF )acant) ,

an unordered homomorphism h : S — T is a function mapping U* to U’ and CONST U
VAR to CONST U VAR such that

e h preserves the root, i.e., h(e) = ¢;
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e h preserves the child relation, i.e., if v |° w then h(v) [° h(w);

e h preserves the labeling, i.e., lab® (v) = lab” (h(v));

h is identity on CONST, i.e., h(c) = ¢ for all ¢ € CONST;

if v stores £ then h(v) stores h(%), i.e., pL (h(v)) = h(pS (v)) forall a € Att.

Now that we have the notion of homomorphism, universal solutions are defined just like
in the relational case.

Definition 13.10 (unordered universal solution) A tree U is an unordered universal solu-
tion for a tree S under a mapping M if it is a solution for S, and for each other solution T'
there is an unordered homomorphism from U to T'.

The following lemma carries over from the relational case.

Lemma 13.11 If U is an unordered universal solution for a source tree S under a map-
ping M, and @ € UCTQ(, =), then for each tuple a of values in CONST

a € certainp (Q,S) <= acQU).

Proof One implication is obvious, as U is a solution itself. Let us focus on the other one.
Take a € Q(U). Let 7(Z, §) be a pattern such that Q = 3§ 7(Z, 7). Then U |= 7 (a, §). Let
h : ™ — U be the witnessing homomorphism. We need to show that T = 7(a, 3) for each
solution 7T'. By Definition 13.10, there exists a homomorphism g : U — T'. Since 7 uses
no horizontal axes, the composition & o g is a homomorphism from 7 to T" that witnesses

T E (@, p). O

Fix a mapping M = (D, Dy, X5;) and a source tree S. Recall the set of target require-
ments defined as

AS,/\/( = {1/)(5%5) ‘ <P(j,?j) - 32¢(f75) € EsiE and S ': </7(C_Lvl_))}

with variables renamed so that none is used in more than one pattern, and the pattern
ds,am obtained by taking the conjunction of all patterns from the modified Ag aq. By
Lemma 12.1, a tree T' conforming to the target schema is a solution for S if and only
if T = 65 am. This means that constructing a universal solution for .S under the mapping
M € SM™ (], =) amounts to finding a “universal” tree satisfying a child-only pattern 7
(with equalities) and conforming to a nested-relational DTD D. To this end we construct a
pattern 7 such that

o foreveryT,if T = DthenT E7iff T = 7',
e 7/ viewed as a tree conforms to D.

We construct this pattern by means of two operations: completion and merging.

We say that a pattern ¢ is complete with respect to a nested relational DTD D if each
of its nodes has all the children required by the DTD. More precisely, a label 7 is missing
in a subpattern o (#)[m1, 72, . . ., k] if 7 occurs in the production for ¢ as 7 or 7+, but no
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formula of the form 7[A] occurs among the 7;s. A pattern is complete if no label is missing
in its subpatterns.

Completion simply extends the pattern with all missing labels and thus makes it com-
plete. As the patterns use only | and =, and DTDs are nested-relational, this can be done
in a unique way. For a DTD D the operation cpl,, on pure patterns is defined inductively
as

eplp (o(®)[m, w2, ..., 7)) = o(f)|cplp (m1), cplp (72), .. ., cplp (m),

cplp (11(21)), cplp (72(22)), - - -, ePlp (T (Zm)) |

where 71, ..., T, are the missing labels and 21, s, . . . , Z,,, are tuples of fresh variables.
(If ¢ is empty and o has r attributes, replace ¢ with a tuple of fresh variables z1, 22, . . ., 2;..)
Since D is non-recursive, the operation terminates and returns a pattern at most single ex-
ponential in the size of D. Note that different occurrences of 7 are completed with different
variables. We write cplp, (7 A «) for cplp (7) A .
It is fairly easy to see that the completed formula is equivalent to the original one.

Lemma 13.12 Let D be a nested-relational DTD, and let T be a tree pattern. For each
T = D and each a

TEw(@) iff Tk cplpn(a,c)forsomec.

The aim of merging is to merge all subpatterns that are always mapped to the same node
in trees conforming to the given DTD. More precisely, for a given 7 it produces a pattern
7 such that

e 7 is equivalent to 7w’ over trees conforming to D,
e 7’ admits an injective homomorphism into a tree conforming to D (or is not satisfiable).

Fix a nested-relational DTD D. The pattern mrg () is build inductively, with new
equalities (induced by merging nodes) added to the global set E' along the way. If at some
point we arrive at an inconsistency between 7 and D, we output an unsatisfiable pattern L.
In the beginning the set E is empty.

To obtain mrgp, (o[, . .., m]) proceed as follows.

1 Return | whenever ; = 7(t)[\] for some ; and a label T not occurring in the produc-
tion for o.
2 Foreach 7 suchthato — ...7... oro — ...77... merge all the 7;’s starting with 7:

2a remove all 7;’s of the form 7(%)[A], say, m;, = 7(Z;)[\;] for1 < j < m,
2b add a single pattern mrg  (7(1)[A1, - - -, Am]),
2¢ add to F equalities ¢ = t; for 2 < j < m (where § = ¢ stands for the conjunction of
s1 =1t1,80 =to,...,8q = tq).
3 Replace all the remaining 7; with mrgp, (7).
4 Return the obtained pattern and the equalities from E.
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For a pattern with equalities ™ A o, let mrg (7 A @) = mrgp(7) A a.
Again, proving that the new formula satisfies the required properties is straightforward.

Lemma 13.13 Let D be a nested-relational DTD, and let 7 be a tree pattern.
1 Foreach T |= D and for all a
TEn@) iff Tk migpn(a).

2 If w is satisfiable with respect to D, then mrgp,(m) admits an injective homomorphism
into a tree conforming to D.

The property we postulated follows.
Lemma 13.14 Let ¢ be a pattern satisfiable with respect to a nested-relational DTD D.

e ForeveryT = D and every a

T e(a) iff Tk mrgp(cplpy)(a,c)forsomec,
e mrgn(cplpp) viewed as a tree conforms to D.

Let us now return to the construction of a universal solution. Recall the pattern dg aq
combining all target requirements. Define

ns.m = mrgp, (cplp,ds m).-

Without loss of generality, we can assume that 1g ¢ is a pure tree pattern. Indeed, if an
equality says that v = ¢, replace each occurrence of v with ¢, and remove this equality.
If at some point we obtain an equality between two different constants , the pattern is not
satisfiable and can be replaced with L.

Lemma 13.15  For a every mapping M from SM™ (|, =) and source tree S, the pattern
Ns,.Mm viewed as a tree is a universal solution (unless ns p = L).

Proof Suppose that ng a¢ # L and let U be ng a4 viewed as a tree, with variables inter-
preted as new data values (nulls). Obviously U = ng a. By Lemma 13.14, U = dg,m
and U = D;. Using Lemma 12.1 we conclude that U is a solution.

To show that it is universal, take some solution T". By Lemma 13.14, T' |= ns, am(Z) and
so there exists a homomorphism from ng A to T'. As U and 7g ¢ are isomorphic, this
gives a homomorphism from U to T', and proves universality of U. (|

Now we can present the polynomial time algorithm. It works as follows:

e first, it computes 1s a1;
o then it evaluates () over ng a(; and
o finally, it removes tuples containing nulls from the result.

Its correctness is an immediate consequence of Lemmas 13.15 and 13.11.



14
XML-to-XML queries

So far we have only considered queries returning sets of tuples, but queries in practical
XML languages, like XQuery, return documents, i.e., XML trees rather than sets of tuples.
In this chapter we introduce a simple XML-to-XML query language and examine the chal-
lenges it brings to data exchange tasks. It turns out that the semantics of certain answers
has to be reinvented, as there is no natural analog of the intersection of a set of trees. Under
the new semantics, certain answers can be computed owing to the existence of finite bases
for the sets of solutions. While the complexity could be high in general, for some classes
of mappings the problem can be solved efficiently. Specifically, it can be solved efficiently
for the same child-based mappings that led to efficient algorithms for building solutions
and answering tuple queries.

14.1 XML-to-XML query language TQL

As in many functional and database query languages, including FLWR (for-let-where-
return) expressions of XQuery, the key construct of the language we use is a compre-
hension. It is of the form

for 7(Z) return ¢(7)

where 7(Z) is a pattern and ¢(Z) defines a forest. We shall formally define both the class
of patterns we use and forest queries below. For now, we explain the class of queries
informally, and give a few examples.

The semantics of the comprehension above is this: given an input tree 7', for each
tuple @ such that T = w(a), we construct the forest ¢(a) and take the union of all
such forests as the answer to the query. To make a forest into a tree, we just put a
common root above it. Forest expressions can involve subqueries as well, for example
for m(z) return (for n'(Z, z) return ¢'(z, z)). Then, for each 7(a) true in an input
T, we construct the forest for 7’(a, Z) return ¢'(a, z) and take the union of these as the
answer to the query over 7'.

Example 14.1 Consider the tree Ti,ynsries Shown in Figure 10.1, representing a set of
countries with a list of subelements storing their successive rulers.
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europe

/ \
country country
(Scotland) (England)
ruler ruler ruler ruler ruler ruler ruler

(James V) (MaryI) (James VI&I) (CharlesI) (ElizabethI) (James VI&I) (CharlesI)
(@) Tree Teounries
///' r \
monarch monarch monarch monarch monarch
(James V) (MaryI) (ElisabethI) (James VI&I) (Charles I)

1/ N\ / N\

kingdom kingdom kingdom kingdom kingdom kingdom kingdom
(Scotland) (Scotland) (England) (England) (Scotland) (England) (Scotland)

(b) Tree Trnonarchs

Figure 14.1 A TQL example: Thponarchs = Q2 (Tcountries) for Q2 in Example 14.1

Suppose that we want to list countries ruled by Charles I. This can be done with the
following query @1:

r[for europe/country(z)/ruler(“Charles I”) return

country(x) ]

The next query will involve nesting. Suppose we want to output the tree Tyonarchs given in
Figure 14.1: it restructures the input by combining, for each monarch, all his/her kingdoms.
The TQL query for this transformation is Q2 = r[q], where ¢ is the following forest query:

for europe//ruler(x) return
monarch(z)[ for r/country(y)/ruler(z) return

kingdom(y) | .

As these examples indicate, patterns in queries must use constants in addition to vari-
ables In general, we shall only use patterns with child and descendant axes, wildcard, and
constants. We denote the class of such patterns by II,,(CONST, |}, =) (i.e., the set of pure
patterns from I1({}, =) that can reuse variables and use constants). Formally, these are given
by the grammar below:

s

A

0(Z)[A] | £(z) (patterns)

| /T AN (sets) (14.1)

where tuples # can mix both variables and constants from CONST. We sometimes write
7(@, T) to be explicit about constants and variables used in patterns; of course @, b etc will
stand for tuples of constants, and Z,  etc for tuples of variables.

Now we are ready to see the formal definition of TQL.
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qg(x) == ¢
| £(@a,z')[q'(z")] z’ and 7"
| ¢(Z),q"(7") are subtuples of T
| for 7 (Z,y) return ¢'(Z,y) ¥ is disjoint from =

Figure 14.2 The syntax of forest queries

Definition 14.2 A TQL query @ is an expression of the form
t(a)lql,

where ¢ is a forest query without free variables. The syntax of forest queries is given in
Figure 14.2; patterns in comprehensions are required to come from 7 € II,(CONST, |}, =).

For a tree T and a query Q = £(a)[q|, we define Q(T) as the tree ¢(a)[[¢]r], i-e., the
forest [¢]r under root £(a).

Forest queries include the empty forest (¢), trees (£(a, Z')[¢]), unions of forests (¢’, ¢""),
and comprehensions (for m return ¢’). By union F' U F’ of forests we mean the forest
obtained by putting together F' and F’ (i.e., it may contain more than one copy of a tree).
By /(a)[F] we mean a tree obtained by attaching a common ¢-labeled root with values a
on top of forest F'.

We next define the semantics of forest queries. Even though in the definition of TQL
queries (i.e., £(a)[q]) we use forest queries ¢ without free variables, in general once can
have forest queries with free variables occurring as subqueries. For instance, the subquery
of query )2 in Example 14.1 on page 194 has x as a free variable. Hence, we need to
define semantics of forest queries with free variables too.

Specifically, if we have a forest query ¢(Z), a tree T, and a valuation v : Z — CONST U
VAR of free variables, we define [¢(Z)]r,, as the semantics of ¢ in 7" under the valuation
v. This is done by the following rules:

[elr. = ¢
[¢@ @) @)re = 4@ v@))[ld]r.]
(@), q"@)re = [¢1r0 V" 70
[for n(z,7) return ¢ (Z,9)]r = U{[¢lr.ww) | T E7(0(z),0'(9))}

In the last rule, by (v, v") we mean a valuation that acts as v on Z and as v’ on .

Note that according to this semantics, TQL queries can be applied not only to ground
trees (i.e., trees in which all data values are constants from CONST), but also to trees with
nulls, i.e., trees whose data values come from CONST U VAR. This will provide an analog
of naive evaluation of queries.

It is easy to see that data complexity of TQL queries is polynomial.
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Proposition 14.3  For each TQL query Q and a tree T, computing Q(T') can be done in
time polynomial in the size of T.

As we have learned incompleteness of information cannot be avoided in data exchange:
the database we query is only partly defined via source data and mappings between
schemas. Semantically, an incomplete description of a database is a set D of completely
described databases that it can represent. If we have a query ) returning sets of tuples,
then certain answers are obtained by taking tuples that belong to the result no matter which
complete database in D is used; that is, certain(Q, D) = ({Q(D) | D € D}. But our
queries return trees, rather than sets of tuples. What is a natural analog of certain answers
then?

In general, we want to define certain(Q, T) — the certain answers to a query () returning
trees over a set 7 of XML trees. This set of trees could be, for instance, a set of solutions
(target instances) in data exchange. For this we need an analog of the intersection operator
applied to Q(7T) = {Q(T) | T € T}. What could it be? The first idea is to take the
maximal tree contained in all of trees in Q (7). But this may fail as such a tree need not be
unique: if T, T», and T3 shown in Figure 14.3 are in Q(7 ), there are three maximal trees
subsumed by them shown in part (d) of the figure.

T T T T T T

/\ /\ /\ |

a a a a a a a a a

/N L/ /N [ .

b ¢ d b d c d ¢ b b ¢ d
(a) Ty (b) T> (c) Ts (d) Maximal trees

Figure 14.3 Why “maximal subsumed tree” approach fails

One might be tempted to combine these trees in (d) into one, but this is not satisfactory
either. We have a choice of merging the roots, or the a-nodes, but either way the resulting
tree is not subsumed by 77, T5 and 73; in what sense, then, is it a certain answer? And so
far we have not considered data values. What if in T, T, and T3, the left a carries value
“1” and the right a carries “2”? This is the situation depicted in Figure 14.4 on page 199.
Then in fact, none of the three trees shown in (d) above is among the subsumed trees, and
we lose the certain knowledge about the grandchildren of the root.

Thus, even in a very simple example, it is not completely clear what the natural notion
of certain answers is. In the next section we develop a theory of certain answers for XML-
to-XML queries, based the concepts of theory and definition borrowed from mathematical
logic.

14.2 Notion of certain answers

The idea of certain answers is to extract the maximum knowledge from answers Q (D), as
D ranges over some collection of databases D. What it means precisely, depends on the
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logical language we use for expressing the knowledge. For instance, suppose we use the
language of ground conjunctive queries, that is, conjunctions of atoms R(a), where R is a
relation, and @ is a tuple of constants. Then (| Q(D) represents the maximum knowledge
we can extract from Q(D) with respect to this language. This is the familiar notion of
certain answers.

However, if we use the more expressive language of conjunctive queries, we can extract
additional knowledge from (D). For instance, suppose Q (D) consists of two instances:

{R(a,a),R(b,c)} and {R(a,a),R(d,c)}.

Then the conjunctive query R(a,a) A 3z R(z, c) tells us more about Q(D) than the inter-
section of the instances above, which is just R(a, a). This certain knowledge about Q (D)
would be traditionally presented as a naive table, that is a table with variables (nulls). The
naive table corresponding to R(a, a) A3z R(zx, ¢) is simply { R(a, a), R(x, ¢)}. Notice that
the class of databases that satisfy R(a,a) A 3x R(x,c) is not equal to Q(D): every valu-
ation of z in {R(a,a), R(x,c)} gives such a database. Nevertheless, conjunctive queries
are not able to extract any more knowledge about (D), and thus narrow down the set of
described databases. The formula R(a, a) A 3z R(x, ¢) is as close to a definition of Q(D)
as possible within the language of conjunctive queries. Let us formalize these intuitions.

We define a notion of a max-description of a set D of databases that, in a given language,
expresses the information we can infer with certainty from D. Certain answers to queries
are then a special case of max-descriptions, applied to sets {Q(D)} as D ranges over a
collection of databases.

To explain this notion, assume that £ is a logical formalism in which we express prop-
erties of databases from D (e.g., conjunctive queries, or ground conjunctive queries such
as R(a,a)). A set ® of formulae of L defines a set of databases, called models of ® and
denoted Mod(®), consisting of all databases satisfying each formula in :

Mod(®) = {D | D [= ¢ forevery ¢ € ®}.

To describe D fully in £ we would need its L-definition: a finite set ® of L-formulae
such that D = Mod(®). This is not always achievable, so instead we settle for the next
best thing, which is an L-definition of the set of models of certain knowledge about D
expressed in L.

This certain £-knowledge of the class D, called L-theory of D, is the set of all formulae
from £ satisfied in all databases from D:

The(D) = {¢ € L| D = pforevery D € D}.

The most precise (finite) description of D we can express in L is a finite definition of
Mod(Th,(D)), i.e., a finite set  of formulae of £ such that

Mod(®) = Mod(Thz(D)).

Let us now apply this general definition to sets 7 of XML trees. Since our setting always
includes a schema, we will be making the following assumptions about such sets 7:
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e all trees in them are labeled by some fixed alphabet, and
e nodes with the same label have tuples of attributes of the same length.

These assumptions can be easily avoided but we use them for now as they keep the nota-
tions simple.

A natural analogue of naive tables are trees with (reused) variables. In this role they
are simply pure child-only patterns using constants and reusing variables We shall write
IT,(CONST, |, =) for such patterns. They are the same ones as those in (14.1) but without
the //m case. They will serve the role of the language L.

Thus, for XML trees, the notions of models and theories are defined as follows. For a
set of patterns B, we have

Mod(B) = {T | T = nforeveryw € B.
For a set 7 of XML trees we define its theory Th(7) as
Th(7) = {w € II,(CONST,},=) | T =nforallT € T}.

This theory provides the certain knowledge (in the language II,(CONST, |, =)) that can
be extracted from 7. Max-descriptions are then the closest we can get to defining 7 in
IT,(CONST, |, =).

Definition 14.4 Let 7 be a set of XML trees. A pattern 7 € II,(CONST, ], =) is a
max-description of T if

Mod(m) = Mod(Th(T)) .

We now illustrate the notion of max-descriptions by revisiting the example shown in
Figure 14.3. A max-description for them is obtained by merging all the trees in part (d) of
that figure at the root. We also asked about a modification of the example where the a-nodes
carry data values, as shown in the figure below. Then a max-description of {77, T3, T4} is
the tree in part (d) of the figure. It has three occurrences of variables and preserves the
certain knowledge about the grandchildren of the root.

T T T T
7/ \ /' \ 7/ \ I
a(l) a(2)  a(l) a2) a(l) a(2) a(z) a(y) a(z)
/\ I /\ | /\ | | | I
b c d b d c d ¢ b b c d
(@) Th (b) T> (c) Ts (d) amax-description

Figure 14.4 Why max-descriptions work

Now that we understand the notion of a proper representation of certain information
contained in a set of trees, we apply this notion to answering XML queries that can produce
trees. Suppose we have a query () that takes trees as inputs and returns trees. Our goal is to
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define certain answers to such a query over a set 7 of trees. We define such certain answers
as max-descriptions of the set Q(7) = {Q(T) | T € T}.

Definition 14.5 Given a query () and a set 7 of trees, a pattern 7 is a certain answer to
Q over T if it is a max-description of Q(7).

Viewed as formulae, all max-descriptions of a family 7 are equivalent. But if they are to
play the role of certain answers to XML-to-XML queries, we need to view them as XML
trees as well—and then they are all different. What is the certain answer then?

To find canonical forms of max-descriptions we need to recall the notion of homomor-
phisms between XML trees and patterns. As patterns provide a syntax for trees, each pat-
tern 7 € II,(CONST, |, =) can be viewed as a tree T); (with variables): the tree associated
with £(@)[my, ..., m,] has an {-labeled root with attributes & and subtrees T, ..., Tx, ,
where T is the empty tree. Similarly, a tree 7' can be viewed as child-only pattern with
constants.

Using this correspondence, we can naturally extend the notion of homomorphism be-
tween patterns and trees, defined in Section 11.1, to trees with variables or equivalently
child-only patterns with constants. A homomorphism maps nodes to nodes and variables
to constants and variables, preserving the root, the child relation and the labeling, and if u
stores a tuple &, then h(u) stores h(@) (of course h extends to constants as the identity).

Recall that T = 7 iff there exists a homomorphism from 7 to 7' (Lemma 11.5). In
particular, Th(7) is the set of patterns 7 such that there is a homomorphism from 7 to
every tree I € 7. Then we have the following characterization of max-descriptions, which
confirms the intuition of max-descriptions as maximum extractable information from the
certain knowledge we have about 7.

Theorem 14.6 A pattern  is a max-description of T iff it belongs to Th(T) and every
pattern in Th(T') has a homomorphism into it.

Proof Suppose that 7 € Th(T), and every pattern from Th(7) has a homomorphism
into . We need to show that every tree satisfying 7 satisfies every pattern from Th(7).
Pick a tree 7" which satisfies 7. By Lemma 11.5, there is a homomorphism & : 7 — T
Pick a pattern 7’ from Th(7"). By assumption, there exists a homomorphism &' : 7/ — 7.
Hence, ho b/ : ' — T is a homomorphism. By Lemma 11.5, T satisfies 7',

Conversely, suppose that 7 is a max-description of 7. Then of course 7 belongs to
Th(7), and we only need to check that every pattern in Th(7) has a homomorphism into
. Take a pattern 7’ € Th(T ). It is obvious that 7 (viewed as a tree) satisfies 7 (viewed as
pattern). Hence,  satisfies 7’ as well. Then, there is a homomorphism h : 7" — . O

By Theorem 14.6 every two max-descriptions 7 and 7’ of a set of trees are homomorphi-
cally equivalent, as there are homomorphisms 7 — 7/ and 7’ — 7. This has two important
consequences. The first one is that there is a natural canonical representative of all these
max-descriptions: the core.

In Section 6.4 we learned that homomorphically equivalent structures have isomorphic



14.2 Notion of certain answers 201

cores. This means that all max-descriptions have the same core, which leads to the follow-
ing definition.

Definition 14.7 The core of all max-descriptions of T is called the core-description of T
and denoted by 7. The core-certain answer to Q over T is OQ(T).

Technically speaking, the core-description is the core of the trees associated with the
max-descriptions, but we can always view it as a pattern. Furthermore, the core-description
is always a max-description: being a subpattern of a max-description, (J7 is satisfied in
every tree in 7, and since it is a homomorphic image of a max-description, every pattern
from Th(7") can be mapped into it. Thus the definition gives us the canonic certain answer.

Moreover, if we restrict our attention to cores only, or equivalently, quotient the set of
trees by the homomorphic equivalence , the following relation is a partial order:

T < T if and only if there is a homomorphism from T to 7" .
By Theorem 14.6 certain answers could then be defined simply as greatest lower bounds.

Corollary 9 A pattern w is a max-description of T if it is the greatest lower bound of T
with respect to the order <.

The canonic certain answer comes at a certain computational cost. Recall that DP is the
class of problems which amount to solving a problem in NP and a (different) problem in
CONP. This class contains both NP and CONP; it should not be confused with NPNCONP.

Proposition 14.8 Checking whether 7' is the core of w is in DP. Moreover, there is a
fixed pattern mo such that checking whether g is the core of  is NP-complete.

Proof First check if 7’ is a core, this is done in CONP. Then we check is if there is
a homomorphism from 7 to 7/, and an embedding of 7’ into 7. Both conditions can be
checked in NP.

A simple reduction from three colorability shows NP-hardness: let w4 be a pattern with
a child e(u, v) under the root for every edge of the given graph G and let 7 be obtained
by merging 7 and 7' = rle(z,y), e(y, ), e(y, 2), e(z,v), e(x, 2), e(z, y)] at the root; it
is easy to see that G is three colorable iff 7’ is the core of 7. |

Computing cores can be expensive, but the second consequence of homomorphic equiv-
alence comes to the rescue: often it does not matter which certain answer we chose, because
they are indistinguishable to pattern queries and TQL queries.

Proposition 14.9 Let T} and T, be certain answers to QQ over T. Then they cannot be
distinguished by TQL queries: Q'(Th) = Q' (T3) for each Q' € TQL.

Proof In fact, we show more, namely that 77 = 7 if and only if 75 = 7 for each 7 €
IT,(CONST, {|,=). If Ty |= m, there is a witnessing homomorphism h: m — T}. Since
T, and T are homomorphically equivalent, there is also a homomorphism 2’: T} — Tb.
Composing h and &' we get a homomorphism &’ o h: m — T, witnessing that T5 = 7.
The proposition now follows from this claim by induction on the structure of Q. O
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This means that if the certain answer is to be processed further within the same frame-
work, based on tree patterns and TQL queries, our only concern should be its size.

What is then the complexity of finding a max-description, and how big can it be? In
particular, how big can the smallest of them, i.e., the core-description, be?

Let |T'| be the number of nodes in 7', and let || 7| be D, |T'|. We show next that we
can compute a max-description of 7 in EXPTIME in general, and in PTIME if the number
of trees in 7 is fixed. Exercise 14 shows that even core descriptions can be exponential in
the number of trees in 7.

Theorem 14.10 Let T = {T1,...,T,} be a finite set of XML trees. A max-description
of T is computable in time polynomial in (”—Z;H) n.

Proof For simplicity assume that every node has a single attribute; extension to the gen-
eral case is straightforward.

The pattern we are going to construct is a sort of consistent product of 77y,...,T,,.
Proceed as follows. For the root, labeled with r, take the sequence (e,...,¢), i.e., the
sequence of roots of T4, . .., T,. Then iteratively, under every node (v1, . .., v,) put a new
node (w1, ..., w,) for every sequence wq, . .., w, such that w; is a child of v; in T, and
all w;’s are labeled with the same letter o. Label the node o and put a fresh variable in the
attribute slot. If for some node & = (vy, ..., v, ) some v; is a leaf, v is a leaf as well.

Define A(v1,...,v,) = (a1,...,a,) where a; is the data value attached to the node v;.
For every node ¥ such that A(7) = (c,...,c) for a constant ¢, replace the variable in o
with the constant ¢. For the remaining nodes, whenever A(¢) = A(w), replace the variable
in w with the variable in v.

The constructed formula is clearly satisfied in every 7;. Let us see that it is indeed a
max-description. Suppose that 7’ is satisfied in every T;. Let h; be a homomorphism from
7' to T;. It is easy to see that h = (hq, ..., hy) is a homomorphism from 7’ to 7.

The complexity of the algorithm is polynomial in the size of the output pattern, which

is bounded by [\, |T;| < (@) (by the inequality between the arithmetic and the
geometric means for non-negative numbers). O

14.3 Certain answers for TQL queries

When we try to compute certain answers to a query () over a set 7 of trees, 7 is usually
infinite. Hence, we need a finite representation of it. Recall also that finiteness guarantees
existence of max-descriptions. Such a finite representation comes in the form of a basis B
of T, which is a set of patterns. Recall that each pattern can be viewed as a tree, so when
we write 5 C T, we mean that for every w € B, the tree associated to 7 is in 7.

Definition 14.11 A basis for a set of trees T is a set of patterns 5 C T such that each
pattern in 7 is a model of some pattern from B:

T < |J{Mod(n) | = € B}.
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The crucial property of a basis is that it preserves max-descriptions.
Lemma 14.12 If B is a basis of T, then the sets of max-descriptions of T and B coincide.

Proof Take a max-description 7 of B. Since it can be mapped into every pattern from
B and Ugae 5 Mod(y), it can also be mapped into every tree from 7. Now, take a pattern
7' that can be mapped into every tree from 7. We need to show that it can be mapped
into m. As B C T, «’ can be mapped into every pattern from 5. By the properties of
max-descriptions, 7’ can be mapped into 7.

Conversely, assume that 7 is a max-description of 7. As it can be mapped into every
pattern of T, it can also be mapped into every pattern from . It remains to see that every
pattern that can be mapped into every pattern from B, can be also mapped into . Pick a
pattern 7 that can be mapped into every pattern from B. A pattern that can be mapped
into 7"/, can also be mapped into every pattern from Mod (7). Hence, 7’ can be mapped
into every pattern from 7~ C | J,. .z Mod (7). Since 7 is a max-description of 7, there is a
homomorphism from 7’ to 7, which ends the proof. |

We say that a query Q preserves bases if Q(B) is a basis of Q(7T) whenever B is a basis
of 7. From the lemma above we immediately obtain the following.

Theorem 14.13  If T is a set of trees, B is its basis, and Q) is a query preserving bases,
then certain answers to () over T and over B coincide. In particular, DQ(T ) = OQ(B).

Together with Theorem 14.10, this gives a general approach to computing certain an-
swers to queries preserving bases, shown in Algorithm 8.

Algorithm 8 Certain answers to XML-to-XML queries
Require: 7 is a recursively enumerable set of trees, () is a query preserving bases
compute a (small) basis B of T
evaluate () naively over elements of 3 to compute Q(B);
compute a max-description 7 of Q(5);
return .

The returned max-description 7 is guaranteed to be a certain answer. We shall now see
that this recipe can be applied to TQL.

Theorem 14.14 TQL queries preserve bases.

Proof Clearly Q(B) C Q(T). It remains to check that Q(T) € U, cq s Mod(m). In
other words, for every T' € Q(T) we need some 7 € Q(B) that can be mapped into 7. Let
T be a tree from 7 such that Q(T') = T.. Since B is a basis of T, there exists 7 € 8 and a
homomorphism h: 7 — T.Let us see that Q(7) can be mapped into T'.

We prove a more general result. Fix a homomorphism h : S — T'.

For each forest expression q(Z), and each valuation v of T into values used in S, there
exists a homomorphism h: [q(Z)] s, — [¢(Z)]1,hov coinciding with h on VAR.
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We proceed by induction on ¢(Z). If ¢(Z) = &, the claim follows trivially.

If g(z) = (@, &)[q' (")} then [q(&)] s, = €@, v(@)) g’ (@)]s.0] and [o(@)]hon =
l(hov(Z")[[¢'(Z')]r,hov], and the claim follows from the induction hypothesis.

Suppose that ¢(z) = ¢'(z'),¢”(z"). By induction hypothesis there exist homomor-
phisms 1': [¢'(Z)]s.0 = [¢'(Z)]1.hov and B : [¢"(Z")] 5.0 = [¢"(Z")]7,hov coincid-
ing with 1 on VAR. Pick atree U € [¢(Z)]s,,. Define hy: U — [q(Z)]1,nov as b’ [ U if U
comes from [¢'(Z')] .., and as h” | U if U comes [¢”(Z")]s... Let h be the union of hys
overall U € [¢(Z)]s,. Since all hyy coincide with h on VAR, h is defined consistently. It is
a homomorphism, because its restriction to every tree in the domain is a homomorphism.

Finally, let us assume that ¢(z) = for 7(a, z, ) return ¢’(z, §). Then

la(@)]s.0 = {[¢'] 5
[[Q(j)ﬂT,hov = U {[[q’]]T_’U//

S E n(a,v'(z,3)), v [i:v},
T w(a,v"(z,7)), v | Z=hov}.

Pick a tree U from [¢(Z)]s,,- Let v/ be the valuation extending v and satisfying
S E w(a,v'(Z, 7)), such that S comes from [¢']s,, . Since h: S — T, it holds that
T |= w(hov'(Z,)). Moreover, hov' | & = how. Consequently, [¢'] 7, nov is a subforest of
[¢(Z)]r,v- By induction hypothesis there is a homomorphism A, : [¢']s,v = [¢']1,hov’
coinciding with i on VAR. Let hyr: U — [¢(Z)] 7.0 be defined as h, | U. Let h be the
union of hy for all U € [q(Z)]s,»- As all hy are homomorphisms coinciding with h on
VAR, so0 is h. O

14.4 XML-to-XML queries in data exchange

We have shown that TQL queries preserve bases, and thus Algorithm 8 computes certain
answer if we can find a small finite basis. Now we would like to apply this in the data
exchange context. A TQL query @ then is posed over the target schema, and we must find
certain answer to it over the set of data exchange solutions, i.e., over SOL o (T"), for some
source tree T and a mapping M. For that, we need to find a finite basis B of SOL(T),
and then just compute a a max-description of Q(5). We know how to do the former, but
how to find bases of sets of solutions?

In general, the existence (and properties) of bases of SOL o¢(T") depend on the properties
of mappings. Our first result shows that we can compute a finite basis B for SOL (7))
whenever M only uses vertical navigation in its pattern, and nested-relational DTDs in the
target, i.e., if it is a mapping from SM™ ({}, =). Essentially, a basis is what we get when we
try to compute a universal solution but cannot. The method for computing the basis will be
a modification of the algorithm described in Section 13.4.

Theorem 14.15  Given a mapping M € SM™ (I}, =) and a source tree T, one can com-
pute a basis B for SOLp(T') in time single exponential in the size of T. The size of B can
be exponential, but the size of each pattern ™ € B is polynomial in T.
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Proof As we did before, we start with the pattern d7 ¢ (Z) obtained from the set

Arm = {9(a,2) | o(@,9) - F2¢(2,2) € Tat, T | 0(a, )}

by first renaming variables so that each is used in one pattern only, and then merging all
the patterns at the root. Recall that a tree conforming to the target DTD is a solution if and
only if it satisfies d7 a4 (@) for some tuple a.

The next step is completing d7 a4, i.e., adding all the nodes required by the target DTD.
Before the pattern only used child relation, and completion could be done in a unique way.
Now // or _ are allowed and there can be more than one way to complete a pattern. A basis
should reflect all those possibilities and that is why the procedure will now compute a set
of patterns corresponding to all possible choices.

The idea is to start from replacing wildcards with concrete labels and descendants with
concrete paths in a way consistent with the target DTD. The algorithm processes the nodes
of the patterns top-down and creates new patterns when facing choice.

Let ® = {07 a}. While ® contains a pattern with an unprocessed node, proceed as
follows. Choose a pattern ¢ € ® and an unprocessed node v such that the path from the
root to v contains only processed nodes. Let ¢ be the subpattern rooted in v and let o be the
label of its parent. If the production for o in the target DTD is empty, simply remove ¢ from
®. Otherwise, remove ¢ from ® and instead add the output of the following procedure:

o if i) = £(t)[¢)1,...,1x] and £ € T, return ¢ with the root of 1) marked as processed;

o if ¢ = _(#)[t)1,...,1y], return the set of patterns that can be obtained from ¢ by re-
placing ¢ with 7(%)[¢1, . . . , 1] whose Toot is marked as processed and 7 is some label
occurring in the production for o (7 must have |{] attributes, unless # is empty);

e if ¢ = //4)’, return two patterns that can be obtained by replacing in ¢ the pattern ¢) by
¢’ or by _//1)’ with all nodes unmarked.

Every node is processed at most twice, each processing introduces at most |T'| new pat-
terns. The procedure terminates after at most exponential number of steps. In particular,
the number of produced patterns is single exponential. The size of each pattern is polyno-
mial in the size of T'. It is fairly easy to see that the disjunction of the obtained formulae is
equivalent to d7 57 (over trees conforming to the target DTD). If we now apply the original
completion procedure cplp, to each pattern in ®, we obtain an equivalent set of complete
patterns.

Finally, each of the obtained patterns needs to be merged, as described in Section 13.4.
Remove | from the set of obtained patterns. Like before, each of the remaining patterns
is a solution (viewed as a tree). Together they form a basis of solutions: each solution 7"
satisfies the disjunctions of those patterns, so there must be a homomorphism from one of
them to 7. If the obtained set of patterns is empty, the tree 7" has no solutions at all. [

Theorem 14.15 and the recipe sketched out in the beginning of this section give us an
algorithm — albeit an expensive one — for computing certain answers.
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Corollary 10  Given a mapping M in SM™ (|, =), a TQL query Q, and tree T, one can
compute certainyg (Q, T) in time double exponential in the size of T.

Exercise 15 shows that even core-certain answer can be exponentially large, which
means there is no chance to compute answer queries efficiently in the general case. How-
ever, we can do this efficiently if we can efficiently build a universal solution, and we know
cases when we can do so. The reason is that a universal solution constitutes a basis for all
solutions.

Lemma 14.16 If U is a universal solution for a tree T with respect to a mapping M,
then Q(U) is certainp (Q, T) for each Q € TQL.

Proof Let us first prove that for every universal solution U, {U} is a basis for the set
of solutions to T, SOL((T). Obviously {U} C SoL(T), so it suffices to prove that
SoLm(T) € Mod(U). Since U is a universal solution, for every 77 € SOL((T) there
is a homomorphism h : U — T". But this means exactly that U viewed as a pattern is
satisfied in 7”. In other words that 77 € Mod(U).

By Theorem 14.15, {Q(U)} is a singleton basis for Q(SOLA¢(T')), and to find the cer-
tain answer to @ with respect to 7" and M it is enough to find a max-description of {Q(U)}.
For singleton sets we get a max-description for free: Q(U) trivially satisfies both condi-
tions for being a max-description of {Q(U)}. O

Now using the results on the efficient building of universal solutions from Chapter 12,
we show that certain answers can be efficiently found if mappings disallow descendant.

Corollary 11  Given a mapping M in SM™ (|, =), a TQL query Q, and a tree T, one
can compute certainpg (Q,T) in time polynomial in the size of T

Proof 1In Section 13.4, we showed that for every tree 7' and every mapping M from
SM™({,=), one can construct in polynomial time a universal solution U: it suffices to
interpret the pattern mrgp, (cplp,ds A1) as a tree. By Lemma 14.16, Q(U) is the certain
answer. By Theorem 14.3, we can compute QQ(U) in time polynomial in the size of U. O
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XML data exchange via relations

So far we have tacitly assumed that one uses a native XML DBMS for performing data
exchange tasks. However, this is not the only (and perhaps not even the most common)
route: XML documents are often stored in relational DBMSs. Thus, it is natural to ask
whether relational data exchange techniques, developed in Part 2, can be used to perform
XML data exchange tasks.

In XML terminology, translations from XML to relations are referred to as shredding of
documents, whereas translations going the other way, from relations to XML, are referred
to as publishing. Thus, to use relational technology for XML data exchange tasks, we can
employ a two-step approach:

1 shred XML data into relations;
2 then apply a relational data-exchange engine (and publish the result back as an XML
document if necessary).

The seems very natural, but the key question is whether it will work correctly. That is, are
we guaranteed to have the same result as we would have gotten had we implemented a
native XML data-exchange system? This is what we investigate in this chapter. It turns out
that we need to impose restrictions on XML schema mappings to enable this approach, and
the restrictions are similar to those we needed to ensure tractability of data exchange tasks
in the previous chapters.

15.1 Translations and correctness

We now describe what we mean by correctness of translations that enable a relational
data exchange system to perform XML data exchange tasks. These will be formalized as
five requirements, ensuring correctness of translations of schemas, documents, queries,
mappings, and certain answers.

Assume for now that that we have a translation o(-) that can be applied to (a) XML
schemas, (b) XML documents, (¢) XML schema mappings, and (d) XML queries. Then
the concept of correctness of such a translation is informally depicted in Figure 15.1.

That is, suppose we start with an XML document S and an XML schema mapping M.
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mapping M query Q
XML.: source S = target T’ answer
shred shred shred
, o(M) o(Q)
Relations: o(S) =~ o(T) answer

Figure 15.1 XML data exchange via relations: desiderata

In a native system, we would materialize some solution 7" over which we could answer
queries Q.

But now we want a relational system to do the job. So we shred S into o(S) and then
apply to o(S) the translation of the mapping o (M) to get a solution — which itself is a
shredding of an XML solution — so that the answer to () could be reconstructed from the
result of the query o (@) over that relational solution.

The idea seems simple and natural on the surface, but starts looking challenging once we
look deeper into it. Before even attempting to show that the relational translation faithfully
represents the XML data-exchange problem, we need to address the following.

o Complexity mismatch. Without restrictions, there cannot be a faithful representation of
XML data exchange by a relational system. Indeed, we have seen in Part 2 that unions
of conjunctive queries can be efficiently evaluated in relational data exchange, by means
of constructing the canonical universal solution, and applying naive evaluation. At the
same time, we saw in Chapter 13 that answering analogs of unions of conjunctive queries
in XML data exchange can be CONP-complete. So any claim that a relational data-
exchange system correctly performs XML data exchange for arbitrary documents and
queries is bound to be wrong. We thus need to identify the cases that can be handled by
a relational system.

o Which shredding scheme to use? There are several, which can roughly be divided into
two groups. The first group consists of shredding schemes that do not take the schema
information into account (for instance, representing edge relations of the trees, or in-
terval encodings based on associating with each node its number in pre- and post-order
traversals). The second group consists of shredding schemes based on schemas for XML
(e.g., variants of the inlining technique). Since in data-exchange scenarios we start with
two schemas, it seems more appropriate to apply schema-based techniques.

o Target constraints. In relational data exchange, constraints in target schemas are required
to satisfy certain acyclicity conditions (weak acyclicity, to be precise); as we have seen,
without them, the chase procedure that constructs a target instance does not terminate.
Constraints imposed by general XML schema specifications need not in general be even
definable in relational calculus, let alone be acyclic. We thus need to find a shredding
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technique that enables us to encode target schemas by means of constraints that guaran-
tee chase termination.

As for the complexity issue, we have seen (Theorem 13.8) that the essential restric-
tion to ensure tractability of XML query answering in data exchange is the restriction
to nested-relational DTDs. Recall that these are DTDs with rules like db — book™,
book — author™ subject. The second essential restriction is to use patterns based only
on the child relation. That is, in our terminology, we are dealing with mappings from the
class SM™ (|, =), with nested-relational DTDs and patterns using child relation and equal-
ity.

These restriction are helpful in suggesting a shredding scheme. They do not go well with
schema-less representations, but match well the inlining scheme (which we shall define
formally later). It works very well nested-relational DTDs and child-based patters, and
generates relational schemas that only use acyclic constraints, which is perfect for data-
exchange scenarios.

Desiderata for the translation

We now formulate some basic requirements for the translation o, in order to be able to
achieve our goals described in the diagram above.

Requirement 1: translation of schemas The translation o (D) applied to a DTD of a spe-
cial form (nested-relational), produces a relational schema that has only acyclic con-
straints.

Requirement 2: translation of documents The translation op(-) for a DTD D, applied
to document 7" conforming to D, produces relational database op(T") of schema o(D).

Requirement 3: translation of queries For a DTD D, the translation op (@) of conjunc-
tive queries @ satisfies op(Q) (op(T)) = Q(T). In other words, the result of Q(7') can
be computed by relational translations.

Requirement 4: translation of mappings For a mapping M between a source DTD D
and a target DTD D, its translation o (M) is a mapping between o(D) and o(D,) that
preserves universal solutions. That is:

(a) Each op,-translation of a universal solution for 7" under M is a universal solution for
op,.(T) under o(M); and

(b) Each universal solution for op_(T') under o (M) contains a o p, -translation of a uni-
versal solution of 7" under M. Note that we cannot possibly require the equivalence,
as relational solutions are open to adding new tuples and thus cannot always be trans-
lations of trees.

Requirement 5: query answering For conjunctive queries over trees, computing the an-
swer to () under M over a source tree T is the same as computing a o(M)-solution
of o(T), followed by evaluation of o(Q) over that solution, as is normally done in a
relational data-exchange system.
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er

1: book 2: book
‘Algorithm Design’ ‘Algebra’
11: author 12: author 13: subject 21: author 22: subject
/ \ / \ CS / \ Math
111: name 112: aff 121:name 122: aff 211: name 212: aff
Kleinberg CcU Tardos cU Hungerford SLU

Figure 15.2 The XML tree 1" conforms to D

Satisfaction of these five requirements would guarantee that we have a correct relational
translation of an XML data-exchange problem, which would guarantee correct evaluation
of queries. The relational approach to XML data exchange, which we shall describe here,
satisfies all these five requirements.

15.2 Translations of schemas and documents

We start by reviewing the inlining technique, which provides the translation satisfying
Requirements 1 and 2. The main idea of inlining is that separate relations are created
for the root and for each element type that appears under a Kleene star in the DTD, and
other element types are inlined in the relations corresponding to their “nearest appropriate
ancestor”. Each relation for an element type has an ID attribute that is a key, as well as (for
non-root) a “parent-ID” attribute that is a foreign key pointing to the “nearest appropriate
ancestor” of that element in the document. All the attributes of a given element type in
the DTD become attributes in the relation corresponding to that element type when such a
relation exists, or otherwise become attributes in the relation for the “nearest appropriate
ancestor” of the given element type.

Example 15.1 Consider a DTD D given by the productions

r — book” book: @Qtitle
book — author® subject subject: @Qsub
author — name aff name: Qnam
aff: Qaff,

where aff stands for ‘affiliation’.

A tree T that conforms to this DTD is shown in Figure 15.2. For convenience, we also
write node ids (which are strings of natural numbers, providing the path from the root to
each node).

The relational schema INLSCHEMA (D) for storing XML documents that conform to D
is as follows:
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Ry (zID)
Ryoox (bookID,@title,rID,subID,@sub)
Rauthor (2uthID,bookID,nameID,afID,@nam,@aff )

In this schema, keys are underlined. In addition we also have the following foreign keys:

Rooox(rID) Cpx Ry (rID)
Rauthor (bOOkID) gFK Rbook (bOOkID) .

The first relation contains just the root node. The second relation corresponds to the ele-
ment book which appears under the Kleene star in D. It contains book id, as well as its
attribute (title), and the id of the parent (root). In addition, book serves as the nearest ap-
propriate ancestor for subject, so this relation also inlines the id of the subject node
and its attribute @sub.

The next starred element type is author. The third relation corresponds to this element
and includes its id, as well as the id of its book parent. In addition, name and aff are inlined
into this relation, so ids of these elements, and their attributes, are included in R,uthor t0O.

We now proceed with a formal definition of the inlining shredding scheme. We first
define the nearest appropriate ancestor for the element types used in D. Given a nested-
relational DTD D = (Pp, Ap,r), we define the graph of D, denoted by G(D), as the
graph whose nodes are element types, and where there is an edge from £ to ¢’ if ¢’ appears
in Pp(¢). We then “mark” in G(D) each element type that occurs under a Kleene star in
Pp. In addition, we mark the root element type in G(D). Then, for a given element type
¢, we define the nearest appropriate ancestor of £, denoted by p(¢), as the closest marked
element type ¢’ in the path from the root element to £ in the graph G(D). For example,
((name) = author and u(subject) = book.

The inlining schema generation is formally captured by means of the procedure
INLSCHEMA (Algorithm 9) that receives a nested-relational D and creates the inlining
relational schema inl(D).

Recall that to ensure good behavior of relational data exchange, we had to restrict target
constraints to egds and weakly acyclic sets of tgds. In our case, all tgds will be inclusion
constraints (i.e., each tgd is a part of a foreign key), and we can impose an even stronger
restriction of acyclicity. A set F' of foreign keys defines a graph G(F') whose nodes are
attributes, and edges are generated as follows: for each foreign key R[A1,...,A,] Crx
R'[By,..., By), we add all the edges (A;, B;), for 1 < 4,5 < n. Then F is acyclic if the
resulting graph G(F) is acyclic. If we view F' as a set of tgds, then its acyclicity implies
weak acyclicity as previously defined.

We call a relational schema acyclic if its constraints involve a set of egds, and an acyclic
set of foreign keys.

The tree structure of nested-relational DTDs then implies that Requirement 1 is satis-
fied.
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Algorithm 9 INLSCHEMA(D)
Require: D is a nested relational DTD.
Ensure: Sp and Ap are the inlining relational schema inl(D).
Sp =10
Ap =10
for all marked element types ¢ of D do
add to Sp a relation Ry, with attributes

idy
Ap(0)
attr(Rg) = § idyq) | iflL#r
idy | w(¢)=¢, ¢ is not marked,
Ap() | wp() =¢, ¢ is not marked.

end for
for all relations Ry in Sp do
add to A p the constraint stating that idy is key of Ry
if ¢ # r then
add to A p the foreign key

Rilidy o)) Sri Ruwlidu) -

end if
end for
add to A p the dependency (stating the uniqueness of the root)

VyVZR, (2, 9) A R.(2,2) = 2 = 2.

return (SD, AD)

Proposition 15.2  For every nested relational DTD D, the output of INLSCHEMA(D) is
an acyclic relational schema.

Shredding of XML documents We now move to the shredding procedure. Given the
inlining INLSCHEMA(D) = (Sp, Ap) of a DTD D, and an XML tree T' conforming to
D, we use the algorithm INLDOC to shred 7 into an instance of the relational schema Sp
that satisfies the constraints in Ap. The algorithm basically follows the intuition behind
the definition of the inlining schema: a tuple is created for each starred element, and its
unstarred children and descendants, as well as parent, are inlined with its id.

Example 15.3 Recall tree T from Figure 15.2. Figure 15.3 shows relations Rpo0x and
Rautnor in the shredding of 7T'.

To present the algorithm, we define the nearest appropriate ancestor p(n) of a node n
of an XML document 7" that conforms to a DTD D, as follows. Mark each node n of T
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bookID Qtitle rID subID @sub

idy ‘Algorithm Design’  id. id13 CS
ids ‘Algebra’ id. idas Math

(a) Relation Ryoox in INLDOC (T, D)

authID bookID nameID afID Onam Qaf
’idll ’idl ’id111 ’id112 Kleinberg CcU
’id12 ’idl ’id121 ’id122 Tardos CcU
1da1 ids ido11 id212  Hungerford SLU

(b) Relation Raytnor in INLDOC (T, D)

Figure 15.3 Shredding of 7" into INLSCHEMA(D)

such that lab(n) is starred in D, as well as the root of T'. Then p(n) is the closest marked
node n’ that belongs to the path from the root to n.

In algorithm INLDOC, and for the remainder of the chapter, we denote by id,, the rela-
tional element representing the node n of a tree 7.

Algorithm 10 INLDoc(T', D)

Require: D is a nested relational DTD, T" conforms to D.

Ensure: I is a relational instance of the schema INLSCHEMA (D).
for all marked nodes n of T" do

let ¢ be the label of n;
add to the relation R, of I a tuple that contains elements
idy,
paa(n) | Qa€ Ap(f)
'Ldu(n) | if £ 75 r
idyy | w(n') =n,n is not marked.
paa(n’) | wn')=n,Qae Ap(A(n')) and
n' is not marked

where the identifiers and attributes values for each of the elements id,,/, id,(,) and
paq(n') coincide with the position of the attributes for id (), id,, ) and Ap(A(n'))
of R[.

end for

return [

It is then easy to verify that our Requirement 2 is satisfied: that is, given a DTD D and
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an XML tree T', the instance INLDOC(T', D) that corresponds to the shredding of 7" with
respect to D always satisfies the constraints in INLSCHEMA (D).

Proposition 15.4 Let D be a DTD, and T an XML tree such that T' conforms to D. Then
INLDOC(T, D) is an instance of the schema computed by INLSCHEMA(D).

15.3 Translations of patterns, mappings, and queries

To ensure that the remaining requirements are satisfied and we can implement XML data
exchange via relational translations, we need to show how to translate mappings and
queries. Since both are based on patterns, we deal with patterns first; then translations
of mappings and queries become easy extensions of pattern translations.

Restrictions on patterns

In addition to restrictions on DTDs, we had to impose restrictions on schema mappings to
ensure tractability. Those restrictions essentially boiled down to omitting horizontal navi-
gation, as well as descendant axis, and not allowing wild cards. That is, patterns that we
deal with in tractable XML data exchange are defined inductively as follows:

e ((Z) is a pattern, where / is a label, and Z is a (possibly empty) tuple of variables (listing
attributes of a node);
e ((Z)[m1,..., ] is a pattern, where 71, . .., 7, are patterns, and ¢ and T are as above.

We write 7(Z) to indicate that Z is the tuple of all the variables used in a pattern.
As before, we shall write 71 /72 instead of 7 [m2]. The semantics, of course, is exactly
the same as in Chapter 11.

Example 15.5 Consider again the tree 7" from Figure 15.2, and the tree pattern
7(x,y) = r/book(x)/author/name(y).

This patterns finds books together with the names of their authors. The evaluation of
m(x,y) over T returns the tuples (‘Algorithm Design’, Tardos), (‘Algorithm Design’, Klein-
berg), and (‘Algebra’, Hungerford).

Given a DTD D and a tree pattern 7, we say that 7 is compatible with D if there exists
a tree T that conforms to D and a tuple of attribute values @ such that 7(a) holds in T.
Of course it only makes sense to consider compatible patterns in mappings ans queries.
Note that while in general, checking compatibility of patterns with DTDs is NP-complete
(see Theorem 11.7), for nested-relational DTDs we consider here it can be easily done in
polynomial time.

Example 15.6 (Example 15.5 continued) The pattern 7(x, y) is compatible with the DTD
D we are using in our examples. On the other hand, the pattern 7/ (x) = r/author(z) is
not compatible, because no tree consistent with D can have a child of r labeled as author,
nor an author-labeled node with an attribute.
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Inlining patterns

The key ingredient in our algorithms is a translation of a pattern m compatible with
a DTD D into a conjunctive query INLPATTERN(7, D) over the relational schema
INLSCHEMA (D). Very roughly, it can be viewed as this:

1 View a pattern 7(Z) as a tree T, in which some attribute values could be variables;

2 Compute the relational database INLDOC(T, D) over the schema INLSCHEMA (D);
(which may have variables as attribute values);

3 View INLDOC(T, D) as a tableau of a conjunctive query.

The algorithm is actually more complicated because using INLDOC ‘as-is’ in Step 2
does not guarantee correctness (we shall explain this shortly).

Towards defining INLPATTERN properly, recall that each tree pattern 7(Z) can be viewed
as an XML document, which we denote by Tﬁ(f). In this document, both actual values and
variables can be used as attribute values. For the sake of completeness, we recall how this
is done now. The tree T}z is a single-node tree labeled /, with Z as attribute values. If
is £(Z)[m1(Z1), . .., 7k (Zx)], then the root of T} is labeled ¢ and has T as attribute values.
It also has k children, with the subtrees rooted at them being T7, (z,), - - -, T (z4)-

However, even for a pattern 7(Z) compatible with a DTD D, we may not be able to
define its inlining as the inlining of T’ (z), because 1% (z) need not conform to D. For
example, if a DTD has a rule r — ab and we have a pattern r/a, it is compatible with D,
but 7’4 does not conform to D, as it is missing a b-node.

Despite this, we can still mark the nodes of T’ (z) with respect to D and define the near-
est appropriate ancestor exactly as it has been done previously. Intuitively, the procedure
INLPATTERN shreds each node of T’ (z) into a different predicate, and then joins these
predicates using the nearest appropriate ancestor.

Example 15.7 The pattern
m(x,y) = r/book(x)/author/name(y)
translates into the following conjunctive query:

R, (id,)
Qr(x,y) = Jid, FidpFid,I21321325 | A Ruoox(idp, 7, d,, 21, 22)
A Rauthor (idaa Z.dba idna Y, 23)

Next, we can state the correctness of INLPATTERN. That is, the inlining of 7 (which is
a conjunctive query over the schema INLSCHEMA (D)), when applied to the inlining of T’
(which is a relational instance of the same schema), returns (7).

Proposition 15.8 Given a nested relational DTD D, a pattern m compatible with D, and
a tree T that conforms to D, we have

m(T) = INLPATTERN(7, D) (INLDOC(T, D)).
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Algorithm 11 INLPATTERN(7, D)
Require: 7(Z) is a tree pattern compatible with D.
Ensure: The returned query is a conjunctive query over INLSCHEMA(D).
for all nodes v of T’ (z) of form £(Z,) do
Construct a query (), (Z,,) as follows
if v is marked then
Let

Q. (,fv) = Hidvﬂid#(v)ﬂf Rg(idv, Ty, idu(v), 2) R

where Z is a tuple of fresh variables, and the positions of variables id,, T, and idu(v)
are consistent with the attributes idy, Ap(€) and id,,(yy respectively in attr(Ry). If
¢ =r, then Q, does not use id,,(,).
else {v is not marked}
v = (), £ = lab(v');
Let
Q. (,fv) = Hidvlﬂid#(v/)ﬂidvﬂiRw (idv/, id#(v/), idy, Ty, 2) R

where 7 is a tuple of fresh variables, and the positions of the variables id,, id,, (),
id, and T, are consistent with the attributes id:, id,, ¢, ide and Ap(£) respec-
tively in attr(Ry ). If ' = r, then QQ,, does not use id,,(,).
end if
end for
for all nodes v of T7; () do
Qv(fv) = Yy <P(jv7gv)
end for
return 3y /\veTﬂi) ©u(Zy, Yv), where § has all the variables in §,’s without repeti-
tions.

Translating conjunctive queries over trees

Now that we have a translation of patterns, we can define a translation of conjunctive
queries based on them. Since our pattern language is quite limited, as we need to ensure
tractability, we can define queries using explicit conjunction. That is, we deal with the class
CTQ({, =) of queries which, under our restrictions, can be defined by

Q=m|QAQ|3zQ,

where 7 ranges over patterns as defined earlier. The semantics naturally extends the se-
mantics of patterns. The output of Q on a tree T is denoted by Q(T).

A query Q is compatible with the DTD D if every pattern used in it is compatible with D.
The inlining of queries ) compatible with D is given by the simple algorithm INLQUERY.
This algorithm ensures that Requirement 3 is satisfied: that is, the answer to every query
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Q@ in CTQ({, =) can be computed by its inlining on the inlining of its input (assuming, of
course, compatibility with a DTD).

Algorithm 12 INLQUERY(Q, D)
Require: @ is compatible with D.
Ensure: The returned query is a conjunctive query over INLSCHEMA (D).
if ) = 7 then
return INLPATTERN(7, D)
else if ) = Q1 N Q2 then
return INLQUERY(Q1, D) A INLQUERY(Q2, D)
else if Q = Jx @), then
return 3z INLQUERY(Q;, D)
end if

Proposition 15.9 Given a DTD D, a tree T' that conforms to it, and a compatible query
Q in CTQ({, =), we have

Q(T) = INLQUERY(Q, D)(INLDOC(T, D)).

Inlining XML schema mappings

A very similar approach can be used for inlining schema mappings: once we have inlining
of patterns and DTDs, we just combine them to generate relational mappings.

Recall that we deal schema mapping from the class SM™ ({, =), i.e., mappings M =
(Ds, Dy, X5t ), where the source and target DTDs D and D; are nested-relational, and X,
is a set of st-tgds of the form 7(Z,y) — 3z 7'(Z, Z) where 7 and 7’ are patterns that use
only child navigation.

The following procedure generates a relational mapping INLMAP(M) specified with a
set of source-to-target tuple generating dependencies. We write X <— Y as a shortcut for
X =XUY.

Algorithm 13 INLMAP(M)
Require: An XML mapping M = (D,, D;, £).
Ensure: A relational mapping from INLSCHEMA(D;) to INLSCHEMA(D).
INLMAP(M) :=0)
for all dependencies 7(Z, §) — 3z7'(Z, z) in Xy do
INLMAP(M) <« {INLQUERY(m, D,)(Z, ) — 3z INLQUERY (7', D;)(Z, 2) }
end forreturn INLMAP(M)

This procedure ensures that Requirement 4 holds. Recall that in part (b) of this require-
ment, relational universal solutions are only required to contain a shredding of an XML
universal solution. This is because relational solutions are also open to adding arbitrary
tuples, which need not reflect the tree structure of an XML document.
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Proposition 15.10 Let M = (D, Dy, ¥5t) be an XML schema mapping in SM™ (|, =)
and T an XML document that conforms to Dg. Then:

o if T is a universal solution for T under M, then its inlining INLDOC(T", D;) is a
solution for INLDOC(T, Dg) under INLMAP(M);

o for every universal solution T’ for INLDOC(T, D) under INLMAP(M) there exists an
universal solution T" for T under M such that INLDOC(T", Dy) is contained in T".

15.4 Answering XML queries using relational data exchange

Recall that for conjunctive tree queries that only use the child-relation (i.e., queries from
the class CTQ({, =), and for mappings that use nested-relational DTDs and child-relation
only in patterns (i.e., mappings from the class SM™ (|, =)), computing certain answers for
a given source tree S is solvable in polynomial time. Thus, for the classes of mappings and
queries we consider, there is no complexity mismatch between XML data exchange and
relational data exchange, restricted to acyclic schemas. Indeed, translations showed here
are correct with respect to query answering, that is, our Requirement 5 is satisfied.

Proposition 15.11 Let M = (D, Dy, X) be an XML schema mapping in SM™ (]
,=), and Q a conjunctive tree query in CTQ(],=). Then, for every XML tree S that
conforms to Dy, the certain answers of Q for S under M and the certain answers of
INLQUERY(Q, D;) for INLDOC(S, D;) over INLMAP(M) coincide:

certainp (Q, S) = certainyymap(ar) (INLQUERY (Q, Dy ), INLDOC(S, Ds)).

Proof Assume first that a tuple ¢ belongs to the certain answers of a query
Q over a tree S under M. Then, clearly, ¢ belongs to the evaluation of Q
over the canonical solution CANSOL(S) for S (which, in this case, is guaranteed
to exists under M). Then, by Proposition 15.9, ¢ belongs to the evaluation of
INLQUERY(Q, D;) over INLDOC(CANSOL(S), D;). Moreover, from Proposition 15.10,
INLDOC(CANSOL(S), D;) is an INLMAP(M)-universal solution for INLDOC(T’, D).
Hence ¢ belongs to the certain answers of INLQUERY(Q, D;) over INLDOC(S, D;) un-
der M. The other direction is symmetric. o

The result of Proposition 15.11, combined with the standard procedure for evaluating
conjunctive queries in relational data exchange, also gives us an algorithm for computing
certain answers.

Combining correctness propositions, we can finally state the main correctness result.

Theorem 15.12 For XML schema mappings M in SM™ (], =) and conjunctive tree
queries QQ in CTQ(], =), algorithm INLCERTANSW (M, Q) correctly computes certain
answers certainp(Q, S) for source documents S.
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Algorithm 14 INLCERTANSW (M, @)
Require: S is a source document.
Ensure: The returned set of tuples is certaina (Q, S).
Sy := INLDOC(S, D;)
M,. := INLMAP(M)
Q. := INLQUERY(Q, D;)
Compute the canonical universal solution 7. for S, under M.
Compute Q- (Tr);
Discard tuples with nulls from @Q,.(7;.);
return Q,(7T,);

mapping M ) query Q .
source S = univ. sol. T certainp(Q, S)
INLDOC(S, Ds) INLDOC(T, Dy)
M, = INLMAP(M) Qr = INLQUERY(Q), D)
S, - T certainpg, (Qr, T)

Figure 15.4 XML data exchange via relations: solution

The algorithm is illustrated in Figure 15.4, fulfilling our desiderata first outline in Fig-
ure 15.1. It is not limited to queries considered here, and can be extended even to some
XML-to-XML queries studied in the previous chapter; we refer the reader to bibliographic
comments for additional information.

Example 15.13 We now specify a complete XML schema mapping M in SM™({, =).
As the source DTD Dy, we take the DTD D used in all other examples in the chapter, and
as the source source tree S we take the tree in Figure 15.2. The target DTD D; has two
productions

r’ — writer® writer: @Qname

writer — work® work: Qtitle, Qyear.
Suppose we have a single dependency in X;:
r/book(z)/author /name(y) — Iz r’/uriter(y)/work(z,z),
restructuring book-author pairs into write-works pairs, with a null 2z introduced for

the unknown attribute @year. We denote r/book(x)/author/name(y) by 7 (z,y) and
r’ [uriter(y)/work(zx, z) by 7' (z,y, 2).
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The inlining schema INLSCHEMA (D) is given by

R,/ (zID)
Ryriter (writerID,rID,@name)
Ryorx (workID,writerID,@title,@year)

with keys underlined, as well as two foreign keys: Ryriter(rID) Cpx Ry/(rID) and
Ryorx(writerID) Crpx Ryriter(writerID).

The translation S, = INLDOC(S, D) was shown in Figures 15.3(a) and 15.3(b). To
translate the mapping, we need to translate 7(z, y) and 7’(z, y, ) into conjunctive queries
Qr(x,y) and Q. (z,y, 2); the st-tgd in INLMAP(M) will then be

Qﬂ('rv y) - EZ Qﬂ" (Ia Y, Z)
We have already shown the translation @ (z, y) in Example 15.7. The translation of 7’ is

Rr/ (idr/) A Rwriter (idwra Z.dr/a y)/\ )

Qﬂ" (,T, Y, Z) = EJZC‘]/r’EJZderJZC‘I/w ( A Rwork (idw, idwrv Zz, Z)

When we apply the resulting mapping INLMAP(M) to the instance S, in Figures 15.3(a)
and 15.3(b), we get the following canonical universal solution:

rld writerID rID @name
L .
Ry f Ruriter: 1 1o Kleinberg
6 15 lg Tardos
Lo 1y 119 Hungerford
workID writerID @title Qyear
Ruorx: 13 14 ‘Algorithm Design’ 1y
17 15 ‘Algorithm Design’ 1g
J_11 J_g ‘Algebra’ J_12

Note that this canonical universal solution does not coincide with an inlining of the
canonical XML solution but rather contains one, as explained in Proposition 15.10: notice,
for instance, that there are three distinct nulls in the relation for the root.

Now, if we have an XML query, for instance Q(z) = ' /writer(x) asking for writer
names, it will be translated into a relational query @, = INLQUERY(Q, D;) as follows:

Q’I" (17) = EIidr’aidwr (Rr/ ('Ldr’) A Rwriter (idwra idr/v .CC)) .

When this query is evaluated over the canonical universal solution above (as Algorithm
INLCERTANSW prescribes), it produces the set {Kleinberg, Tardos, Hungerford}, which
of course is certainp (@, S).
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End notes

16.1 Summary

In XML schema mappings, analogs of st-tgds state how patterns over the source trans-
late into patterns over the targets.

Conditions imposed by XML schemas on the structure of target instances can contradict
conditions imposed by st-tgds. This makes existence of solutions an issue even without
target dependencies.

Testing existence and materializing solutions is tractable (for a fixed mapping).

Query answering, even for XML analogs of relational conjunctive queries, can be in-
tractable (CONP-complete, to be exact), and is tractable only under the following re-
strictions:

1 mappings that use nested-relational DTDs and patterns with child navigation and
equality comparisons only; and

2 queries that use vertical navigation (child, descendant), wildcard, and equality com-
parisons.

In this restricted case there is a polynomial-time algorithm that builds a universal solu-
tion for a given tree. Then certain answers can be computed by evaluating the query in
that solution.

For real-life XML-to-XML queries, certain answers’ semantics has to be redefined. A
notion of certain answers consistent with the traditional one can be built upon max-
descriptions, maximaly informative patterns holding in every possible answer.

Under this semantics certain answers can be computed for mappings that use nested-
relational DTDs and patterns with child and descendant navigation, wildcards, and
equality.

If schemas are assumed to be nested-relational DTDs, and mappings and queries are
both based on patterns using only child and equality, certain answers can be computed
via a translation to the relational case.
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16.2 Bibliographic comments

There are multiple references on XML; its theoretical foundations, including the model
based on unranked trees that we use here are surveyed, for instance, in the papers by Vianu
(2001); Libkin (2006b); Neven (2002); Klarlund et al. (2003); Gou and Chirkova (2007).
For basic information on tree automata, their decision problems and their complexity, see
the surveys by Comon et al. (2007) and Schwentick (2007). Testing emptiness for UNF-
TAs with transitions represented by NFAs was shown to be polynomial by Neven (2002).
LOGSPACE data complexity of testing if a given tree is accepted by an UNFTA was given
by Gottlob et al. (2005).

Tree patterns as they are presented here were introduced by Arenas and Libkin (2008),
and further extended with horizontal axes and data comparison by Amano et al. (2009).
The patterns were introduced originally to represent conjunctive queries (Gottlob et al.,
2006; Bjorklund et al., 2011, 2008). It should be noted however that to have the full ex-
pressive power of CQs one should allow DAG patterns, as it is done by Bjorklund et al.
(2008). David (2008) considers a different kind of semantics based on injective homo-
morphisms. Expressing injective patterns as CQs requires inequality on node variables.
Satisfiability and evaluation of tree patterns is essentially folklore as it appeared in many
incarnations in the literature on tree patterns and XPath satisfiability (Amer-Yahia et al.,
2002; Benedikt et al., 2008; Bjorklund et al., 2008; Hidders, 2003). The presented proof is
by Amano et al. (2009).

Systematic investigation into XML data exchange was initiated by Arenas and Libkin
(2008), who considered mappings based on restricted patterns disallowing horizontal nav-
igation and data comparisons. Those features were added by Amano et al. (2009). Nested-
relational DTDs were considered by Abiteboul et al. (2006), and by Arenas and Libkin
(2004, 2008). Empirical studies on their usage are reported by Bex et al. (2004).

The algorithms testing existence and materializing solutions were obtained by
Bojariczyk et al. (2011).

Query answering problem for child-based XML mappings was already considered by
Arenas and Libkin (2008), who gave a detailed complexity analysis. The influence of sib-
ling order and data comparisons was studied by Amano et al. (2010). Semantics of certain
answers for XML-to-XML queries was originally introduced by David et al. (2010). Other
studies of certain answers and incompleteness in XML include the papers by Abiteboul
et al. (2006), Barcel6 et al. (2010), and Gheerbrant et al. (2012).

Algorithms for translating XML data exchange tasks into relational are by Chirkova
etal. (2012).

16.3 Exercises

1 Give an example of a DTD such that the smallest tree it admits is exponential.
2 Prove that pattern satisfiability problem is NP-complete even for a fixed DTD. Hint: Use
equalities and constants in the pattern.
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Show that the problem XML-SM-MEMBERSHIP is IT5-hard. Hint: Reduce validity of
II, quantified boolean formulae, i.e., formulae of the form Vz; ...Vx,3y; ...y, ¢
where ¢ is a Boolean formula over variables x1, . .., 2y, Y1, . . . , Ym in conjunctive nor-
mal form and quantification ranges over true and false.

Prove that for a given tree 7" and UNFTA A it can be decided in PTIME if A accepts 7.
If A is UFTA(DFA), it can be done in LOGSPACE.

Prove that for a given UNFTA A it can be decided in PTIME if there exists a tree accepted
by A.

Let D be a nested-relational DTD. Show that for each XML tree 1" agreeing with a
D-kind K there exists exactly one witnessing substitution 7', (see page 165).

Give an example of a tree automaton .4, an A-kind K and a tree T € L(K) such that
there is more than one witnessing substitution. Can this automaton be deterministic?
(Source: Bojariczyk et al. (2011))

Show that for a fixed mapping M solution existence can be checked in LOGSPACE.
(Source: Bojariczyk et al. (2011))

A schema S has depth £ if each tree conforming to S has height at most k. Show that
for mappings with the target schema of fixed depth, solution building can be done in
EXPTIME, and solution existence can be tested in X3P.

(Source: Bojariczyk et al. (2011))

Show that SOLEXISTENCE problem is NEXPTIME-hard also for mappings that do not
use = on the source side, and for mappings that use |+ but do not use _. Hint: Modify
the reduction in proof of Theorem 12.28.

(Source: Amano et al. (2010))

Give an example of a mapping M € SM™ (|, —,=) and a query Q € CTQ({, =) such
that CERTAIN 5 (Q) is CONP-complete.

Generalize the PTIME-algorithm for certain answers so that it handles

(a) mappings in SM™ (], —T, =) and queries in CTQ(J,, =);
(b) mappings in SM" (|, =, #) and queries in CTQ({, =).

13

14

15

(Source: Amano et al. (2010))

A mapping M is called —-specified if in each target pattern, the order of the subpatterns
is completely specified by means of —; eg., r[a — b — b] is allowed, and r[a, b — b] is
not. Find a —-specified mapping from SM™ (|, —), and a query from CTQ(J, —, =)
such that CERTAIN r¢(Q) is CONP-complete. Formulate and prove a similar result for
—T.

(Source: David et al. (2010))

Find a family {7, } >0 of sets of XML trees such that | 7,,| = n, each tree in 7, has size
O(n), but each max-description of 7, has size at least 2™.

(Source: David et al. (2010))

Show that there exist a family of trees {Sy, }n>0 with |S,,| = O(n), a mapping M €
SM™({,-), and a TQL query @ such that CERTAIN »(Q, Sy,) has the size at least 2".
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Hint: Design {Sy, }n>0, M, and @ so that Q(SOL4(.S,,)) behaves like the family 7,
from Exercise 14.

16 (Source: David et al. (2010))
A pattern or a tree is ground if it uses only constants, i.e., it does not use variables/nulls.
For a set of trees 7, Thg(7) denotes the set of ground patterns that are satisfied in
each tree from 7. A ground pattern 7 is a ground max-description of T if Mod(7) =
Mod(Thg, (7)).

(a) Let ground(m) be a ground pattern obtained from 7 by dropping all the subpat-
terns ¢(a,T)[...] with nonempty Z. Show that if 7 is a max-description of 7, then
ground(r) is a ground max-description of 7.

(b) Show that for every nonempty set of ground trees T, a ground max-description exists,
and can be computed if 7 and Thy, (7) are recursive.

17 Show that the set of trees {r[a(z1, x2), a(x2, 23), ..., a(Ta—1,an), a(zn, z1)] | n € N}
has no max-description.
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What is metadata management?

So far we concentrated on handling data in data exchange, i.e., transforming source
databases into target ones, and answering queries over them. We now look at manipu-
lating information about schemas and schema mappings, known as metadata, i.e., we deal
with metadata management. In this short chapter we outline the key problems that need to
be addressed in the context of metadata management. These are divided into two groups of
problems. The first concerns reasoning about mappings, and the second group of problems
is about manipulating mappings, i.e., building new mappings from existing ones.

17.1 Reasoning about schema mappings

As we have seen, mappings are logical specifications of the relationship between schemas,
both in the relational and XML scenarios. In particular, we have seen many different logical
languages that are used to specify mappings. Thus, a first natural problem that one would
like to study in the context of metadata management is to characterize the properties that
a mapping satisfies depending on the logical formulas that are used to define it. More
precisely, one would like, in the first place, to understand whether the logical formulas
used to specify a mapping are excessively restrictive in the sense that no source instance
admits a solutions, or at least restrictive in the sense that some source instances do not
admit solutions. Note that this is different from the problem of checking for the existence
of solutions, studied in Chapter 5. In that problem, the input consists of both a mapping
and an instance, and we want to see if the mapping can be applied to a particular instance.
Now we are talking about just metadata management problems. That is, the input consists
of a mapping alone, and we want to know, before seeing any data, whether this mapping
actually makes sense. The latter could mean that it is either applicable to some instances,
which we shall term the consistency problem, or whether it is applicable to all instances,
which we shall term the absolute consistency problem. These consistency problems are
studied in Chapter 18.

The second type of problems that we look at are of the following nature: would like to
understand what one can lose or gain by switching from one language to another. In par-
ticular, we want to understand what happens to the fundamental tasks such as constructing
solutions or answering target queries when we switch between different logical languages
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that can be used to specify mappings. In Chapter 21, we shed light on these problems
by providing characterizations of the most common classes of mappings in terms of the
structural properties they satisfy.

17.2 Manipulating schema mappings

The second type of problems we look at in the metadata management framework (some-
times called model management ) is more operational in nature. We look at operations on
mappings themselves, i.e., operations that let us build new mappings from existing ones.
Some operations that have been proposed include match, merge, compose and invert. Here
we concentrate on composition and inversion, as these are the key operators for under-
standing schema evolution.

We now describe the intuition behind the composition operator, and show how it can be
used in practice to solve some metadata management problems. Let M5 be the mapping
given in Chapter 1, which is used to translate information from a source schema R,
consisting of relations GEO(city, country, population) and FLIGHT (source,
destination, airline, departure), into a target schema Rag, consisting of
relations  ROUTES(flight#, source, destination), INFOFLIGHT(flight#,
departure_time, arrival_time, airline) and SERVES(airline, city,
country, phone).Mapping M5 is specified by using st-tgds:

FLIGHT(src,dest,airl,dep) —
Jf# Jarr (ROUTES(f#, src,dest) A
INFO_FLIGHT(f#, dep, arr,airl))
FLIGHT(city,dest,airl,dep) A GEO(city, country,popul) —
Jphone SERVES(airl, city, country, phone)
FLIGHT(src,city,airl,dep) A GEO(city, country, popul) —
Jphone SERVES(airl, city, country, phone)

Assume that schema R has to be updated into a new target schema R consisting of the
following relations:

e INFO_AIRLINE(airline, city, country, phone, year)

This relation has information about cities served by airlines: for example, it may
have a tuple (AirFrance, Santiago, Chile, 5550000, 1982), indicating that
AirFrance serves Santiago, Chile, since 1982, and its office there can be reached at
555-0000.

e INFO_JOURNEY(flight#, source, departure time, destination,
arrival_time, airline)

This relation has information about routes served by several airlines. For each flight,
this relation stores the flight number (f1ight#), source, departure time, destination,
arrival time and the name of the airline.
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Furthermore, assume that the relationship between Ro and the new target schema Rg is
given by a mapping M3 specified by the following st-tgds:

SERVES(airl, city, country, phone) —
Jyear INFO_AIRLINE(airl, city, country, phone, year)
ROUTES(f#, src,dest) A INFO_FLIGHT(f#, dep, arr,airl) —
INFO_JOURNEY(f#, sTc,dep, dest, arr,airl)

Given that R has to be replaced by the new target schema Rg, the mapping M, from
schema R into schema R also has to be replaced by a new mapping M3, which spec-
ifies how to translate data from R into the new target schema Rg. Thus, the problem in
this scenario is to compute a new mapping M 3 that represents the application of mapping
M5 followed by the application of mapping Ms3. But given that mappings are binary
relations from a semantic point of view, this problem corresponds to the computation of
the composition of mappings M5 and Ma3. In fact, the composition operator for schema
mappings exactly computes this, and in this particular example returns a mapping M3
specified by the following st-tgds:

FLIGHT(src,dest,airl,dep) —
Jf# Jarr INFO_JOURNEY(f#, src,dep, dest, arr,airl)
FLIGHT(city,dest,airl,dep) A GEO(city, country, popul) —
Jphone Jyear INFO_AIRLINE(airl, city, country, phone, year)
FLIGHT(src,city,airl,dep) A GEO(city, country, popul) —
Jphone Jyear INFO_AIRLINE(airl, city, country, phone, year)

As we can see from this example, the composition operator is essential to handle schema
evolution. If a schema evolves first from R; to Ry, as specified by a mapping M5, and
then the target schema R further evolves to R, as specified by a mapping M3, we do
not want to create an intermediate instance of schema R to translate data structured under
R, into Rg: instead we want a composition mapping M3 that translates directly from
R, toR3.

Another operator that appears in this context is the inverse operator. Assume that we
have two schemas, R; and R, and a mapping M 5 between them. But now suppose it is
the source schema R that evolves to Ry, and this is specified by a mapping My. How
can we now go directly from Rg to R2? The idea is to undo the transformation done by
M and then apply the mapping M 2. In other words, we invert the mapping M, to
get a mapping ./\/lfo1 going from R to R, and then compose ./\/lfo1 with Ms.

This explains why the operators of composition and inverse are crucial for the develop-
ment of a metadata management framework. We study the composition operator in Chapter
19, and the inverse operator in Chapter 20.
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Consistency of schema mappings

The goal of this chapter is to analyze the consistency problem for schema mappings: that
is, whether a mapping can be applied to some source instance, or to all source instances, to
generate a target instance. The first problem is referred to as consistency , and the second
as absolute consistency. Since these problems are easily solvable for relational mappings
without target dependencies, we concentrate on those problems in the XML context.

We start by proving that without comparisons of data values in st-tgds, the consis-
tency problem is solvable in single-exponential time, and the bound cannot be improved.
When comparisons are added, it quickly becomes undecidable. However, the complexity
drops dramatically for nested-relational DTDs. As for absolute consistency, the problem
is actually much harder to solve: a priori even decidability is not clear. We do present
an algorithm, very different from the algorithm for consistency, that solves the problem
with exponential space (rather than time) bounds, and look for special cases that lead to
lower-complexity algorithms.

18.1 Problems statements

Consider a relational mapping M = (Rs, Ry, Xt) specified by a finite set X; of st-tgds.
Note that the mapping does not have any target dependencies. In that case, we know that
SoLm(S) # O for every instance S of Rs. In fact, assuming that M is fixed, we have
given polynomial-time algorithms that compute, for each source instance , solutions with
good properties (see Sections 6.3 and 6.4). Thus, consistency is not an issue for the class
of mappings specified by st-tgds: both consistency, as we described it in Chapter 17, and
absolute consistency, are trivially solvable, since the answer is simply ‘yes’.

On the other hand, the tree model used in the case of XML data exchange gives more
opportunities for expressing structural properties of data even with simple queries based on
patterns. In fact, we have already seen that schemas can impose strong conditions on the
structure of source and target instances, entering into complex interactions with source-
to-target dependencies, which makes consistency one of the central issues in XML data
exchange.

Unlike relational mappings, XML schema mappings may be inconsistent: there are map-
pings M so that [M] = 0, i.e., no tree has a solution. In addition to consistent mappings,
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in which some trees have solutions, we would like to consider mappings in which every
tree has a solution. These are very desirable for a variety of reasons: not only are we guar-
anteed to have possible target documents for every possible source, but the property is also
preserved when we compose mappings (see Chapter 19).

We say that a mapping M = (Ss, S, Xst) is consistent if it can be useful for at least
some source instances. That is, a mapping is consistent if SOL A4 (.S) # () for some source
instances S = S,. This can be restated as [M] # 0.

Recall that in PART THREE of the book we dealt with XML schema mapping classes
of the form SM(c), where o lists available features of the mappings, such as axes used in
navigation through documents, or the possibility of using equalities and inequalities. The
first key problem we consider is the one below.

PROBLEM: CONS(0)
INPUT: A mapping M = (S,, St, ¥st) € SM(0)
QUESTION:  Is M consistent?

If we use SM° (o) instead of SM(c) (i.e., if we use mappings in which attribute values are
not mentioned at all), we denote the consistency problem by CONS° (o).

A mapping M is absolutely consistent if it makes sense for every source trees .S: each
such tree has a solution under the mapping. That is, SOL(S) # 0 for all S = Ss. We
then consider the problem:

PROBLEM: ABCONS(0)
INPUT:  Mapping M = (S, S, Xst) € SM(0)
QUESTION:  Is M absolutely consistent?

These are the two main problems studied in this chapter.

18.2 Consistency for XML

The goal of this section is to show that the behavior of the consistency problem CONS (o)
depends heavily on o, i.e., on the exact set of features allowed in mappings. Recall that
o may contain navigational axes |, —, T, =T, and well as data comparisons = and #,
see Chapter 11, page 147. Recall that we abbreviate |, |, _ as || (vertical navigation),
—, —T, _ as = (horizontal navigation), and =, # as ~ (data comparisons).

A brief summary of the algorithmic properties of the consistency problem is as follows:

e Without =, # comparisons, the problem can be solved in exponential time, and this
complexity cannot be lowered.

e With =, # comparisons the problem quickly becomes undecidable.

e When schemas are restricted to be nested-relational DTDs, the complexity in general
drops, but not in every single case.
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Decidable cases of consistency

The main result of this section is an algorithm for solving the problem CONs({}, =), i.e.,
consistency without the =, # comparisons. The algorithm works in single-exponential
time, and this time bound cannot be lowered, since the problem is EXPTIME-complete.
That is, we prove the following result.

Theorem 18.1 The problem CONS({, =) is solvable in single-exponential time, and is
in fact EXPTIME-complete.

The algorithm is based on using automata-theoretic tools. We already know that every
schema can be encoded as an UNFTA, i.e., a nondeterministic tree automaton working on
unranked trees (see Definition 10.6 on page 139). Now we are going to see how to encode
a pattern as UFTA(DFA), that is, deterministic UNFTA with all transitions represented by
DFAs. As UNFTAs do not look at data values at all, we cannot hope to do the same for
general tree patterns; we need to assume the patterns do not talk about data values either.

Lemma 18.2 For every pattern w without variables, one can compute in exponential time
a UFTA(DFA) A such that L(Az) = {T | T = «}.

Proof We construct A, by induction on the structure of 7. If 7 = £ with £ € T U {_}, the
claim follows easily. Assume we have an UFTA(DFA) A, = (Q, 6, F) for 7. To obtain
A/ add a fresh state f, set 6/ (f,a) = Q*(F U {f})Q* for every a € T (the equivalent
DFA has two states), 6//"(q,a) = §(¢,a) N (Q — F)* forevery a € T, ¢ € Q (equivalent
DFAs grow by at most one state), and F//™ = F U {f}.

The last case is that of 7 = [, . . ., ). Let us first construct an UFTA(DFA) for £[p)
with

po= (1 ~1 Ty ~g - o e g1 TE),

and ~»1,~»9,..., 1€ {—=, =T} Let Ay, = (Qy,0;, Fj) be the UFTA(DFA) con-
structed for ;. The state space of Ayp,;is Q = Q1 X Q2 X -+ x Q¢ x {T, L}. Consider
the language M defined by the regular expression

Q* F1061 F2062 co kalakflﬁ‘k Q* )

where Fj = {(q1,---,q1+1) € Q | ¢ € Fj},ap = Q" if =T, and ; = ¢
otherwise. It is not difficult to construct a NFA with O(k) states recognizing M ; standard
determinization gives an equivalent DFA B with 2°0(%) states. The transition relation of
Ay is now defined as

5((@7 S)va’) = (él(qlva) X 52(q2,a) XX 6k(q/€7a) X {T7J-}) nNK

where K = Mifs = T,a = {(or £ = _), and K = Q* — M otherwise. Each such
transition can be represented by a product of DFAs 1, ..., B,, and B (or its complement),
where B; are single exponential in |7, and B is single exponential in k. Since ||7|| is
roughly >-7_, |||, the size of the product DFA [[7_, [|B;| - [|B] is single exponential
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in ||7||. The accepting states are those with T as the last component. In order to obtain an
UFTA(DFA) for £[p1, fi2, . . ., pin] it suffices to take the product of Ay, |

It is not difficult to see that the construction is asymptotically optimal (Exercise 1).

We can now combine the two ideas and reduce consistency of mappings to the emptiness
problem. Testing emptiness can be done in polynomial-time, but the UNFTA resulting from
the reduction will be a product of linearly many UNFTA of exponential size, and hence will
be exponential.

Proposition 18.3 CoONs°({}, =) is EXPTIME-complete.

Proof For a mapping (Ss, S, Xs¢) to be consistent, there must exist a pair (73, T2) such
that for all p — 1) € X it holds that T = ¢ implies 75 = 4. Suppose g = {p; —
P; ‘ i =1,2,...,n}. Then the existence of such a pair is equivalent to the existence of a
subset I C {1,2,...,n} satisfying

o there exists 1 |= S, such that Ty [~ ¢; forall j & I,
e there exists T, = S; such that T, |= 4; forall i € I.

This amounts to nonemptiness of the following automaton :

o As X ILgs Ag;»
° At X HjeI'Aﬂlj’

where A, and A; are the UNFTA underlying S and S;. The construction of each A,
takes exponential time. Since A, are deterministic, complementing them is straightfor-
ward. Testing nonemptiness of A; X - - - x Ay can be done in time O(]A;| x - - - x |Ag]|).
Hence, the overall complexity is EXPTIME.

To prove EXPTIME-hardness we provide a reduction from the nonuniversality problem
for binary tree automata (NTAs). Given an NTA A, testing if there is a tree rejected by A is
known to be EXPTIME-hard. The idea of the encoding is that the source tree codes both an
input tree and the run of the corresponding deterministic powerset automaton. The st-tgds
ensure that the run is constructed properly, and that it contains only non-final states in the
root.

Fix an NTA A = (Q, T, qo, F,d) with Q@ = {qo,...,qn} and T = {aq,...,a;}. Let S;
be given by the DTD

r,left,right — label qo...qn (left right |leaf)
label — aj |as| ... | ax
q1,492,--.,qn — yes |Il0
and Sbyr — ¢.

In every tree conforming to S;, the nodes labeled with r, 1eft and right form a binary
tree over which we run the powerset automaton. A g;-child should lead to a yes iff the state
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of the powerset automaton contains ¢;. This is ensured by adding for each g, € d(ay, ¢;, q;)
the st-tgd

//-lgx/no, label/a;, left/q;/yes, right/q;/yes] — L,

where L is a fixed pattern inconsistent with S;, e.g. r/r. Similarly we enforce that every
state, in which A can be after reading a leaf with a given label, is a yes-state:

//-lgx /no, label/a;, leaf] — L for g, € d(ar, 90, 90)-
Finally, we check that in the root of the run only non-final states are present:
r/qp/yes — L for g, € Q — F.
The obtained mapping is consistent iff there is a tree rejected by .A. O

Now using a simple observation we can immediately extend the algorithm presented
above to the case with variables, provided that data comparisons are not allowed, and con-
clude the proof of Theorem 18.1.

Proof (of Theorem 18.1) In the absence of data comparisons we can simply “forget”
about the data values. For a tree pattern 7, let 7° denote a tree pattern obtained from m
by replacing all subformulae of the form £(f) with £, for £ being a label or _. Let X9, =
{ry — 75 | (m — Jzm) € Ty} Itis not difficult to see that (S,, Sy, S) is
consistent iff (S, S, X2;) is consistent. O

Note that the complexity is relatively high, but the input to the problem consists of
metadata only (the schemas, and dependencies between them) and not the actual data.
Thus, in many case a single-exponential bound is actually acceptable. Later we shall see
how to lower it under some restrictions.

Undecidable cases of consistency

We now move to classes of schema mappings that allow comparisons of attribute values.
It is common to lose decidability (or low complexity solutions) of static analysis prob-
lems once data values and their comparisons are considered. Here we witness a similar
situation: having either descendant or next-sibling, together with either = or #, leads to
undecidability of consistency.

Theorem 18.4 Each of the following problems is undecidable: CONS(|,|T,=),
CONS (1, 1, ), CONS(l, —+, =), and CONS({, = ).

Proof We only prove undecidability of CONS({, [ ", =). The remaining cases are left as
an exercise. We describe a reduction from halting problem of 2-register machine, which is
known to be undecidable. That is, given a 2-register machine (defined below), we construct
a schema mapping that is consistent iff the machine halts. Trees encoding runs of a 2-
register machine will be of the form:
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RN
1,(0,0) R(0)
11(1,0) R&l)

Intuitively, the left branch is meant to represent a sequence of states with data values rep-
resenting registers while the right one is a sequence to represent natural numbers. We do
not have any equality test against a constant (say, a natural number). So, what we really do
is simulate values by the depth from the root. More concretely 0 and 1 above might as well
be # and b. Whatever they are, we simply take the value at the Oth level as 0 and the st
level as 1, and so on. The above tree can be easily described by a DTD. To make sure it is
a proper run of the given machine, we use st-tgds to check that the registers change their
values according to legal transitions.

Let us now describe the reduction in detail. A 2-register machine M consists of a set of
states @ = {1,2,..., f}, alist of instructions Z = (I; | i € Q \ {f}) (one instruction for
each state apart from the last state f), and two registers r; and ro, each containing a natural
number. A configuration of M is a triple (¢, m,n) where i € @ and m,n € N are natural
numbers stored in ry and ry, respectively.

An instruction of 2-register machine is either increment or decrement, and defines the
transition relation —,; between configurations.

increment I; = (r,j), where i € Q and r is one of r; and r. This means that M in state
increments r and goes to state j:

e flim 1) 121

(jym,n+1) ifr=ry.

decrement I; = (r,j, k), where i, j, k € @ and r is one of the two registers. This means
that M in state ¢ can test whether r is 0, and go to state j if it is, or decrement r and go
to k if it is not. In symbols,

(7,0,n) ifr=rpandm =20,
(i.m.1) —as (jm—1,n) ifr=rrandm #0,
(j,m,0) ifr=ryandn =0,
(j,m,m—1) ifr=rgandn #0.

The initial configuration is (1,0,0) and the final configuration is (f,0,0). The halt-
ing problem for 2-register machine is to decide, given a 2-register machine M, whether
(1,0,0) =%, (£,0,0).

Let us now describe how to construct a mapping, which is consistent iff the given ma-
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chine halts. The source DTD D, over the alphabet {r, I1, Is,...,I;, R, #} is given by

r— LR
I = I for all ¢ such that I; = (r, j)
I; — I;|I,  forall i such that I; = (r, j, k)
R — Rt
It —¢

where each I; has two attributes corresponding to the values of the registers, and R has one
attribute.

The target DTD D is simply {r — ¢}.

As mentioned above, the sequence of R’s is meant to be that of natural numbers, but
what represents a number is the depth in the tree instead of a value itself. In other words, the
data values are used as indices, so they must be unique. This is enforced by the following
dependency.

r//R(x)//R(x) — L

Let us now deal with the left branch, which is meant to encode the run itself. We have
assumed that the initial configuration is (1, 0, 0); the constraints below exclude other situ-
ations.

ri(z,y), [/ R/R(z)] — L
rih(z,y), //R/R(y)] — L

Now, let us check that we proceed correctly. For each ¢ such that I; = (rq, j), we need to
enforce that there is a number in the R-branch to set the value of r; to, and that the next
configuration is indeed obtained by increasing r;.

rl//Li(z,y), [/ R(z) /] — L
r[//Li(z, )/ 1; (@, y), [/ R(z) /R(2")] — 2’ = 2",y =y
For each i such that I; = (rq, j, k), we need to say: if the next state is k, then r; stores 0,

and both registers stay the same; if the next state is 7, then r; does not store 0, the register
r; gets decreased, and ry stays the same.

rl//1i(e,y) [Tk (2', ), R(a")] — w =2, 2" =2,y =y
rl// L, y) /I, R(x)) — L
/1@ 9) /1 (' o), [/R(") [ R(x)] — 2 = 2",y =y
For each 4 such that I; = (r, j) or I; = (r2, 7, k) we add analogous st-tgds.

Finally, we have to make sure that we end properly. In each source tree, the left branch
must end with I, so we do not need to check that. It is enough to say that both registers
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are set to 0.

rl//Li(z,y)/4, [/ B/ R(z)] — L
i/ Lz, ) /8, [/ R/ R(y)] — L

The obtained mapping (D;, Dy, X5 ) is consistent iff there is a halting run of the given
2-register machine. Thus we have proved that CONS({,, } 1, =) is undecidable. [l

Consistency with nested-relational DTDs

We have seen in Part III that quite a few tasks related to XML data exchange become easier
computationally if the schemas are given by nested-relational DTDs (see Definition 10.5
on page 139). We start with the case of mappings that do not use =, # comparisons. Here
in the case of vertical navigation, we achieve tractability of the consistency problem. When
horizontal navigation is added, the problem becomes intractable again, even with nested
relational DTDs. We leave the proof of these results as an exercise (see Exercises 2 and 3).

Proposition 18.5 For schemas restricted to nested-relational DTDs

e CONS({}) is solvable in polynomial (cubic) time;
e CONS({}, —) is PSPACE-complete.

When comparisons are allowed, the situation is somewhat similar: with vertical naviga-
tion, we recover decidability, but when horizontal navigation is added, it is lost again.

Theorem 18.6 Under the restriction to nested-relational DTDs:

e the problem CONS({}, ~) is NEXPTIME-complete;
e the problem CONS({, —, ~) is undecidable.

Proof A modification of the 2-register machine reduction gives the undecidability re-
sult (Exercise 7) and a modification of the reduction in the proof of Theorem 12.28 gives
NEXPTIME-hardness already for CONS(/, -, =) (Exercise 8). Let us concentrate on the
algorithm giving the upper bound.

Let M = (Ds, Dy, Y.it) be a schema mapping with the source and target schema given
by nested-relational DTDs, Dy and Dy. First observe that tree pattern formulae (even with
= and #) are monotone in the following sense: for any tree pattern formula o, if 7”7 is
obtained from 7T by erasing some subtrees and 7" = ¢, then T' |= ¢. Roughly speaking,
this allows us to consider the smallest tree conforming to the source schema. We define an
operation ° on DTDs as turning each £* and £? into ¢ and each £ into £. The mapping
M is consistent iff M’ = (D2, Dy, ¥.5;) is consistent. Since disjunctions are not allowed
in productions, we have only one tree conforming to D? (up to data values stored in the
attributes). The size of this tree is at most b, = || D, ||IIP=Il.

Suppose S |= D2, and T is a solution for S. We shall trim 7" to obtain a single expo-
nential solution 7”. Recall that a target tree is a solution for S iff it satisfies the partially
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arbitrary schemas  nested-relational DTDs

Cons({}) EXPTIME-complete PTIME
Cons({},=) EXPTIME-complete PSPACE-complete
Cons({}, ~) undecidable NEXPTIME-complete

Cons({,=,~) undecidable undecidable

Figure 18.1 Complexity of consistency problems

valuated pattern dg a4 combining all target requirements (Lemma 12.1). Fix a homomor-
phism & from dg aq into T'. Let T” be the solution obtained from 7" by removing all nodes
which are not enforced by £ nor by D;. That is, an ¢-labeled child of an ¢’-labeled node is
removed if it has no descendant in the image of &, and the production for ¢’ contains £*, £7,
or T (for £T keep at least one ¢-labeled child).

For each node the number of children enforced by £ is bounded by ||ds a|| <
|Est|b!2””, and the number of children enforced by D; is at most || D;||. As D; is non-
recursive, the size of 7" can be bounded by b; = (|X4; |bﬂ2” Iy | D¢ )Pl which is single
exponential.

Given these bounds, the algorithm for consistency guesses some S = D¢ with data
values in {1,2,...,bs}, some T" |= D, with branching at most |Est|bﬂz”H + || D¢|| and
data values in {1,2,...,bs + b;}, and checks if S, T satisfy the st-tgds. The check need
not be PTIME, but a naive algorithm checking each st-tgd against each possible valuation
requires at most |S| - (|S| + |T|)I¥+¢Il checks polynomial in the size of S, T, and ;.
Altogether this gives a NEXPTIME algorithm. o

18.3 Absolute consistency for XML

Reasoning about the complexity of absolute consistency is significantly harder than reason-
ing about the consistency problem. We know that CONS({}, =) can be easily reduced to
CoNs°({},=). However, eliminating data values does not work for absolute consistency.
Indeed, consider a mapping M with:

e asource DTD r — a*, a — ¢;
e atarget DTD r — a, a — ¢, with a having a single attribute in both DTDs;
e asingle st-tgd r/a(x) — r/a(z).

This mapping M is not absolutely consistent: take, for example, a source tree with two
different values of the attribute. But stripping M of data values, i.e., replacing the st-tgd
by r/a — r/a, makes it absolutely consistent.
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Thus, we cannot use purely automata-theoretic techniques for reasoning about absolute
consistency, even for vertical navigation. In fact, the above example indicates that to reason
about absolute consistency even in that case, we need to reason about counts of occurrences
of different data values.

Nevertheless, we start by looking at the problem ABCONS®({}, =), i.e., checking ab-
solute consistency of mappings M° in which all references to attribute values have been
removed. This will serve as a warm-up for other results. Besides, we see a slightly surpris-
ing behavior of the problem, as it has lower complexity than CONS°({}, =).

Proposition 18.7 ABCONS®({}, =) is II5-complete.

Proof The set of dependencies X is of the form {m; — 7/ };cs, where patterns have
no variables. To check consistency of such a mapping, we need to check whether there
exists a set J C I so that S; and all the ﬂ';-, j € J are satisfiable, while S together with the
negations of m, k ¢ J, are satisfiable. This makes consistency EXPTIME-complete (see
Proposition 18.3). For absolute consistency, we only need to verify that there does not exist
J C Isothat S; and 7, j € J, are satisfiable but S; and 71j;-,j € J, are not. Notice that
absolute consistency eliminates the need for checking satisfiability of negations of patterns.
Since satisfiability of patterns in the presence of schemas is in NP, the above shows that
absolute consistency of mappings M is in IT5. Proving hardness is an instructive exercise.

O

Algorithm for the general case

As suggested by the example, the absolute consistency problem becomes much harder if
we allow variables. Assume for a while that the mapping M contains a single dependency
m(Z,y) — Iz 7'(Z, Z). The logical structure of the condition we need to check is:

for every source tree T'

there exists a target tree T’ such that
for every ab satisfying T = 7(a, b)
there exists ¢ satisfying T |= 7'(a, ¢).

To turn this into an algorithm we would need to show a bound on the size of trees that need
to be considered. Instead, we will try to change the order of quantifiers to the following:

for every ab such that 7(a, b) is satisfiable in a source tree,
there exists € such that v/ (a, ¢) is satisfiable in a target tree.

The modified condition can be checked easily in II5. Indeed, what really matters is the
equality type of @, b and ¢, so it is enough to chose their entries from a fixed set of linear
size. Furthermore, one does not need to guess the source and target trees explicitly, it is
enough to witness their existence. By Theorem 11.7, there exists a witness of polynomial
size.

The algorithm that we shall present is based heavily on the ideas developed in the algo-
rithm for building solutions in XML data exchange, see Chapter 12. In particular, we shall
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use the notion of a kind, which was central to that algorithm (see Definitions 12.9 on page
165 and 12.17 on page 170).

To justify the reordering of the quantifiers, we would need to show that for every two
target trees 77 and T there is a 7’-union tree T such that whenever Ty = 7/(a,¢) or
T, E 7'(a,¢), then T = 7'(a, ¢). As we have learned in Chapter 12, this need not be true
in general, but can be guaranteed by assuming that 77 and 75 are of the same kind.

A single kind usually cannot provide solutions to all source trees. For instance, for M =
({r = a*b*}, {r — ab*}, {r(x) — 7'(x)}) with 7(x) = #'(x) saying “there is an a-
node storing x whose next sibling is a b-node”, and a target kind fixes the value in the a
node to some d, a tree of this kind can only be a solution for source trees that store the same
d in the last a-node. Thus source documents have to be split into subsets admitting solutions
of a single kind. It turns out that the latter is guaranteed by closure under m-unions, which
means that we can also use kinds to split the source documents.

Based on this we reformulate the absolute consistency condition as:

for every source kind K

there exists a target kind K’ such that

for every ab such that 7(a, b) is satisfiable in a tree of kind K,
there exists ¢ such that v/ (a, ¢) is satisfiable in a tree of kind K,

which ultimately leads to an algorithm working in exponential space.
Theorem 18.8 ABCONS({}, =, ~) is in EXPSPACE.

Proof We present the algorithm as a two-round game between two players, V and 3. In
each round, ¥ moves first. Moves are made by the choice of an object of size exponential
in || M|| during the first round, and polynomial in ||M]|| during the second round. The
winning condition, a polynomial time property of the moves, is defined so that 3 has a
winning strategy if M is absolutely consistent.

The existence of strategy for 3 in a game of such form can be easily tested in EXPSPACE
by exhaustive search. The algorithm simply iterates over all possible (exponential-size)
objects that can be played by V and 7 in the first round, and checks if 3 has a winning
answer for each object played by V. To test if an object Y is a winning answer to an object
X, the algorithm iterates over all (polynomial-size) objects that can be played in the second
round and checks if 3 has a winning answer to each object played by V, which only requires
testing the (polynomial) winning condition for the four objects.

Let us now describe the game. The rules reflect the reformulated absolute consistency
condition: in the first round V states what kind of tree is a counterexample to absolute
consistency, while 3 chooses the kind of tree that gives solution to the purported coun-
terexample; in the second round V picks a tree of the declared kind and a tuple witnessing
that the solutions fail, and 3 tries to respond with a tree and a tuple that would prove V
wrong.

To make the rules precise, let Ay, A; be the UNFTAs underlying the source and target
schemas, and let m be the maximum over the sizes of all patterns used in M.
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In the first round V plays an A-kind Kv and an accepting run with margins of size m,
such that the height and branching of K is bounded by (2m + 1)||.A;]||. The data values
used in K are to represent an equality type, so it is enough to choose them from C' =
{1,2,...,|Kv|}. The response K3 of 3 is similar except that A is replaced by .A;, and
some of the nodes can store nulls taken from a fixed set { L1, Lo, ..., Lk }.

In the second round, ¥ chooses a dependency 7 (7,7) — 3z 7'(Z, ) and tuples a, b
(without nulls) together with a polynomial object witnessing that 7(a, b) can be realized
in a tree agreeing with Kv (Lemma 12.29). The player 3 then responds with a tuple ¢
(possibly including nulls) and a polynomial witness that 7/(@, ¢) can be realized in a tree
agreeing with K3.

A player loses if he fails to make a move complying with the rules. If all moves are
made, 3 wins.

Let us verify that 3 has a winning strategy if and only if M is absolutely consistent.

If M is not absolutely consistent, V’s strategy in the first round is to choose an XML
tree T for which no solution exists and play Ky such that T € L(Ky) (see Lemma 12.23).
In the second round, ¥ chooses an std 7(Z,7) — 3z 7'(Z, ) and tuples a, b such that
T = n(a, b), but there is no ¢ such that 7/(a, ¢) can be realized in a tree agreeing with K3.
Some suitable std and a, b exist, as otherwise for all choices of V there would be ¢ and a
tree in L(K3) satisfying 7' (@, ¢); by Lemma 12.24 we would then be able to combine all
these trees into a tree T” € L(K3) satisfying all 7’(a, ¢), i.e., a solution for 7.

Assume that | M| is absolutely consistent. 3’s strategy in the first round is to choose K3
so that for every tree agreeing with Ky there exists a solution agreeing with K3. In the
second round, whatever @, b was played, 7/ (@, ¢) can be realized in a tree from L(K3) for
some ¢; 3’s strategy is simply to choose suitable ¢ and a witness.

It remains to see that such K5 can be produced, provided that M is absolutely consistent.

First let us see that each tree in L(Ky) has a solution agreeing with some K3. Let

N = ((2m+ 1)||At|\)(2m+1)”At”, T € L(Ky) and let A be the set of data values used in
T that are not elements of C. Let Ag, A1, ..., Ay be sets of data values such that |4;| = | 4]
foreachiand C, Ay, A1, ..., A are pairwise disjoint. For each i fix f;: AUC — A;UC
such that f; restricted to C is identity, and f; restricted to A is a bijection A — A;. Let
T; = f:(T) be obtained by renaming the data values according to f;. Since values in C
are not changed, T; € L(Ky) for all 7. Using Lemma 12.24, we combine 7;’s into a tree
T’ € L(Ky) which satisfies all the valuations of source side patterns satisfied by any of
the T’s. In particular, whenever T' |= 7(a,b), T" = w(fi(a), fi(b)) for each i. As M is
absolutely consistent, 7" has a solution, say S’. By Lemma 12.23, S agrees with some
Ay-kind K of height and branching bounded by (2m + 1)|.4;||, admitting an accepting
run with margins of size m (but not necessarily using only data values from C' or nulls).
Since K has at most k nodes, there is ig such that K contains no data values from A4,,. Let
fle) =cforc e C, f(a) = figl(a) fora € A;,, and f(a) = L, foralla ¢ A;, UC.
Then, f(S’) agrees with K3 = f(K), which only uses data values from C' and nulls (not
more then k of them). It is easy to check that f(S”) is a solution of T".
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Now, assume that there is no K3 that provides a solution for each tree agreeing with Ky.
Then there exists a tree agreeing with Ky for which there is no solution at all, contradicting
absolute consistency. To see this, reason as follows. For each possible response K to Ky,
let Sk be a tree agreeing with Ky for which there is no solution agreeing with K. By
Lemma 12.24 there is a tree S € L(Ky) such that S |= 7(a, b) whenever one of the T ’s
satisfies (@, b) for every source side pattern 7. That means that no K5 provides a solution
for S, which contradicts the previously proved claim. o

Precise complexity

We presented the algorithm solving ABCONS as a two two-round game between V and 3, in
which moves are made by the choice of an object of size exponential during the first round
and polynomial during the second round, and the winning condition is a polynomial-time
property of these objects.

The second round of the game can be eliminated. Since the played objects are polyno-
mial (in the size of the input), a strategy is an exponential object: it maps each object that
can be played by V to an answer of 3. Thus, instead of playing the second round, 3 can
simply extend the object played in the first round with a winning strategy for the second
round.

This means that the algorithm can be viewed as a single round game in which V and 3
play exponential-size objects and the winning condition is a polynomial-time property of
these objects.

The class of problems that can be solved by such algorithms is denoted by IIsEXP.

It is easy to see that

NEXPTIME C TI;EXP C EXPSPACE .

We argued informally the second inclusion in the proof of Theorem 18.8. To justify the
first inclusion, observe that a NEXPTIME algorithm can be seen as a game in which the
rules tell V to play some trivial object, and 3 is supposed to play the whole accepting
computation of the algorithm as a single object (it does have single exponential size).

ABCONS happens to be complete for IIs EXP. To show this we provide a reduction from
the following II;EXP-complete problem:

PROBLEM: 2"-UNIVERSALITY
INPUT: nondeterministic Turing machine M,
number 7 in unary
QUESTION: Does M accept every word of length 2"
in at most 2" steps?

We give a reduction from 2"-UNIVERSALITY to ABCONS for a very restricted class of
mappings.

Theorem 18.9 ABCONS is Il,EXP-hard even for mappings from SM®(|, _, =) using
non-recursive DTDs.
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Proof This reduction is very similar to the one in the proof of Theorem 12.28. The possi-
ble source trees will encode the input words, and the solutions will encode accepting runs
as sequences of configurations. The main difficulty is that we need to copy the exponential
input word to the target tree by means of polynomially many dependencies. For this pur-
pose we use a modified mechanism of addressing the configurations and their cells, based
on a linear order of length 2 stored in the source tree.

Let an instance of 2"-UNIVERSALITY be n € N and a Turing machine M with the tape
alphabet A and the blank symbol b € A, the state space ¢, q1,- - ., ¢ and the extended
transition relation 4 (see the proof of Theorem 12.28 for details). W.l.o.g. we assume that
gy is the only final accepting state.

The source DTD is given as

r—ordqyqi ... qr L2 Ty
ord — a1 by

@iy by — ai11 big1

QAp, b — €
C—>t1|t2| |tk
where t1,1t2, ..., are the tape symbols except b, and 71, 7o, ..., T are the decorated
tape symbols, i.e., elements of A = {s, s”, 59 ’ s€ A},i=1,2,...,n — 1 and the labels
qosq1,---,4f, L, T1,T2, ..., Tm, c have a single attribute. The target DTD is given as
r—aibitritry -+ trg
tr; — tr

aj by = aj41bj+1
o, bay — cell
cell: @confnum @cellnum @st @sym
tr: @st; @sym; @sty @sym,, --- @stg @symyg

where: = 1,2,...,d, 5 = 1,2,...,2n — 1. The tr nodes store 3, the extended transition
relation of M, and d = |c§ |. In the cell nodes we store a configuration number, a cell
number, a state, and a decorated tape symbol.

Assume for a while that we only need to handle source trees in which all data values are
distinct. Correctness of the encoding of § is ensured with st-tgds

rlp1(u1), o1(v1), p2(u2), o2(v2), . . ., pe(us), o6 (vs)] —
— r/_/tr(uy,v1, us, va, . . ., Ug, V)

for each (p1, 01, p2,02,...,P6,06) € 5.

The addressing mechanism is based on the data values stored in the c-nodes, encoding
a linear order of length 2™. With every c-node v we associate the sequence of a’s and b’s
on the path leading from the root to v. This sequence is interpreted as a binary number (a
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read as 0, b read as 1), which is the position of v in the order. The auxiliary patterns take
the following form:

First(x) = ord/a1/az/ - [an/c(x),
Last(x) = ord/by /ba/ - - /by /c(x) ,

Succ(z,y) = \/ /] -[ai/biv1/biva/ - [bn/c(x),
i=1
bi/ait1/aira/ - [an/c(y)],

n—1
Succs(z,y,2) = \/ //_{ai/bi+1/bi+2/---/bn_l[an/c(x),bn/c(y)},

1=1
bifaiis/aiva/ - fan/e(z)] v
n—1
VN It fbisa) - fbael@),
=1

bi/ai+1/ai+2/ o '/an71 [an/c(y)vbn/c(z)ﬂ :

Each occurrence of // above can be replaced with a sequence of / and _ symbols, and
disjunction can be eliminated since we only use the auxiliary patterns on the source side.

To build the first configuration we copy the input word stored in the sequence of zero
and one nodes with the head in the state g over the first cell,

r[First(z), First(y)/s, qo(u), s"(v)] — r//Cell(z,y,u,v),
T[First(:c), Succs(21,y,22)/s, L(u), s(v)] — r//Cell(z,y,u,v),
r|First(z), Last(y) /s, L(u), s*(v)] — r//Cell(z,y, u,v),

where s ranges over A\ {b} and by Succs(z1,y, 22)/s we mean Succs(z1,y, z2) with c(y)
replaced with ¢(y)/s.
To make sure we encode a correct accepting run, we add

T[SMCC(Io, xl)v Succs (yla Y2, y3)] -

— Ju v r[_/tr(ul, V1, U2, V2, . .., Ug, ’1}6), /\ //cell(xi, Yi, USitj, ’U3i+j)} s
i,J

rlgr(u)] — J2 3y v r//cell(z,y, u,v) .

We claim that the mapping we have just defined is absolutely consistent iff the answer to
n-UNIVERSALITY is “yes”. Assume that the mapping is absolutely consistent. Every input
word w can be encoded in a source tree using distinct data values. An inductive argument
shows that a solution to such a tree encodes an accepting run of M on w. Conversely, if
the answer is “yes”, for each source tree .S using distinct data values, a solution is obtained
from the run of M on the word encoded in the sequence of ¢;-leaves of S. What if .S uses
some data values more than once? For a function » : N — N and a tree U, let h(U) be the
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tree obtained from U by replacing each data value a with h(a). Now, let S’ be a tree with
the structure identical as .S, but using distinct data values, and let h be a function on data
values such that h(S’) = S. By the previously considered case, there is a solution 7” for
S’. Since our mapping does not use inequality on the target side, nor equality on the source
side, h(T") is a solution for h(S’") = S. O

In the reduction above we can remove disjunction from the DTDs turning them into
nested-relational at the cost of allowing inequality or next-sibling on the source side. For
mappings in SM™ (|, _, =) one can prove NEXPTIME-hardness.

Bounded depth mappings

We have seen that absolute consistency is highly intractable even for patterns using only
vertical axes and non-recursive DTDs with very simple productions. The NEXPTIME lower
bound means that for all we know, a doubly-exponential algorithm is required. For static
reasoning that we encounter in dealing with metadata, in general it is single-exponential
bound that is viewed as acceptable. So the question is whether such a bound is achievable
for absolute consistency under some restrictions.

In this section we show that the complexity can be lowered substantially if the height of
trees is bounded by a constant. We say that a mapping M has depth at most d if the source
and target schema only admit trees of height at most d.

In this case the problem falls into the polynomial hierarchy. We have seen two levels
of it, IT5 and X%, so far. Now we need the 4th level of it, IT}. These levels are defined
inductively: 37 is the class of problems solved in NP with a ¥} | oracle, and II} is the
class of problems solved in CONP with a ¥ | oracle. All these classes are contained in
PSPACE, and thus problems belonging to these classes can be solved in single-exponential
time.

Theorem 18.10 ABCONS for mappings of bounded depth is in I14.

Proof We claim that the general algorithm presented in Theorem 18.8 has the desired
complexity for mappings of bounded depth.

Assume that an UNFTA A only accepts trees of height at most d and let K be an .A-kind.
Obviously K’s height is at most d. Moreover, K contains no vertical ports, as otherwise
arbitrarily high trees would agree with K.

It follows that, for a bounded depth mapping, the kinds played in the first round have
polynomial branching and bounded depth, which means they are polynomial. In the second
round, the objects played are polynomial in the size of those from the first round. As the
correctness of the moves is polynomial, this gives a IT;-algorithm. O

A small modification of our techniques makes it possible to prove Theorem 18.10 for
a more general definition of boundedness: M has depth at most d if every pattern it uses
can only be realized within the initial d levels of every tree conforming to the schema.
This includes mappings using patterns starting at the root, that do not use descendant, nor
child-paths of length greater than d.
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We next show that ABCONS is II;-hard even for schema mappings of depth 1.

Theorem 18.11 ABCONS is IT}-hard for bounded-depth mappings, even for depth 1
mappings from SMT4 (|, — =),

Proof We provide a reduction from TAUTOLOGY for II4 quantified propositional formu-
las. Let
Y= V(El,l’g, ) 7$n3917y27 s Yn
m
Vul,u2,...,unﬂvl,vg,...,vn /\Xz\/}/z\/Zz
i=1
with X;,Y;, Z; € {zj,y;5,u;j,v5, T, Y5, U5, 7; ‘ j =1,...,n}. Let the source schema be
given by
r — (a1]a})(azlay) ... (anlal,)ee,
where e has a single attribute, and the target schema by
r — eeeaias ...apbiby. .. bng7 ,

where e has a single attribute, a; and b; have two attributes, and g has three attributes. The
source tree encodes a valuation of x1, s, . .., Ty, a; means that x; is true, a; means it is
false. In e-positions we store values representing true and false. On the target side, we want
to keep a copy of the valuation of x;’s and a guessed valuation of y;’s, except this time we
use a different coding. The first attribute of the label a; stores the value of x;, true or false,
and the second attribute stores the value of the negation of x;. Similarly, b;’s store values
of y;. We also want in the target word two copies of frue and a copy of false arranged so as
to enable nondeterministic choice between a pair (true, false) or (false, true), as well as all
triples with at least one entry true, stored in g-nodes, which will help us to check that each
clause of ¢ is satisfied.

Let us now describe the st-tgds. First we make sure that values representing frue and
false are copied properly,

r[e(:c) — e(y)] — T[G(ZC) —e(y) — e(a:)] ,
for each ¢ translate the a;/a coding of values of z; into true/false coding,

T[ai,e(t) — e(f)} —r/a;(t, f),
rlai e(t) = e(f)] — r/ai(f,1),

and enforce in the target tree all triples with at least one entry true,

rle(t) = e(f)] — rlg(f, f.0).9(f, 1, )., 9(t, 1, )] .

Next, we guess a value of y; for each i,

r— r[e(a:) — e(y),bi(a:,y)] )
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and ensure that it makes the internal Il part of ¢ true for x1, x9, ..., x, encoded in the
source tree and y1, Y2, - . . , Yn, guessed in the target tree
T[e(ul)v 6(11,2), s 7e(un)] —
— rle(ur) = e(tr), e(uz) — e(tz), ..., e(un) = e(ty),
e(v1) = e(1), e(va) = e(Da), ..., e(v,) = e(n),
al(ﬂCl,fl),%(iﬂz,@), an(iﬂn, Tn),
bi(y1,91),ba(y2,2), - - - b (Yn, Un),
g(lemvzl)ag(XQa}évZQ)a e ,g(Xm,Ym,Z )]

(the literals X;, Y}, Z; are taken from ().

The obtained mapping is absolutely consistent iff ¢ is a tautology. Indeed, if the mapping
is absolutely consistent, in particular it has a solution for each source tree that uses two
different data values in e-positions. By construction, such trees have solutions iff ¢ is a
tautology. If the data values in e-positions are equal, the st-tgds are satisfied trivially. [

Disjunction can be eliminated from the source schema at a cost of allowing data com-
parisons on the source side. To achieve this, replace (a; | a}) with a; storing two attributes,
and encode the truth value as (in)equality of the two data values.

Tractable case

In order to guarantee tractability, stronger assumptions are required.

Theorem 18.12 ABCONS is in PTIME for mappings in SM™ (|, =) without equality on
the source side. Allowing equality on the source side makes the problem CONP-complete.

Proof Throughout the proof we assume that each variable is used in exactly one st-tgd.
Since satisfiability of |, =-patterns with respect to a nested relational DTD can be tested
in PTIME, without loss of generality we can assume that all patterns in the mapping are
satisfiable: for each m — 7/, if 7 is not satisfiable, the st-tgd can be removed, and if 7 is
satisfiable but 7’ is not, the mapping is not absolutely consistent.

Under this assumption,

(Ds, Dy, {m; — 7, ‘i:l,Z,...,n})

is absolutely consistent if and only if so is

(Ds,Dt, {/n\m — ;\ﬂ}) .
i=1 i=1

The second condition is clearly necessary. To see that it is sufficient, observe that since we
disallow alternative in schemas and inequality, the conjunctions of patterns are satisfiable,
because each pattern is satisfiable on its own. Moreover, as equality is disallowed on the
source side, each T' = D, can be extended to T E D; satisfying all original source side



248 Consistency of schema mappings

patterns. Every solution for T with respect to the modified mapping is a solution for 7" with
respect to the original mapping, and the claim follows.
By Lemma 13.13, we replace

n n
A= A
=1 i=1

mrg, </"\ 7ri> — mrgp, </"\ wi)
i=1

i=1
and get a single st-tgd 7(Z,y) — 3z 7' (Z, Z) with equalities possibly on both sides, such
that = and 7" admit injective realizations.

Let ~, be the equivalence relation on variables in 7 induced by equalities. We say that
x; is unbounded on the source side whenever for all variables £ ~ x;, on each path from
an occurrence of £ in 7 to the root of 7 there exist two subsequent labels £, ¢’ such that ¢
occurs in the production for ¢ in D, as £* or /1. The relation ~; and unboundedness on
the target side are defined analogously.

The mapping is absolutely consistent if and only if each z; unbounded on the source
side is also unbounded on the target side and x; ~; x; implies z; ~, x; for all ¢, j (both
conditions in PTIME). This follows from two simple observations: an injective realization
of 7 or 7’ can easily guarantee that two variables get the same data value only if they are
in the corresponding relation, /4 or ~;; and x; is unbounded if and only if it admits more
then one value in some tree.

If equalities are allowed on the source side, first universally guess a subset of st-tgds

whose source side patterns are to be satisfiable in a single tree, and then proceed like

above. To show hardness, we reduce SAT to the complement of ABCONS. Fix a CNF
formula C; A Cy A --- A Cy, over {z1, 29, ..., 2, }. Let the source and target DTDs be
r — 2120 ...2n ftand r — CyCy ... C, where all labels except r store a single
attribute. Let ¥, contain the st-tgds

r/t(x) — r/Co(x),
r/f(x) — r/Cn(x),
r[zx(z), t(x)] — v [Ci(y), Ci—1(y)] for all C; containing zy, ,
rzi(x), f(x)] — r[Ci(y), Ci—1(y)] for all C; containing —zy, .
If a valuation z; = b; satisfies each clause, r[z1(b1),22(b2),- .., 2m(bm), f(0),¢(1)]

has no solution. For the converse implication, observe that if some
rlz1(b1), 2z2(b2), ..., Zm(bm), f(bs),t(bs)] has no solution, then it must hold that
by # b, but the st-tgds enforce equality. Examining the st-tgds whose source side patterns
were satisfied we get a partial valuation of z; making the formula true. The remaining
variables can be valuated arbitrarily. O
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Mapping composition

In Chapter 17 we described two key operations on schema mappings: composition and
inverse. These operators are needed to describe schema evolution and transformations of
data according to the changing schema. In this chapter we study mapping composition. The
goal of the composition operator is to generate a mapping M3 that has the same effect as
applying successively two given mappings M2 and M3, provided that the target schema
of M5 is the same as the source schema of My3. We shall see that in the relational case
such a mapping can always be specified with s-t tgds extended with second order quantifi-
cation or, equivalently, Skolem functions. In the XML case, the composition mapping can
be generated only if the set of available axes is restricted.

19.1 The notion of composition and key problems

As mentioned in Chapter 17, the semantics of the composition operator can be defined in
terms of the semantics of this operator for binary relations.

Definition 19.1 (Composition operator) Let S1,Sa, S3 be relational or XML schemas.
Let Mj2 be a mapping from S; to S2, and Mss a mapping from Sy to Ss. Then the
composition of M5 and Mg is defined as

[Miz] o [Mas] = {(51, S3)

there exists an instance S5 of schema Sy such that }

(51,52) € [Mi2] and (S2, S3) € [Mas]

For example, for the mappings M2, Mas, and M3 shown in Chapter 17, M3 cor-
responds to the composition of Mis and Mag since [Mi3] = [Miz] o [Mas]. It is
important to notice that this example shows two mappings specified by st-tgds whose
composition can also be specified by such dependencies. In contrast, the definition of the
composition operator itself only defines the semantics of the composition and does not say
anything about the existence of a syntactic specification of this mapping.

This motivates the first fundamental question about the composition operator, namely
whether the composition of st-tgds can always be specified in the same logical language.
At a first glance, one may be tempted to think that the answer to this question is positive,
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and that the example in the introduction can be generalized to any composition of st-tgds.
However, the following example proves that this is not the case, as it shows two mappings
specified by st-tgds whose composition cannot be specified by a set of such dependencies.

Example 19.2 Consider a schema R consisting of one binary relation Takes, that as-
sociates a student name with a course she/he is taking, a schema R consisting of a rela-
tion Takes;, that is intended to be a copy of Takes, and of an additional relation symbol
Student, that associates a student with a student id; and a schema R consisting of a bi-
nary relation symbol Enrolled, that associates a student id with the courses this student is
taking. Consider now mappings M, and M3 specified by the following sets of st-tgds:

Y19 = {Takes(n,c) — Takes;(n, ¢), Takes(n,c) — IsStudent(n, s)},
Y23 = {Student(n, s) A Takes;(n,c) — Enrolled(s,c)}.

Mapping M5 requires that a copy of every tuple in Takes must exist in Takes; and,
moreover, that each student name n must be associated with some student id s in the
relation Student. Mapping M3 says that if a student with name n and id s takes a course
¢, then (s, ¢) is a tuple in the relation Enrolled. Intuitively, in the composition mapping
one would like to replace the name n of a student by a student id 4,,, and then for each
course c that is taken by n, one would like to include the tuple (i, ¢) in the table Enrolled.
Unfortunately, it can be formally proved that it is not possible to express this relationship
by using a set of st-tgds. In particular, an st-tgd of the form:

Takes(n,c¢) — JyEnrolled(y,c)

does not express the desired relationship, as it may associate a distinct student id y to each
tuple (n, ¢) in Takes and, thus, it may create several ids for the same student name.

Intuitively, the correct composition mapping in this case should postulate that the student
id depend solely on the name, and not the course. This could, intuitively, expressed as
follows:

Takes(n,c) — Enrolled(f(n),c),

where f(-) is a function associating an id with a name. This intuition will be made precise
in this chapter. (]

The previous example shows that st-tgds are not enough to specify the composition of
st-tgd mappings. In other words, st-tgd mappings are not closed under composition. So to
achieve closure under composition, we could use two approaches:

e we could restrict the class of mappings so that their compositions are expressible with
st-tgds; or

e alternatively, we could extend the mapping language so that it captures compositions of
st-ted mappings.

Of course, the second approach can be taken only if the complexity of the extended class
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of mappings is feasible. This guides us in our search for classes of mappings closed under
composition.

For relational mappings we shall follow the second approach. We shall develop a natural
extension of st-tgds that has precisely the expressive power needed to specify compositions
of st-tgd mappings. In contrast, for XML mappings we shall see that any such formalism
would be undecidable, and we shall switch to the first approach, obtaining a restricted class
of mappings closed under composition.

Since our search for the right formalism is guided by the complexity analysis of the
composition problem, we need to define it properly. The complexity of the composition
of mappings M1z = (81,82, 312), Maz = (S2, 83, Xa23), between relational or XML
schemas, is the complexity of the following problem:

PROBLEM: COMPOSITION( M2, Ma3)
INPUT: Instance 77 of S; and T35 of Ss
QUESTION: (T4, T3) € [Mi2] o [Ma3] ?

In the following section we shall see how knowing the complexity of composition can help
in finding a formalism for composing relational mappings defined by st-tgds.

19.2 Complexity of relational composition

Example 19.2 shows that in order to express the composition of mappings specified by
st-tgds, one has to use a language more expressive than st-tgds. However, the example
gives little information about what the right language for composition is. In fact, the com-
position of mappings M2 and M3 in this example can be defined in first-order logic
(see Exercise 12):

VYn3IyVe (Takes(n, c) — Enrolled(y, ¢)),

which may lead to the conclusion that FO is a good alternative to define the compo-
sition of mappings specified by st-tgds. However, a complexity argument shows that
this conclusion is incorrect. To show this, we first need to know the complexity of
COMPOSITION( M2, Ma3). The following theorem shows that it is always in NP, and
can be NP-hard.

Theorem 19.3 (Complexity of composition) For every pair of mappings Mo, Mas
specified by st-tgds, COMPOSITION (M2, Ma3) is in NP. Moreover, there exist mappings
M, and Mg specified by st-tgds such that COMPOSITION (M, M35) is NP-complete.

Proof The membership of COMPOSITION (M2, Ma23) in NP can be proved by showing
that there exists a polynomial p (that depends on M5 and Mag3) such that if (S7, S3) €
M2 0 Mags, then there exists an instance S satisfying that (S7, S3) € Mjia, (S2,S53) €
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Mg and ||S2|| < p(||S1]] + ||S3]]). We leave this proof for the reader (see Exercise 13),
and we focus here on showing that COMPOSITION (M 12, Ma3) can be NP-hard.

Let R4 be a schema consisting of a unary relation node and a binary relation edge, R2 a
schema consisting of binary relations coloring and edge’, and R3 a schema consisting of
a binary relation error and a unary relation color. Moreover, let M7, = (R1, Ra, ¥12)
and M3%; = (R2, Rg, Xo3), where X142 consists of the following st-tgds:

node(x) — Jy coloring(x,y), (19.1)
edge(x,y) — edge’(z,y),

and o3 consists of the following st-tgds:

edge’(x,y) A coloring(z,u) A coloring(y,u) — error(x,y), (19.2)
coloring(x,u) — color(u). (19.3)

Next we show that COMPOSITION (M7,, M35) is NP-hard by reducing from the graph 3-
coloring problem. Intuitively, relations node and edge in R store a graph G, and relation
edge’ in Ry is a copy of edge. Moreover, st-tgd (19.1) indicates that a color must be
assigned to each node in the graph and, thus, relation coloring in Rg stores a possible
coloring of graph G. Finally, st-tgd (19.3) indicates that relation color in Rg stores the
colors used in the coloring of GG, and st-tgd (19.2) indicates that error stores any incorrect
assignment of colors, that is, error(z,y) holds if x, y are adjacent nodes in G and the
same color is assigned to them.

Formally, let G = (N, E) be a graph, and define instances S; of R and S3 of Rg as
follows:

node’t = N, color®® = {red, green, blue},
edge® = E, error® = (.

Then it holds that (S1,S3) € M7}, o M3, if and only if graph G is 3-colorable. This
concludes the proof of the theorem, as it shows that the graph 3-coloring problem can be
reduced in polynomial time to COMPOSITION (M5, M35). O

Let us see now that FO is not expressive enough to define compositions of mappings
defined by st-tgds. We claim that the composition of M7, and M3, cannot be defined
by a finite set of FO formulas. Towards a contradiction, suppose that it is defined by a
finite set ¥ of FO formulas. Then COMPOSITION(M7,, M3;) reduces immediately to
the problem of verifying whether a pair of instances (S1, S3) satisfies . But this means
that the complexity of COMPOSITION (M3, M3,) is in AC”, as the complexity of the
problem of verifying whether a fixed set of FO formulas is satisfied by an instance is
in this complexity class. Recall that AC" is the class of “constant parallel time” problems,
i.e., languages that can be accepted by a family of constant-depth, unbounded-fanin circuits
with AND, OR, and NOT gates. Its uniform version, which contains FO, is a subclass of
LOGSPACE, and thus PTIME. By Theorem 19.3, COMPOSITION(M7,, M%) is NP-hard,
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which contradicts the well-known fact that ACY C NP (see Section 2.4 for a discussion
about these complexity classes).

Theorem 19.3 not only shows that FO is not the right language to express the composi-
tion of mappings given by st-tgds, but also gives a good insight on what needs to be added
to st-tgds to obtain a language capable of expressing the composition of such dependen-
cies. We know that COMPOSITION (M2, Ma3) is in NP. By Fagin’s Theorem in finite
model theory, the class NP has a logical characterization as the class of problems defined
in existential second-order logic , i.e., by formulae of the form 3R; ...3R,, ¢, where the
R;s range over sets or relations, and ¢ is an FO formula.

So it appears that some sort of second-order quantification is necessary to capture re-
lational composition. In the following section we confirm this by presenting an extension
of st-tgds with existential second-order quantification that gives rise to the right mapping
language for dealing with the composition operator. As hinted in an earlier example in this
section, the existential quantification is not over arbitrary relations but rather functions,
such as, for instance, the function from student names to student ids in Example 19.2.

19.3 Extending st-tgds with second-order quantification

In the previous section, we showed that first-order logic is not expressive enough to rep-
resent the composition of mappings given by st-tgds. The bounds on the complexity of
composition suggested that existential fragment of second-order logic can be used to ex-
press the composition of this type of mappings. In this section, we go deeper into this, and
show that the extension of st-tgds with existential second-order quantification is the right
language for composition.

Our quantification will be over functions, like the function that associates a student id
with a student name in Example 19.2. These functions will be used to build terms which
will then be used in formulas. Recall that terms are built as follows:

e every variable is a term; and
e if f is an n-ary function symbol, and ¢y, ..., ¢, are terms, then f(t1,...,t,) is a term.

For instance, if f is a unary function and ¢ is a binary function, then f(x), f(f(z)),
9(f(z), ) are all terms.

Now we are ready to define the extended class of dependencies used in mappings that
are closed under composition.

Definition 19.4 Given schemas Rg and Ry with no relation symbols in common, a
second-order tuple-generating dependency from Rs to Ry (SO tgd) is a formula of the
form:

oo <v:zl(ga1 ) A A VI (g — wn>>,

where
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1 each f; (1 < i < m)is a function symbol,

2 each formula ¢; (1 < ¢ < n) is a conjunction of relational atoms of the form
P(y1,...,yx) and equality atoms of the form ¢ = ¢, where P is a k-ary relation symbol
of Rs, ¥1, - .., yx are (not necessarily distinct) variables in Z;, and ¢, ¢’ are terms built
from z; and f1, ..., fim,

3 each formula ¥; (1 < ¢ < n) is a conjunction of relational atomic formulas of the form
R(t1,...,ts), where R is an f-ary relation symbol of Ry and ¢4, ... ¢, are terms built
from Z; and f1, ..., fin, and

4 each variable in z; (1 < ¢ < n) appears in some relational atom of ;.

Functions f1, ..., f,, are often referred to as Skolem functions. O

An example of a SO tgd is the dependency Takes(n,c) — Enrolled(f(n),c),
seen earlier. In the syntax of Definition 19.4 it is written as 3f Vn,c (Takes(n,c) —
Enrolled(f(n),c)).

To define the semantics of SO tgds, it is necessary to specify the semantics of the ex-
istential second-order quantifiers in these dependencies. In particular, in deciding whether
(S,T) [ o, for an SO tgd o, what should the domain and range of the functions instanti-
ating the existentially quantified function symbols be? The previous example clearly sug-
gests that such functions should operate on both constants and nulls, so we always assume
that a function symbol f of arity d is instantiated as a function f°: (CONST U VAR)¢ —
CONST U VAR . Such a function is called a valuation of the function symbol f.

Given a term ¢ using variables Z, a tuple @, and a valuation f = f2, f9.... f0 of
the function symbols used in ¢, by ¢[f, @] we denote the value obtained by evaluating the
term ¢ with variables z substituted by a and the function symbols treated as corresponding
functions in f. For instance, if the interpretation of the function symbol f is such that
f°(1) = 2 and f°(2) = 3, then for the term t = f(f(x)) we have t[f°,1] = fO(f°(1)) =

P2 =3

Let I be an instance of schema R. For a relational atom R(¢1,...,t;) over R, a valu-
ation f of function symbols used in t1, . . ., t,, and a valuation of variables (a tuple) a we
write

I = R(ty,...,t)[f,a

if I contains the fact R(by, ba, .. ., by) where b; = t;[f,a). Similarly, I = (t; = t2)[f, @
if t1[f,a) = t2[f, a). The notation is naturally extended to conjunctions of relational atoms
and equalities.

Definition 19.5 (Semantics of SO tgds) Let o be an SO tgd from R to Ry given by the
formula 3f; - --3f,, (V:El(gpl = Y1) A AV (on — dJn)), and let S be an instance
of R and T an instance of Ry. We say that (S, T) satisfies o, denoted by (S,T) [ o, if
there exists a witnessing valuation of symbols fi, ..., fm, that is, a valuation f such that
T = ;[ f,a) whenever S = ;[f,a) fori =1,2,...,n.
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Example 19.6 Let R be a source schema consisting of a unary relation P, and R a
target schema consisting of a unary relation R and o the following SO tgd from R to Ry:

3f <vx (P(x) Az = f(z) — R(@)).

Let S be an instance of Re defined as P° = {a}, and assume that 7" is the empty instance
of R¢. According to the above definition, (S,7T) |= o since a witnessing valuation of f
can be any function that maps a to an element b such that a # b. On the other hand, if one
is not allowed to include extra values in the range of f, then (S, T") £ o, as in this case the
only possible valuation of f maps a into itself since DoM(S) U DoM(T) = {a}. O

As shown in the previous example, the inclusion of extra values when interpreting the
function symbols of an SO tgd makes a difference. But it should be noticed that the pos-
sibility of using an infinite set of extra values is not significant in the case of SO tgds, as
the domain and range of the witnessing valuations can be restricted to a finite superset of
DoM(S) UDoM(T'), polynomial in the size of S and T (see Exercise 14).

Several features of SO tgds make them the right language for composition. First, it is
easy to see that every set of st-tgds can be transformed into an SO tgd. In fact, the well-
known Skolemization method can be used to compute an SO tgd equivalent to a set of
st-tgds. For example, the following set of st-tgds from Example 19.2:

Takes(n, c¢) — Takes;(n,c),

Takes(n,c) — Js Student(n, s)

is equivalent to SO tgd:

3f< VnVc (Takes(n, c) — Takesi(n,c)) A

A VnVe (Takes(n,c) — Student(n, f(n,c))) )

Essentially, the existentially quantified variables are replaced with terms using fresh func-
tion symbols. It is very natural to just list the conjuncts of SO tgds omitting the existential
second order quantifiers and the universal first order quantifiers. Under this convention, the
SO tgd above is presented as the following set of rules:

Takes(n,c) — Takes;(n,c),

Takes(n, c) — Student(n, f(n,c)).
Second, it is possible to prove that SO tgds are closed under composition. That is, given an
SO tgd 012 from a schema R; to a schema R, and an SO tgd 023 from R to a schema

R, there exists an SO tgd 013 from R; to Rg such that M35 = M50 Ma3, where M3,
Mo and Mg are the mappings defined by 013, 012 and 023, respectively.

Example 19.7 We show here how to compute the composition of two SO tgds by consid-
ering a variation of the mappings used in the proof of Theorem 19.3. Let R; be a schema
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consisting of a unary relation node and a binary relation edge, R2 a schema consisting
of binary relations coloring and edge’, and R3 a schema consisting of unary relations
error and color. Moreover, let M2 = (Rjp,Ra2,¥12) and Mas; = (Ra,Rgs, Xo3),
where Y12 consists of the following st-tgds:

node(x) — Jy coloring(x,y),
edge(r,y) — edge(z,1),

and o3 consists of the following st-tgds:

edge’(z,y) A coloring(z,u) A coloring(y,u) — Jverror(v),

coloring(x,y) — color(y).

As in the proof of Theorem 19.3, it is possible to prove that the composition of M5 and
M3 can be used to encode the graph 3-coloring problem.

Consider now the SO tgds representing mappings M2 and Mos. That s, let o2 be the
SO tgd given by the following rules:

node(z) — coloring(z, f(x)),

edge(z,y) — edge’(z,y),
which is equivalent to 35, and let 023 be given by

edge’(z,y) A coloring(z,u) A coloring(y,u) — error(g(z,y,u)),

coloring(x,y) — color(y),

which is equivalent to Xo3.

The algorithm essentially replaces relational atoms on the source side of 023 with their
definitions according to o12. Some care is needed though, as 012 only generates certain
kinds of tuples: for instance, in coloring(x, f(x)) the second coordinate is assumed to
be the result of applying f to the first coordinate. To take account of that, we include a
conjunction of equalities relating the tuple of variables of the replaced atom with the tuple
of terms in corresponding atom on the target side of o12. For instance, coloring(x, u)
is replaced with node(z’) A © = 2/ Au = f(2'), and edge’(z,y) is replaced by
edge(z”,y") ANz = 2” ANy = y”. Note that for each atom we rename the variables in
o012 to avoid conflicts. The following set of rules is obtained as a result of this process:

edge(z”, Yy )Nz =a"Ny=y" A
Anode(x’) Az =12 Au= f(a') A — error(g(z,y,u)),
Amode(y') Ay =y Au = f(y)
node(x’) ANz =2 Ay = f(z') — color(y),

The above set of rules is not yet an SO tgd as it does not satisfy condition (4) in the
definition of SO tgds: variables x, y, u originally used in the relational atoms on the source
side of 093 are not used in relational atoms (on the source side) any more. As a final step,
the algorithm eliminates all such variables. This is achieved by replacing these variables by
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the terms they are equal to according to the newly introduced equalities. More precisely, in
the first rule the equalities x = 2, y = y” and u = f(2') are removed and all occurrences
of x,y, u are replaced by =", y", f(z") respectively, and similarly in the second rule. The
first rule can be further simplified by eliminating variables =" and " in the same way. The
algorithm returns the following SO tgd:

edge(z’,y’) Anode(z’) Anode(y') A f(2') = f(y') — error(g(x’,y, f(2))),
node(z’) — color(f(z')).

It can be proved that 013 defines the composition of the mappings specified by 12 and
o23. To see why this is the case, we show how o135 can be used to represent the graph
3-coloring problem. It is easy to see that 013 is equivalent to the following SO tgd:

edge(x,y) Anode(z) Anode(y) A f(z) = f(y) — error(h(z,y)),
node(z) — color(f(x)).

which is obtained by renaming the variables z’,y’ to x,y and defining function h(z,y)
as g(x,y, f(y)). Furthermore, relations node and edge store a graph G, f(a) is the color
assigned to a node a of G, and error stores any incorrect assignment of colors, that is,
error(h(a,b)) holds if a, b are adjacent nodes in G and the same color is assigned to them
(which corresponds to the condition f(a) = f(b)). O

The following theorem shows that the composition algorithm presented in the previous
example can be generalized to any pair of SO tgds.

Theorem 19.8 (Closure under composition of SO tgds) Let M 12 and Mg be mappings
specified by SO tgds. There exists a mapping M3 specified by an SO tgd equivalent to the
composition of Mia and Mas. Moreover, there exists an exponential-time algorithm that
computes a mapping M3 for given Mo and Mas.

Algorithm 15 computes the composition. We write ||| for the number of atoms in ¢
and X <+ Y for X := XUY. We use m, 7’ for conjunctions of relational atoms, and «, 3
for conjunctions of equalities. Under this convention, rules of SO tgds can be presented as

TAa — 7.

A homomorphism h from 7 to 7’ is a function mapping variables of 7 to terms such that
h(m) is a conjunction of some atoms of 7’. In this case we write shortly h: 7 — 7’.

Without loss of generality we can assume that on the source side variables are only
reused in equalities: each additional occurrence of a variable x in a relational atom on the
source side should be replaced with a fresh variable 2’ and equality z = x’ should be added
to the source side of the rule.

Let (R, R3,X13) be the mapping computed by Algorithm 15 for the input mappings
Mizs = (R1,Ra, X12) and Ms3 = (Ra, Rg3, Xo3). Observe that the algorithm does not
introduce any new function symbols. The following lemmas show that Algorithm 15 is
correct.
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Algorithm 15 Composing relational schema mappings.

Require: on the source side variables are reused only in equalities

213 Z:@
M 1= MaX (1)) EXa3 ”(p”
forall<p1 —> M1, P2 —> T2, ..., P —> Tk € Yo, k< mdo

{in case of repetitions, rename variables }
pi=m1 N ATk
forall t A o — 7’ € a3 and all homomorphisms h: m — p do
Y3 {(pl ARERIWANC VAN h(Oé) — h(ﬂl)}
end for
end for
return X3

Lemma 19.9 [f (S1,S52) € [Mi2] and (S2,S3) € [Mas] with a witnessing valuation
of function symbols f, then (S1,S3) € [M13] with the same witnessing valuation f.

Proof Each constraint in 13 is of the form
P1 A A Ah(a) — k(1))

where o1 —> T, o —> T2, ..., P —> Tk € Dpand TAa —> 7 € Moz, and hisa
homomorphism from 7 into 7y A- - - A7. Pick @ such that Sy |= 01 A~ - - Ay, AR(Q)[f, a).
Then Sy = 1 A --- A mi[f, @) and we get S = h(7)[f,a]. As h(a)[f, @] holds, we have

Sa E h(m) A h(a)[f,a] and hence S5 = h(¢)[f, al. O
Lemma 19.10 f (S1, S3) € [M3] with a witnessing valuation f, there exists an inter-

mediate instance So such that (S1,S2) € [Miz2] and (Sz,S3) € [Mas] with the same
witnessing valuation f.

Proof Consider

¢ — m € Y12, 51 = olf, al,
R(t1,...,t¢)isanatominm | ’

85— {R(tl, Il

where R(t1,...,t¢)[f,a) is the tuple obtained from R(ty, ..., ,) by interpreting the func-
tion symbols according to f and the variables according to @. Obviously, (Si, S2) € [M2]
with the witnessing valuation f, so it remains to see that (Ss, S3) € [Ma3] with the wit-
nessing valuation f.

Suppose that Sy = 7 A a[f, @] forsome 7 Aav — ' € Yoz andlet ™ = A; A--- A Ay,
with & < m. By definition of So, A{[f,al, ..., Ax[f,a] are equal to

Bl[f,él],...,Bk[f,Ek],

where B; is an atom of some 7; such that o; — m; € Y15 and S1 = ¢;[f, &) for
i =1,2,...,k (we can assume the rules use disjoint sets of variables).
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Since 7 uses no function symbols, nor reuses variables, we can define a homomorphism

g:mT— TN ANTg

as follows: if A; = R(y1,...,yp) and B; = R(t1,...,t,) for some R, let g(y;) = t;. In
consequence, Algorithm 15 eventually extends X3 with

1A A Agla) — g(n').

Note that g is defined so that for each variable z used in 7, g()[f, 1, . . ., &] is equal to
the value assigned to z, x[a]. In consequence, for each formula v, g(¥))[f, 1, . . ., ¢] is the
same as Y[ f, @], as long as 1) only uses variables used in 7. In particular, g(a)[f, 1, . . . , &]
is the same as a[f, a). Since a[f, a] holds by the initial assumption, we have

Sl ':(ﬂlA/\(pk/\g(Oé)[fT761,76k],
which implies
83 ': g(ﬂ-/)[f_lvélv" '76k]7

which is equivalent to S3 = 7'[f, @] (by the assumption that no new variables are intro-
duced on the target sides of dependencies.) O

Algorithm 15 can be also used to compute the composition of two mappings specified
by finite sets of st-tgds, as every such mapping can be transformed into an equivalent one
specified by an SO tgd. It can be shown that exponentiality is unavoidable in such an
algorithm, as there exist mappings M2 and M3, each specified by a finite set of st-tgds,
such that every SO tgd that defines the composition of M5 and M3 is of size exponential
in the size of M5 and M3 (see Exercise 18).

Theorem 19.8 also implies that the composition of a finite number of mappings specified
by st-tgds can be defined by an SO tgd, as we can compose the mappings one by one.

Theorem 19.11 The composition of a finite number of mappings, each defined by a finite
set of st-tgds, can be defined by an SO tgd.

Example 19.12 We have already shown in Example 19.7 how SO tgds can be used to
express the composition of mappings specified by st-tgds. As a second example, assume
that M9 and M3 are the mappings defined in Example 19.2. The composition of these
two mappings is defined by Takes(n, ¢) — Enrolled(f(n),c)). O

Up to this point, we have shown that the language of SO tgds is closed under com-
position, and that the composition of any finite number of mappings specified by st-tgds
can be defined by an SO tgd. Thus, SO tgds are a good language when dealing with the
composition operator. But, of course, it is natural to ask whether all the features of SO tgds
are necessary, and whether there exists a smaller language that also has these good prop-
erties for composition. Interestingly, it can also be proved that all the features of SO tgds
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are necessary to deal with the composition operator, as every SO tgd defines the composi-
tion of a finite number of mappings specified by st-tgds. This fact, which is the converse
of Theorem 19.11, shows that SO tgds are exactly the right language for representing the
composition of mappings given by st-tgds.

Theorem 19.13  Every SO tgd defines the composition of a finite number of mappings,
each defined by a finite set of st-tgds.

We do not provide the proof of Theorem 19.13, instead we show the main ideas behind
this proof in the following example.

Example 19.14 Let Rg be a schema consisting of a unary relation P and Ry a schema
consisting of a binary relation R. Furthermore, assume that the relationship between these
schemas is given by the following SO tgd o:

P(z) A f(z) = g() = R(f(g9(2)), 9(f(2)))- (19.4)

We show here the essential steps of an algorithm that, given SO tgd o, generates a finite
sequence of mappings that are given by st-tgds and whose composition is defined by o.

For the sake of readability, let R; be the schema Rg. The algorithm starts by generating
a schema R, consisting of binary relations F}, (G; and of a unary relation P;, and a
mapping M12 = (R1, Ra, ¥12) that is specified by a set X1 of st-tgds consisting of the
following dependencies:

P(z) = Pi(x),
P(x) = 3y Fi(x,y),
P(z) = 32 G1 (=, 2).

Intuitively, Py is a copy of P, Fy(x,y) indicates that f(z) = y, and G1(«,y) indicates
that g(z) = y. In particular, the second and third dependencies above have the effect of
guaranteeing that f(x) and g(x) are defined for every element x in P, respectively. Then
the algorithm generates a schema Rg, consisting of binary relations F», G5 and of a unary
relation P», and a mapping M3 = (R2, Rg, Xa3) that is specified by a set Xa3 of st-tgds
consisting of the following dependencies:

Py(z) = Py(x),
Fi(z,y) = Fa(z,y),
Gi(z,y) = Ga(,y),
Fi(x,y) — JuGa(y,u),
G1(z,y) — Jv Fa(y,v).

As in the previous case, P is a copy of Pi, Fx(x,y) indicates that f(x) = y and Ga(z,y)
indicates that g(x) = y. In particular, all the values of f stored in Fj are also stored in Fs,
by the second dependency above, and all the values of g stored in (G; are also stored in Ga,
by the third dependency above. But not only that, the fourth dependency also guarantees
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that g(y) is defined for all y in the range of f, and the fifth dependency guarantees that f(y)
is defined for all y in the range of g. Finally, let R4 be the schema Ry. Then the algorithm
generates a mapping M3s = (Rs, Ry, X34) that uses P, F5 and G to populate the target
relation R. More precisely, 234 consists of the following st-tgd:

Py(x) A Fa(z,y) A Ga(z,y) A Fa(y, 21) A Ga(y, 22) — R(21, 22).

The output of the algorithm is the sequence of mapping M3, M3, M3y, which satisfies
that (Mj2 0 Mag) o M3, is defined by SO tgd o. O

We conclude this section by pointing out that the algorithm sketched in the previous
example can be generalized to any SO tgd. In fact, assume that the nesting depth of an
SO tgd o is defined to be the largest depth of the terms that appear in o. For instance, the
nesting depth of SO tgd (19.4) is 2 as the depth of the terms f(z), g(z) is 1 and the depth
of the terms f(g(x)), g(f(x)) is 2. Then the generalization of the algorithm generates a
sequence of r + 1 mappings when the input is an SO tgd of nesting depth 7.

19.4 Complexity of XML composition

Complexity analysis gave us a key to relational composition, suggesting the formalism of
SO tgds. Is the XML case similar? Are SO tgds sufficient as well? If not, is there another
formalism we could use?

A complexity argument gives a negative answer to these questions: there is no reason-
able formalism at all, unless additional restrictions are imposed. Theorem 19.15 below
states that the composition problem for XML mappings can be undecidable if data compar-
isons are allowed. This means that there is no decidable formalism capable of expressing
compositions of XML mappings.

Of course later we shall present a class that is not only closed under compositions but
also makes it possible to compute compositions within reasonable time bounds. This, how-
ever, will require restrictions on axes used in mappings, as well as schemas for source and
target documents.

For now, we present the negative result.

Theorem 19.15 There are mappings M3y and M3, in SM(],11,=) such that
COMPOSITION (M7, M3,) is undecidable. The same holds for the classes SM({., |1, #),
SM(1, —, =) and SM(}, —, £).

Proof Our argument relies upon a particular property of the reductions used to show
undecidability in the proof of Theorem 18.4: halting of a 2-register machine M is there
reduced to consistency of a mapping My, = (Ds, Dy, X ) whose all dependencies had
only a conjunction of equalities or inequalities on the target side. For such dependencies,
the target side’s satisfaction does not depend on the target tree.

Now we need two fixed mappings for which the composition problem is undecidable. It
is well known that there exists a universal 2-register machine U, such that it is undecidable



262 Mapping composition

if for a given n the machine accepts with registers initialized to (n, 0). We shall construct
mappings M7, and M3, and trees T, so that (T),,r) € [M35] o [M3,] iff and only if U
accepts with registers initialized to (n, 0).

For M3, we can take My, except that we skip the dependency

ril(z,y), [/ R/ R(z)] — L

as we want to allow arbitrary initial values of the first register.

The mapping M7, ensures that the first register is initialized with the number encoded
in the source tree 7),. Recall that M, uses the data values stored in subsequent R-nodes
as values of the registers: n is encoded as the nth data value in this path, counting from
the root. Therefore, to encode the value of the first register properly in 7;,, we enforce
concrete values in the initial n nodes of this path. The source DTD of M7, is {r —
R; R — R|#} where R has a single attribute. For T}, we take the tree given by the pattern
r/R(a1)/R(az2)/ ... /R(ay)/f where ay,as,...,a, are arbitrary pairwise different data
values. The dependencies say that the initial segment of register values is copied correctly,

r/R(x) — r/R(z),
r//R(z)/R(y) — r//R(z)/R(y),

and that the first register is initialized to the nth value of this segment,

r//R(x)/t — Jyr/I(z,y) .

To see that the copying dependencies work as intended, recall that My contains a depen-
dency r//R(x)// R(x) — L, which ensures that the values copied from 7, are stored in
the initial segment of the path.

The remaining reductions can be obtained analogously, by modifying corresponding
reductions to the consistency problem (see Exercise 19) O

Theorem 19.15 suggests one possible way of expressing compositions of XML map-
pings: restrict the use of data comparisons. The following result shows that without data
comparisons the composition problem is decidable, but the complexity goes up compared
to the relational case.

Theorem 19.16 COMPOSITION( M3, Mo3) is in EXPTIME for all mappings
Mia, Maz € SM({, =).

Proof Let My = (81,82,212) and Moz = (827837223), with Y19 = {901 — Y, ‘
i=1,2,...,n}and Xo5 = {7; = &; | j = 1,2,...,m}. Given trees S = S and
T | Ss, we have to check if there is an interpolating tree U.

For a start, consider a variable-free situation. What are the constraints on the interpolat-
ing tree? Clearly, what is imposed by S, is that some of the target sides of st-tgds from
2212 have to be satisfied in U. In contrast, what is imposed by T, is that some source sides
of st-tgds from Y53 are not satisfied in U: indeed, U = v = T [ § is equivalent to
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T £ 6 = U £ ~. Therefore, the existence of an interpolating tree U is equivalent to
nonemptiness of
dzx [ Aw) x [ AGy).
i: SEpi i+ T4

where Aj is the UNFTA underlying Sz, A(1);) recognizes the language of trees satisfying
1, and fl(”yj) recognizes the language of trees that do not satisfy ~;. By Lemma 18.2, all
these automata are at most exponential, which gives an EXPTIME algorithm for the case
without data values.

Let us now consider the general case, with variables. Still, neither equality nor inequality
is allowed. In particular, no variable can be used more than once in any tree pattern. The
main idea is simply to throw in every data value used in S to the alphabet. A tentative set
of positive constraints imposed on U by S would then be

A={y(a,z) | (T, y) — 321(2,2) € Bz and S |= (p(d,g)}.

Patterns in A can still contain free variables, but one can simply ignore them, as without
repetitions and data comparisons, the variables merely state that some data value is there,
which is already enforced by the schema.

For the set of negative constraints enforced by 7" we would like

{v(a,y) | v(z,9) — 326(z,2) € Sz and T = 6(a, 2)}

but this yields a potentially infinite set. How do we limit the domain from which the entries
of a are taken? Let A be the set of data values used in S or in 7. It is not difficult to see
that in an intermediate tree U each data value not in A can be safely replaced by any fixed
data value, in particular, by a fixed data value form A. This holds because we do not use =
nor #. Hence, we can assume that U only uses data values from A and take

® = {v(a,y) | ¥(z,9) — 326(z,2) € o3, a € A", T £ 5(a, 2)}

with the free variables ignored just like for A.

The composition membership algorithm should construct the set A (at most
|215]]S|I=12ll polynomial checks) and @ (at most |Zo3|(|S| 4+ |T|)IIF23ll polynomial
checks). Then it is enough to check nonemptiness of

Az x [T Aw) = [T A0,
PEA yeP
which is can be done in time exponential in the size of A and ® (which are polynomial in
the size of \S). This gives an EXPTIME algorithm. O

Theorem 19.15 shows that in principle there could be a suitable formalism for compo-
sitions of SM({}, =), but most likely it is not SO tgds. Indeed, as we show below, the
composition problem can be EXPTIME-hard for some mappings in SM({}, =). Note that
this does not prove that SO tgds are incapable of expressing XML compositions, as it is not
known whether NP C EXPTIME. However, it is generally believed that NP C PSPACE, and
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PSPACE is contained in EXPTIME. Thus, most likely (barring some unexpected collapse re-
sults in complexity theory), compositions of mappings that do not use data comparisons
still cannot be expressed with SO tgds.

Theorem 19.17 There are mappings Mi, and Mbs in SM({},=) such that
COMPOSITION(M7,, M33) is EXPTIME-complete.

Proof We will reduce from non-universality problem for bottom-up nondeterministic au-
tomata on binary trees, modifying the reduction given in Proposition 18.3.
First, define D3 over {r,label, state, nontr,reject} as

r — fstate* flabel*hnontr”
state — reject?
label, state: Qattr
nontr : @Qleft, Qright, Qlabel, Qup

A tree conforming to D3 is meant to encode an automaton. It stores the alphabet in the
label-nodes, state space in the state-nodes (we assume that the initial state is stored
as first, just after f), and the complement of the transition relation. The reason we store
the complement is that we do not have negation. We do not have to enforce anything on
such a tree, since we will be constructing it ourselves based on a given automaton, when
preparing input for composition membership algorithm. In particular, we will make sure,
that all states, labels, and non-transitions are stored correctly.
Next, let Dy over {r,node, label, state, leaf, yes,no} be given by

r — node
node — labelf state™fj (node node | leaf)
state — yes|no
state, label : Qattr

A tree conforming to D is meant to encode a rejecting run of the corresponding power
set automaton. This time we will need to ensure that it really is a correct rejecting run
with the st-tgds, since this is precisely the tree that will be produced by the composition
membership algorithm.

Finally, we define D; simply as r — €. The only tree conforming to D; will be used as
a stub.

Let us now describe Y23, which will enforce the correctness of the run. First, we make
sure that 1abel-nodes store labels,

//label(x) — r/label(x).

Second, we need to check that for each node-node, each state is stored in exactly one
state-node, and that nothing else is stored there,

//node[state(r) —7 state(y)] — r[state(z) =T state(y)].
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This ensures that for each state we either have a yes-node, or a no-node.
Next, we make sure that the yes/no nodes are properly assigned in the leaves, and then
properly propagated up the tree,
//node[state(z)/no, label(u), leaf] —
— Jyr[f — state(y),nontr(y,y, u, )],
//node[state(z)/no, label(u),
node/state(y)/yes — node/state(z)/yes] —
— r/nontr(y, z,u, x) .
Finally, check that the run is rejecting.

r/node/state(x)/yes — r/state(z)/reject

Let us see that membership in the composition of M3, = (D1, D3, 0) and M35 =
(Dg, D3,¥93) is indeed EXPTIME-hard. Take an automaton A = (T',Q,6,qo, F)
with T' = {aj1,a2,...,an} and Q@ = {qo,q,...,qn}. Without loss of general-
ity we may assume that F = {qk,qk+1,---,Gm}.- Let @ X Q@ x ' x Q \ § =
{(p1,71,b1,51), (p2,72,b2,52), ..., (pe,7¢,be, s¢) }. Encode A as a tree Ty defined as

r[4, state(qo)/reject, state(qy)/reject, ..., state(qp—1)/reject,
state(qx), state(qx+1), - - -, state(qn), b,
label(aq), label(az), ..., label(an), b,
nontr(py,ri, b1, s1),nontr(pa, re, ba, s2), ..., nontr(pe, ¢, be, 54)} )

Proving that A rejects some tree if and only if (r, T4) € [M75]o[M3s] is straightforward.
(|

Summing up, if we want to guarantee that the composition is expressible with SO tgds,

we need to further restrict the class of mappings. In the following section we shall in-

vestigate this issue in more detail and isolate a fairly natural class of mappings closed by
composition.

19.5 Tractable XML composition

Finding a formalism capable of expressing compositions of XML mappings is much harder
than for relational mappings. We have seen that allowing data comparisons in mappings
can lead to undecidable compositions, and even if we forbid data comparisons altogether,
we cannot hope to show that SO tgds can express XML compositions without disproving
a long standing conjecture in complexity theory. In this section we pursue a dual goal: we
shall try to find out when a composition of mappings can be expressed with SO tgds.

Let us first formally define SO tgds in the XML context. Recall that in XML data
exchange, we used dependencies of the form

TAa— Jzn A,
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where 7 and 7’ are patterns, and « and «’ are conjunctions of equalities and inequalities
(see Definition 11.3 on page 146 and Definition 11.10 on page 154).

Now, just like in the relational case we write SO tgds as rules using function symbols.
This means that in a rule 7 A « — 3Z 7" A ¢, the patterns 7, 7’ can contain expressions
of the form

O(ty,ta,. .., t)

where t1,t2, ...,k are terms over some set of function symbols and variables. Similarly,
a and o can contain equalities and inequalities between terms.
For a valuation of function symbols f and a valuation of variables (a tuple) a

T,v = L(t1,ta,. .. ,tk)[f, al

if v has the label ¢ and stores the tuple t,[f, al, t2[f,al,. .., tx[f,a] where t;[f,a] is the
value of the term ¢; when the function symbols are interpreted according to f and the
variables according to a. The general notion of satisfaction for patterns,

T k= x(f,al,

is obtained just like for the case without function symbols.

For a mapping M = (Ss, S;, Xst) using function symbols, (T',T7") € [M] if there
exist functions f such that for each ¢ — v € X, and each a, if T = ¢[f, a] then T" |=
| f, a]. We indicate the availability of function symbols in the mappings by including FUN
in the signature in the SM(c) notation, e.g., SM({}, FUN).

When is XML mapping composition problematic?

We now give a few examples showing that some features of XML schema mappings cause
problems when we try to compose them. The first such feature is disjunction in schemas,
as illustrated by the following example.

Example 19.18 Let
Dy ={r—=e¢e}, Da={r —by|ba; b1,ba = b3}, D3 ={r — c17ca?c3?}
with no attributes present and let
Sio={r—r//bs}, Saz={r/b;j—r/c; | i=1,2}.

Note that the source tree is just a single root node labeled 7. Then [M 53] o [Ma3] consists
of pairs of trees (r, T'), where T matches either r /¢y or r/co. It is intuitively clear, and can
proved formally, that such a mapping cannot be defined without disjunction over the target:
a disjunction is encoded in the intermediate schema D5 as the alternative b1| b2, and if
this schema is removed, the disjunction should be somehow expressed with dependencies.
Note that c37? is necessary in Ds: with the production r — ¢17¢2? the composition would
be definable by r — 7/_. O
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Not only disjunction in DTDs is problematic. As another illustration of difficulties in com-
posing XML schema mappings, look at the following example.

Example 19.19 Consider
Dy={r—a*}, Dy={r—0bb}, D3={r—e}
with a and b having an attribute each, and
Yo ={r/a(zx) — r/b(x)}, X5 ={r—r}.

Here the target trees are single-node trees with label . In the composition we have pairs
(T',r) such that in T" at most two different data values are present. This again requires
disjunction, e.g., r[a(z), a(y), a(z)] — (z = yVy = zVz = z). Intuitively, what causes
the problem here is a fixed number of repetitions of a label in the DTD (i.e., b b). |

There is also a variety of features in patterns that can lead to compositions that cannot
be defined with SO tgds. The example below shows that the use of wildcard should be
restricted.

Example 19.20 Consider
Dy ={r—c¢c}, Dy={r—ajas; a1 —b; ag = b}, Ds={r— c1?7c3?c3?}
with no attributes and
Sip =A{r —r/-/b}, Yoz = {r/a1 — r/c1; r/ag — r/co}.

Just like in Example 19.18, [(D1, D2, Y12)] o [(D2, D3, ¥23)] contains exactly pairs
(r,T), where T matches r/cy orr/cs. O

The mappings in Example 19.20 can be modified to use either of | ¥, —, —*, # instead
of the wildcard (see Exercise 22). In other words, the following features take us out of the
class of mappings definable with SO tgds:

e disjunction or multiple (bounded) repetitions of labels in the productions of DTDs,
e wildcard, descendant, next-sibling, following-sibling, and inequalities in st-tgds.

Well-behaved composition

Now that we understand which features cause problems with XML composition, just elim-
inate them all. We are then left with vertical navigation, equality comparisons, Skolem
functions, and nested-relational DTDs that rule out disjunctions and repetitions of labels.
That is, we are left with mappings from

SM™ (], =, Fun).

The good news is that this class is closed under composition.
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Theorem 19.21 The class of mappings SM™ (., =, FUN) is closed under composition.
Moreover, the composition of two given mappings can be computed in single exponential
time.

The composition procedure, is given in Algorithm 16. We use the notation X <— Y for
X := X UY and for a homomorphism h: m — 7’ we write h(y) to denote the substitution
of 7’s variables in  with their images under h.

In this algorithm we also use two operators from Chapter 13: the completion operator
cplp and the merge operator mrg p,, defined on page 192.

Algorithm 16 Composing XML schema mappings.
Require: My = (Dl, Do, 212), Moz = (Dg, Ds, 223) S SMm(J,, =, FUN)
Require: no variables introduced on target sides
Require: pure patterns on the source side use only variables
g = {¢ — L | ¢ — ¢ € E12 and ¢ not satisfiable wrt D, }
2 S > {p —> cplp, ¥ | ¢ — ¥ € D15 and 4 satisfiable wrt Dy}
{Skolemize to remove variables introduced by cplp,, }
4: D13 2={(p—>J_’ QD—>J_€§12}
M = MAX(p—1p)€Daz ”90”
6: forall<p1 —>1/)1, ©2 — o, ..., Pk —>1/)k 6212, k <mdo
{in case of repetitions, rename variables}
& pAn =mrgp (Y1 A Atr)
T3 < {1 A Apr — )
10. forallm Ao — ¢ € a3 and all homomorphisms h: 7 — p do
Y3 {(pl VARERWANC VAN h(Oé) — h(’lﬁ)}
122 end for
end for
14: return (Dy, D3, X13)

The procedure is similar to the one for relational mappings (Algorithm 15), but there are
several important differences:

e some preprocessing replaces Y12 with ilg (lines 1-3);

e >3 is initialized differently (line 4);

e pis not just the conjunction of the target sides of dependencies from ¥15 (line 8); and
e additional dependencies are inserted to 313 (line 9).

Let us briefly discuss these differences.

One aim of the preprocessing phase is to ensure that in ilg the target side patterns are
either satisfiable with respect to D5 or are equal to L. In the relational case, we have this for
free, as each conjunctive query without constants is satisfiable. Observe that a dependency
¢ — L1 in M5 imposes a restriction on source instances rather then solutions. Indeed, if
T has a solution with respect to M2, then 7" must not satisfy . Clearly, if 7" is to have
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a solution with respect to the composition of M75 and M3, it should also not satisfy .
This explains why all such dependencies are included into ;3 (line 4).

Another aim of the preprocessing phase is to include in the target patterns all information
that can be inferred from the schema Ds. For instance, if Do declares that each a-labeled
node has a b-labeled child, we include this information into a target pattern r/a(z) by
replacing it with r/a(x)/b(y), where y is a fresh variable. In the relational case, there is no
information to infer, so this step is not needed. In general, we use the operation cpl , from
Chapter 13. The operation was designed for patterns without function symbols, but it can be
directly applied to patterns with function symbols. The obtained pattern will often contain
new variables (e.g., y in the example above). We eliminate them by standard Skolemization,
replacing variables with fresh function symbols. As Lemma 13.12, generalizes naturally,
the resulting set of st-tgds is equivalent to the original. Thus, without loss of generality we
can assume that the algorithm starts with 15 = f]u. In particular, we assume that no new
function symbols are introduced by Algorithm 16.

The operation cplp, only adds information about the nodes that are enforced by Do,
but are not mentioned in the target side patterns of M 2. Another kind of information that
one can infer from D5 is that some nodes of the pattern are always matched in the same
node of the tree. For instance, if D5 says that the root has exactly one a-labeled child, then
rla(z)/b,a(y)/c] can be replaced with a more informative pattern r/a(x)[b, c] A x = y.
This kind of information is extracted by the merge operation, mrg, , defined in Chap-
ter 13. Just like cpl ,, , the merge operation can be applied to patterns with function symbols
without any modifications, and Lemmas 13.13 and 13.14 generalize in a straightforward
way. By defining p A 1 as mrgp, (41 A --- Ay ) in line 8, we ensure that p A 1) expresses
all the information that can be extracted from 1)1 A - - - A 9y and Ds.

Note that in the example above not only the structure of the pattern is changed, but
also a new equality z = y is introduced. This equality, just like any equality present in
1 A -+ A g, imposes a restriction on source instances that have solutions, and needs
to be included in the composition. It is done in line 9. Such new equalities enforced by
the intermediate schema can occur even if the original patterns do not use equalities. This
shows that without equality on the target side, XML schema mappings are not closed by
composition.

In the following two lemmas we show formally that Algorithm 16 is correct.

Lemma 19.22 If (T1,Ts) € [Mi2] and (T2, T5) € [Mas] with a witnessing valuation
of function symbols f, then (Ty,T3) € [M3] with the same witnessing valuation f.

Proof Pick a constraint from ;3. Suppose first that it is of the form
Y — L )

then it is also present in X15. Hence, 77 does not satisfy ¢ for any valuation, and so (77, 73)
satisfies the constraint.
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Next, suppose the constraint is of the form
1A Nk — 1,

where 1 — Y1, 2 —> P2, ..., ok — Y € Bz and pAn = cplp, (Y1 A+ Ag).
Pick @ such that Ty | @1 A -+ A pr[f,a]. Then To = 1 A --- A Y[f,al, and by
Lemma 13.13 (1), n[f, a] holds.

Finally, assume the constraint is of the form

P1 A ANk Ah(a) — k() ,

where ; — 1; and p A 7 are like above, 7 A a — 1) € Y3, and h is a homomorphism
from 7 into p. Pick @ such that Ty = o1 A --- A px A h(a)[f,a]. Then T = 1 A
-+ A x[f,a] and by Lemma 13.13 (1) we get T |= p[f, a]. Hence T» = h(7)[f,a]. As
h(c)[f,a) holds, we have Ty |= h(7) A h(a)[f,a] and hence T3 |= h()[f, al. O

Lemma 19.23 If (T1,T3) € [Ma3] with a witnessing valuation f, there exists an in-
termediate tree T such that (T1,T>) € [Maz2] and (T>,T3) € [Mas] with the same
witnessing valuation f.

Proof Let

A={y@) | ¢(@ §) — (&) € S12 and Ty = ¢(a, b)[f] for some b} .

By ¢(a), ¢(a, b) we mean formulae where variables Z, % are substituted by @, b, but the
functions are not evaluated. In other words, these formulae contain ground terms. By
©(a, b)[f] we denote the formula where functions are evaluated according to f. Recall
that a tree T, = D- is a solution for 7} with witnessing valuation f if and only if
Ty = (Asen 0)1f] (Lemma 12.1). We shall construct T from mrgp, (/\sc ) and check
that is has the desired properties. The proof essentially relies on the simple observation that

for each pattern £(Z) and each tuple ¢

mrgp, £(¢) = (mrgp, £(2))(E). (19.5)

First, we need to see that mrgp, (/\sca 0) is not L. This can only happen if the pure
pattern underlying A\ d is not satisfiable wrt to D, even when attributes are ignored.
But then, using the fact that D5 is nested-relational, we conclude easily that there exists
a pattern 6 € A which is not satisfiable wrt Dy even when attributes are ignored. Thanks
to the preprocessing phase, we then have § = L. In such case there is a dependency
©(Z,9) — L in X5 such that Ty = ¢(a,b)[f]. As 13 also contains ©(z,7) — L,
we get T3 = L, which is a contradiction. Hence, the pure pattern underlying ;. 5 6 is
satisfiable (up to the values of attributes).

Next, we check that f satisfies all the equalities in mrg D, (Asena 6). Pick an equality
t = t'. If it was already presentin some (7A«)(a) € A, then there exists p — 7, € 212
such that Ty = ¢(a, b)[f] for some b, and some iteration of the outer loop adds constraint
¢ — a'to ¥13. Since the pair (77, T3) satisfies ¥13, we have T3 = a(a)[f], which means
that ¢ = ¢/ holds.
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If t = ¢’ was introduced as a result of merging some nodes of ¥ (a), v’ (a’) € A, then

e (@) has a sub-formula o(t) and ¢’ (@’) has a sub-formula o (¢'),

e the path from r to this sub-formula in ¢(a) and in ¢’ (@’) is the same, o103 . .. o, With
op = 0,

e forall jeithero; = ...0j41... oro; = ...0;417... in DTD Ds».

In one of the iterations of the outer loop the algorithm processes ¢ — ¥, ¢’ — ¢’ €
Y12 such that Ty = o(a,b)[f] and T} |= (@', ")[f] for some b, b’. By merging 1 and
" with respect to Ds, the algorithm introduces an equality t = ¢ such that by substituting
variables of ?according to a we get t, by substituting variables of t according to @’ we get
t’/, and a constraint of the form ¢ A ¢’ — t=1A...isadded to >l13. Like before, we
conclude that ¢ = ¢’ holds.

Thus f satisfies all the equalities in mrg ,(Asca 9) and we can construct a tree 75 from
mrgp, (Asca 0) in the usual way by evaluating the terms according to f. Since each § € A
is complete, sois /\ 5o 5 0. Hence, by Lemma 13.14, T3 = Dy and Ts |= (Ao A 0)[f]. This
implies that (T3, T») € [Mi2].

It remains to verify that (72,73) € [Mas]. Pick a dependency (7 A o)(Z,y) —
¥(Z) from Yo3. Suppose that To |= (7 A a)(a,b)[f] and let g: T — T be a witnessing
homomorphism. Recall that 7 uses each variable exactly once, and it does not use function
symbols. In consequence, g can be interpreted as a homomorphism from 7 to the pure
pattern underlying mrg p,, (/\5c o 0). such that for each variable z in =, the value g(z) under
[ is equal to the value of z according to @, b. Examining the definition of mrg, , it is easy
to see that g can be also seen as a homomorphism into p, where p A7 = mrgp, (¥1(a1) A
-+ ANy (ag)) for some 1(as), ..., ¥k(ax) € A, k < ||||. By the definition of A, there
exist o1 — Y1, Yo — Yo, ..., ©p — p € D19 such that for some by, ..., by,
T1 = ¢i(a;, b;)[f] for all i. By (19.5), we have p A = (p A ) (@1, . ..,ax) for p A7 =
mrgp, (Y1 A --- A 1y). Using again the fact that 7 uses each variable exactly once and
does not use function symbols, we lift g: @ — p to a homomorphism §: m — p such that

J(z) evaluated according to f,a1,...,ay equals z evaluated according to @, b.  (19.6)

Consequently, 315 contains dependency @1 A -+ A @i A g(a) — §(¢). Recall that
Ty = @i(@;, b;)[f] fori = 1,2,... k and g(a)[f,ar, ..., ax] holds by (19.6) and by the
assumption that (@, b) holds under f. Hence, T3 |= §()[f, a1, ... ,ax], which implies

Ts = P(a)[f]. O
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Inverting schema mappings

The inverse operator is another important operator that naturally arises in the development
of a framework for managing schema mappings. Once the data has been transferred from
the source to the target, the goal of the inverse is to recover the initial source data; if a
mapping M’ is an inverse of a mapping M, then M’ should bring the data exchanged
through M back to the source.

In the study of this operator, the key issue is to provide a good semantics for this oper-
ator, which turned out to be a difficult problem. In this chapter, we present and compare
two main approaches to inverting schema mappings. One of them, leading to an inverse
operator, simply defines an inverse of a mapping M as a mapping that produced the iden-
tity mapping when composed with M. A different proposal is to look for the maximum
amount of information that can be inferred from the exchanged data: this approach leads to
an alternative notion of maximum recovery. We define, study, and compare these notions.

20.1 A first definition of inverse

We start by considering the first notion of inverse for schema mappings proposed in the
literature, that we call inverse in this chapter. Roughly speaking, the definition of this notion
is based on the idea that a mapping composed with its inverse should be equal to the
identity schema mapping. Thus, given a schema R, an identity schema mapping Idg is
first defined as {(S1, S2) | S1,S2 are instances of R and S; C So}. The subset relation
used here emphasizes that we continue to follow the open world assumption, that lets us
extend instances with arbitrary facts. In fact, this identity is appropriate for the class of
mappings specified by st-tgds (and, more generally, for the class of mappings that are total
and closed-down on the left, which is defined in the following section).
Using this notion of identity mapping, we can then defined the inverse as follows.

Definition 20.1 (Inverse) Let M be a mapping from a schema R to a schema R, and
M’ a mapping from R to Rj. Then M’ is a inverse of M if

MoM' = Idg,.

If such an inverse exists, then we say that M is invertible. O
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Example 20.2 Let R be a schema consisting of a unary relation S, let Ry be a schema
consisting of unary relations U and V/, and let M be a mapping from R to Rz specified
by st-tgds S(z) — U(x) and S(x) — V(z). Intuitively, M is invertible since all the
information in the source relation S is transferred to both relations U and V in the target.
In fact, the mapping M’ specified by dependency U(x) — S(x) is a inverse of M since
M o M’ = Idg, . But not only that, the mapping M’ specified by dependency V (z) —
S(z) is also a inverse of M, which shows that there need not be a unique inverse. O

When is a mapping invertible?

The first basic question about any schema mapping operator is for which class of mappings
it is defined. In particular, for the case of the inverse operator, one would like to know for
which classes of mappings it is guaranteed to exist. We now present existence conditions
for the inverse operator, and use them to show that inverses are not guaranteed to exist for
all the mappings specified by st-tgds.

Let M be a mapping M from a schema R to a schema Ra. Then:

e M satisfies the unique-solutions property if for every pair of instances Sq, So of Ry,
we have

SOoLA(S1) = SOLp(S2) = S1 = Se.
e M is closed-down on the left if
(S1,52) e Mand S; C S1 = (S7,92) € M.
e M is rotal if SOLp((S) # 0 for every instance S of Ry.
We can use these properties to give a necessary condition for the existence of inverses.

Proposition 20.3 Let M be a total and closed-down on the left mapping. If M is invert-
ible, then M satisfies the unique-solutions property.

Proof Assume that M is a mapping from a schema R to a schema R, and let M’ be
a mapping from Ry to R4 such that M o M’ = Idg, (such a mapping exists since M is
invertible). Moreover, assume that S and Ss are instances of R such that SOL 4 (S1) =
SOL A (S2). We need to show that S; = Ss.

Given that SOL A (S1) = SOLa4(S2), we have that SOL o7 (S1) = SOL porrr (S2).
Thus, given that M o M’ = Idg,, we conclude that SOLfg,, (S1) = SoLgg, (S2).
Therefore, from the fact that S; € SOLﬁal (S1) and Sy € SOLﬁal (S2), we conclude that
S1 € SOLgg, (S2) and Sy € SOLqg,,, (S1). But this implies that (So,5;) € Idgr, and

(S1,92) € Idr, and, hence, we conclude from the definition of Idgr, that So C S; and
S1 € S5. This concludes the proof of the proposition. O

Proposition 20.3 tells us that the spaces of solutions for distinct source instances under an
invertible mapping must be distinct. Thus, one can prove that a mapping does not admit an
inverse by showing that it does not satisfy the preceding condition.
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Example 20.4 Let R; be a schema consisting of a binary relation R, Ry a schema
consisting of a unary relation 7, and M a mapping from R, to R specified by st-tgd
R(x,y) — T(z). Intuitively, M has no inverse since M only transfers from source to
target the information about the first component of R. In fact, it can be formally proved
that this mapping is not invertible as follows. Let S7 and S2 be instances of R4 such that:

R% = {(1,2)} and R% = {(1,3)}.

Then we have that SOL ¢ (S1) = SOL¢(S2), which implies that M does not satisfies the
unique-solutions property since S; # So. O

From the preceding example, we obtain that:

Corollary 12  There exists a mapping M specified by a finite set of st-tgds that does not
admit a inverse.

Although the unique-solutions property is a useful tool for establishing non-invertibility, it
can be shown that it does not characterize this notion. In fact, the following example shows
that the unique-solutions property is not a sufficient condition for invertibility even for the
class of mappings specified by st-tgds.

Example 20.5 Let R be a schema consisting of unary relations A and B, Ry a schema
consisting of a binary relation R and a unary relation C, and M a mapping from R4 to
R specified by st-tgds:

A(xz) = R(z,x),
B(z) = 3y R(z,y),
A(z) A B(z) = C(z).

Next we show that M satisfies the unique-solutions property but it is not invertible. Assume
that S; and S, are distinct instances of Rq. We show that SOL¢(S1) # SOLA(S2) by
considering the following cases.

1 Assume that there exists a € A such that a ¢ A2, and let T be the canonical
universal solution for S2 under M. Then we have that (a,a) ¢ R™2 and, therefore, T,
is not a solution for S under M. We conclude that SOLA((S1) # SOLq(S2).

2 Assume that there exists a € A2 such that a ¢ AS!. Then it can be shown that
SOLA(S1) # SOLAq(S2) as in the previous case.

3 Assume that A5* = A2, and that there exists b € BS* such that b ¢ A5 and b ¢ B2,
Then let T3 be the canonical universal solution for S5 under M. Given that b ¢ AS2 we
have that R™> does not contain any tuple of the form R(b, ¢) and, therefore, T5 is not a
solution for S7 under M. We conclude that SOL y((S1) 7# SOL 4 (S2).

4 Assume that A%t = A2, and that there exists b € B2 such that b & A5t and b ¢ B,
Then we conclude that SOL o4 (S1) # SOLA¢(S2) as in the previous case.

5 Assume that A5t = A2, and that there exists b € Bt such that b € A5 and b ¢ B2,
Then let T5 be the canonical universal solution for Ss under M. Given that b ¢ BS2,
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we have that b &€ CT% and, therefore, T is not a solution for S; under M. We conclude
that SOLA¢(S1) # SOLA¢(S2).

6 Finally, assume that A1 = A2 and that there exists b € B2 such that b € AS' and
b ¢ B51. Then we conclude that SOL A¢(S1) # SOL ¢ (S2) as in the previous case.

Now, for the sake of contradiction, assume that M is a invertible mapping, and let M’ be a
mapping from R to Ry such that Mo M’ = Idg, . Then for every pair Sy, S of instances
of Ry such that SOLA((S1) € SOL(S2), it holds that S2 C S;. To see why this is the
case, first notice that if SOL A4(S1) € SOLA¢(S2), then SOL pqo a1/ (S1) € SOL pqorrr (S2)-
Thus, given that M o M’ = Idg,, we have that SOLyg,,, (S1) C SOLfg,,, (S2). Hence,
from the fact that S; € SOLﬁal (S1), we conclude that S; € SOLﬁal (S2) and, therefore,
So C 5.

Next we use the property shown above to obtain a contradiction. Assume that S and So
are instances of R such that:

A5 = {1} A% = )
BS' = () B% = {1}

Then we have that SOL¢(S1) € SOLa(S2), which contradicts the property shown above
since Sy € S1. [l

In Example 20.5, we introduced a second condition that invertible mappings satisfy, and
that is stronger that the unique-solutions property. Formally, a mapping M from a schema
R toaschema Ry is said to satisfy the subset property if for every pair Sy, S of instances
of R1, we have

SOLA(S1) € SOLp(S2) = S2 C 5.

It turns out that this condition is a necessary and sufficient condition for the existence of
inverses for the class of mappings specified by st-tgds.

Theorem 20.6 Let M be a mapping specified by a finite set of st-tgds. Then M is invert-
ible if and only if M satisfies the subset property.

The previous result does not extend to the entire class of total and closed-down on the left
mappings. In fact, a characterization of invertibility requires of a stronger condition, which
is defined as follows. Let M be a mapping from a schema R to a schema Rz, S be an
instance of Ry and 7" be an instance of Ro. Then T is a strong witness for S under M if
for every instance S’ of R such that T € SOL 4 (S’), it holds that S” C S. Moreover, T
is a strong witness solution for S under M if T" is both a solution and a strong witness for
S under M.

To give some intuition about the notion of strong witness, we show in the following
proposition a way to construct strong witnesses for invertible mappings that are specified
by st-tgds.

Proposition 20.7 Let M be a invertible mapping from a schema R to a schema Ra that
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is specified by a set of st-tgds. Then for every instance S of Ry, each universal solution T
for S under M is a strong witness solution for S under M.

Proof Let S be an instance of R; and T a universal solution for .S under M (such a
solution exists since M is specified by a set of st-tgds). Assume that S’ is an instance of
R such that T' € SOL(S”). Next we show that S C S.

Given that T € SOL(S’), we have that SOLA¢(S) C SOL4(S’). To see why this
is the case, let T” be a solution for S under M. Given that T is a universal solution for
S under M, we have that there exists a homomorphism from 7 into 7”. Thus, given that
T € SoLp(S’) and M is closed under target homomorphisms (see Proposition 21.1 in
Section 21.1), we conclude that 77 € SOL 4 (S”).

Since M is invertible, we know that M satisfies the subset-property. Thus, given that
SOLM(S) C SOLa(S”), we have that S” C S, which concludes the proof of the proposi-
tion. O

In the following theorem, it is shown that the notion of strong witness can be used to
characterize invertibility for the class of mappings that are total and closed-down on the
left.

Theorem 20.8 Let M be a total and closed-down on the left mapping from a schema
R4 to a schema Ra. Then M is invertible if and only if every instance of R1 has a strong
witness solution under M.

The complexity of invertibility

Given that inverses are not guaranteed to exist for the class of mappings specified by st-
tgds, a second basic question about this notion of inverse is whether invertibility is a de-
cidable condition for this class of mappings. If it is decidable, we would like to know its
complexity.

The subset property we have seen earlier can be used to prove that this is indeed a
decidable condition: if a mapping M specified by a set of st-tgds does not have a inverse,
then there exists a polynomial-size counterexample showing that M does not satisfy the
subset property. This leads to the following complexity result.

Theorem 20.9 The problem of checking, given a mapping M specified by a set of st-tgds,
whether M is invertible is CONP-complete.

Proof We show here the membership of the problem in CONP, and leave CONP-hardness
as an exercise for the reader (see Exercise 26). Given a mapping M = (R1, Rz, ¥12) that
is not invertible, a pair (S1,S2) of instances of Ry is said to be a witness for the non
invertibility of M if SOLA((S1) € SOL(S2) but So € S; (notice that such a pair
shows that M does not satisfy the subset property). Then it is shown here that for every
mapping M specified by a set of st-tgds, if M is not invertible, then there exists a witness
(51, S2) for the non invertibility of M such that ||S1|| + ||S2|| is O(||X12]|?), from which
the membership of the problem in CONP immediately follows.
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Let M = (Rq,Rq,X12), where 15 is a set of st-tgds, and assume that M is not
invertible. Then we have by Theorem 20.6 that there exist instances 57, S3 of R such that
SOL((S1) € SOL4(S2) but Sy € S;. Thus, there exist P in Ry and tq € P52 such that
to & PS'. Let S} be an instance of Ry consisting only of fact P(to), that is, P52 = {to}
and R%2 = () for all the other relations R in R;. Since X129 is a set of st-tgds, we have that:

SOLM(S2) C SOLA(S3).

Hence, SOL((S1) € SOLAM(S3) and S5 € Sp, which shows that (S1,5%) is also a
witness for the non invertibility of mapping M. Now let 1%, T5 be the canonical universal
solutions for Sy and S3 under M, respectively. Given that 73 € SOLa¢(S1), we have
that T3 € SOL¢(S3) and, therefore, there exists a homomorphism h from T3 to T;. We
use h to construct the desired quadratic-size witness for the non invertibility of mapping
M. More precisely, let ST be an instance of R; defined as follows. For every R in Ry
and tuple ¢ € R”, choose a st-tgd ¢(Z) — 37 1(Z,7) and tuples @, b such that (1)
©(®) — g b(z, ) is a st-tgd in £12, @ is a tuple of values from DoM(S;) and b is a tuple
of values from DoM(T}), (2) (@) holds in S, (3) 1(a, b) holds in T, and (4) R(h(t)) is
a conjunct in 1(a, b). It should be noticed that such a tuple exists since (S;,7}) satisfies
Y12 and R(h(t)) is a fact in T3 (given that h is a homomorphism from 7% to 77). Then
include all the conjuncts of ¢(a) as facts of S7. Next we show that (S7,.55) is a witness
for the non invertibility of M and || S5|| + || S5] is O(||Z12]|?)-

Let 77 be the canonical universal solution for ST under M. By definition of ST, we
have that the homomorphism & mentioned above is also a homomorphism from 75 to 77
Thus, given that 77 is a universal solution for ST under M and M is closed under target
homomorphisms (see Proposition 21.1 in Section 21.1), we conclude that SOL¢(ST) C
SOL(S3). Moreover, given that ST C S, we also have that S5 Z ST and, hence,
(S%,5%) is a witness for the non invertibility of M. Finally, given that S3 consists of only
one fact, we have that |75 | is bounded by ||X;2||. Therefore, given that the number of
tuples that are included in S} for each fact R(¢) in T3 is bounded by [|X12||, we have
that ||S7|| is bounded by ||312||%. Thus, it holds that || S| + || S5 ]| is O(||X12]/?), which
concludes the proof of the theorem. (|

A problem related to checking invertibility is to check, for mappings M and M’, whether
M’ is a inverse of M. Somewhat surprisingly, this problem is undecidable even for the
class of mappings specified by st-tgds.

Theorem 20.10 The problem of verifying, given mappings M = (Rq,Ra,X12) and
M’ = (Ra, Ry, Xo1) with 12 and 3o, finite sets of st-tgds, whether M’ is a inverse of
M is undecidable.

A fundamental, and arguably the most important, issue about any notion of inverse is the
problem of computing an inverse for a given mapping. We shall handle this problem in
Section 20.3.
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A relaxation of inverses: quasi-inverse

The notion of inverse is rather restrictive as there are many mappings that do not possess
an inverse. Thus, there is a need for weaker notions of inversion. We now briefly outline
one, known as quasi-inverses of schema mappings.

The idea behind quasi-inverses is to relax the notion of inverse by not differentiating
between source instances that are equivalent for data-exchange purposes. More precisely,
let M be a mapping from a schema R to a schema R. Instances S; and S5 of R are
data-exchange equivalent with respect to M, denoted by S1 ~ ¢ So, if SOLA(S1) =
SOL A4(S2). For instance, for the mapping M specified by st-tgd R(z,y) — T(x), we
have that if S is an instance consisting of the fact R(1,2) and S2 is an instance consisting
of the fact R(1, 3), then S7 ~aq Sa.

The quasi-inverse of a mapping M is then obtained by not differentiating between
source instances 57 and Ss such that S; ~q So. Formally, given a schema R and a
mapping N from R to R,, mapping N[~ 4, ~ ] is defined as:

{(S1,S2) € INST(R) x INST(R.) | there exist S7, S5 € INST(R.) such that
S ~M Sia So ~M Sé and (S{,Sé) EN}?

and then the notion of quasi-inverse is defined as:

Definition 20.11 (Quasi-inverse) Let M be a mapping from a schema R; to a
schema R, and M’ a mapping from Rz to Rj. Then M’ is a quasi-inverse of M if
(Mo M) [~y ~ i) = 1dr, [~ ~ ] O

Example 20.12 Let R; be a schema consisting of a binary relation R, Ro a schema
consisting of a unary relation 7', and M a mapping specified by st-tgd R(z,y) — T'(x).
It was shown in Example 20.4 that M does not have a inverse, as it does not satisfy the
unique-solutions property. However, mapping M’ specified by tgd T'(z) — 3z R(z, z) is
a quasi-inverse of M. To see why this is the case, consider first the inclusion:

Idr, [~ ~ ] € (Moo M) [~ p, ~ ). (20.1)

If (S1, S2) € Idr, [~ ~a], then there exist instances 51, S% of Ry such that S7 ~
Sy, Sy ~aq Sy and (S5, S5) € Idg,. Thus, we have that S| C S5. Let T} be the canon-
ical universal solution for S under M. Then we have that (S7,77) € M, and also that
(T7,S%) € M’ by the definitions of M and M’, and given that S; C S5. Hence, we
conclude that (57, %) € (M o M), which implies that (S1, S2) € (M o M')[~ 1, ~ ]
since S7 ~ ¢S] and So ~ g S5. Thus, we have shown that inclusion (20.1) holds, and it
only remains to prove that the following inclusion holds to show that M’ is a quasi-inverse

of M:
(Mo M)~ pp, ~aa] C IR, [~ats ~ ). (20.2)

If (S1,52) € (M o M')[~a,~nm], then there exist instances S}, S5 of Ry such that
S1 ~m Si, S2 ~ar Sy oand (S7,55) € (M o M'). Thus, we have that there exists an
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instance T" of Ry such that (S1,7) € M and (T,S5) € M’, from which we conclude
that:

{a](a,b) € RS} C {a| (a,b) € R%}. (20.3)
Let S5 be an instance of R; defined as:
R% ={a| (a,b) € R5} x {d| (¢,d) € RS}.

By definition of mapping M, we have that S5 ~ ¢ S, from which we conclude that
So ~aq S3. Furthermore, from the definition of instance 53 and inclusion (20.3), we have
that S; C S3. Hence, we conclude that (S, S3) € Idr,, which implies that (S7,52) €
IdR, [~ M, ~a] since Sy ~aq S§ and S ~pq S3. Thus, we have shown that inclusion
(20.2) holds, which proves that M’ is a quasi-inverse of M. O

We have seen that quasi-inverses may exist when inverses do not exist. But is it the case
that the notion of quasi-inverse strictly generalizes the notion of inverse? If we focus on
the class of mapping for which the notion of inverse is appropriate (see Section 20.1), then
the answer is positive.

Proposition 20.13 e There exists a mapping specified by a finite set of st-tgds that is not
invertible but has a quasi-inverse.

e For every total, closed-down on the left and invertible mapping M, a mapping M’ is a
inverse of M if and only if M’ is a quasi-inverse of M.

When do quasi-inverses exist? We previously used the subset property to characterize
invertibility (see Theorem 20.6). It turns out that a relaxation of the this property obtained
by not differentiating between source instances that are equivalent for data-exchange pur-
poses characterizes quasi-invertibility. Formally, a mapping M from a schema R; to a
schema Ry, is said to satisfy the (~ rq, ~aq)-subset property if for every pair Sy, So of in-
stances of Ry, if SOL((S1) € SOL¢(S2), then there exist instances S, S5 of Ry such
that S7 ~aq S7, S2 ~am S5 and S C 5.

Theorem 20.14 Let M be a mapping specified by a finite set of st-tgds. Then M is
quasi-invertible if and only if M satisfies the (~ s, ~ ar)-subset property.

Still, not every mapping specified by st-tgds has a quasi-inverse. In fact, a rather strong
negative statement is true.

Proposition 20.15 There exists a mapping M specified by a single st-tgd that has no
quasi-inverse.

The mapping is quite simple. The source schema R; consists of a binary relation E, the
target schema R consists of a binary relation F' and a unary relation G, there is a single
st-tgd

E(z,z) NE(z,y) = F(x,y) N G(2). (20.4)
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One can then show that M does not satisfy the (~ g, ~aq)-subset property, and thus is
not quasi-invertible.

As for the case of inverses, the problem of checking, given mappings M and M/,
whether M’ is a quasi-inverse of M is undecidable. In fact, it is undecidable even for
the most common mappings.

Theorem 20.16 The problem of verifying, given mappings M = (Rq,Ra,X12) and
M = (Ra,Rq,X01) with X195 and Yoy finite sets of st-tgds, whether M’ is a quasi-
inverse of M is undecidable.

20.2 Bringing exchanged data back: The recovery of a schema mapping

As we mentioned before, a drawback of the notions of inverse and quasi-inverse is that no
every mapping specified by a set of st-tgds is guaranteed to have an inverse under these
notions. In this section, we present the concepts of recovery and maximum recovery, that
were introduced to overcome this limitation.

The notion of recovery is defined by following a different approach to that of inverses
and quasi-inverses. In fact, the main goal behind this notion is not to define an inverse
operator, but instead to give a formal definition for what it means for a mapping M’ to
recover sound information with respect to a mapping M. Such a mapping M’ is called a
recovery of M. But given that, in general, there may exist many possible recoveries for a
given mapping, it is also necessary to introduce a way to compare alternative recoveries.
This naturally gives rise to the notion of maximum recovery, which is a mapping that brings
back the maximum amount of sound information.

Let M be a mapping from a schema R4 to a schema R, and Idg, the identity schema
mapping over Ry, that is, Idg, = {(S5,5) | S € INST(R1)}. When trying to invert M,
the ideal would be to find a mapping M’ from Rz to Ry such that M o M’ = Idg,; if
such a mapping exists, then we know that if we use M to exchange data, the application
of M’ gives as result exactly the initial source instance. Unfortunately, in most cases this
ideal is impossible to reach (for example, for the case of mappings specified by st-tgds).
But then at least one would like to find a schema mapping M that does not forbid the
possibility of recovering the initial source data. This gives rise to the notion of recovery.

Definition 20.17 (Recovery) Let M be a mapping from a schema R to a schema Ra,
and M’ a mapping from Rz to Rq. Then M’ is a recovery of M if for every instance
S € DoM(M), it holds that (S, S) € M o M'. O

Being a recovery is a sound but mild requirement. Indeed, a schema mapping M from
a schema R4 to a schema Ry always has as recoveries, for example, mappings M; =
INST(Rz2) x INST(R4) and My = M~ = {(T,S) | (S,T) € M}.If one has to choose
between M and M5 as a recovery of M, then one would probably choose M3 since
the space of possible solutions for an instance S under M o My is smaller than under
M o M. In general, if M’ is a recovery of M, then the smaller the space of solutions
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generated by M o M’, the more informative M’ is about the initial source instances. This
naturally gives rise to the notion of maximum recovery.

Definition 20.18 (Maximum recovery) Let M be a mapping from a schema R; to a
schema R, and M’ a mapping from Rg to R;. Then M’ is a maximum recovery of

M if:

1 M’ is arecovery of M, and
2 for every recovery M of M, it holds that M o M’ C M o M".

O

Example 20.19 Let R; be a schema consisting of a binary relation E, Ry a schema
consisting of a binary relation F and a unary relation G, and M = (R, R, X) with ¥ a
set of st-tgds consisting of the following dependency:

E(z,z) NE(z,y) = F(z,y) A G(2). (20.5)
Let M be a mapping from R to R specified by tgd:
F(z,y) = 3z (E(z,2) N E(z,y)). (20.6)

It is straightforward to prove that M is a recovery of M. In fact, if S is an instance of Ry
and T is the canonical universal solution for S under M, then we have that (S,7) € M
and (T, S) € My, from which we conclude that (S, .S) € M o M;. Similarly, if Ms is a
mapping from R to R; specified by tgd:

G(z) = JxTy (E(x, 2) A E(z,y)), (20.7)

then we also have that My is a recovery of M. On the other hand, if M3 is a mapping
from R to R4 specified by tgd:

F(z,y) NG(2) = E(z,2) N E(z,y), (20.8)

then we have that M3 is not a recovery of M. To see why this is the case, consider an
instance S of Ry such that:

E® = {(17 1), (272)}'

Next we show that (.5, S) ¢ M o Ms. By the sake of contradiction, assume that (S, .S) €
Mo Mg, and let T be an instance of Ry such that (S,T) € M and (T, S) € M3. Given
that (S, T') satisfies st-tgd (20.5), we have that (1,1), (2,2) are elements of F7 and 1, 2
are elements of GT. But then given that (7, ) satisfies tgd (20.8), we conclude that the
tuples (1,2), (2,1) are elements of £, which leads to a contradiction.

Finally, let M4 be a mapping from Rz to R4 specified by tgds (20.6) and (20.7). In
this case, it is possible to prove that M, is a maximum recovery of M. In fact, next we
introduce some characterizations of the notion of maximum recovery that can be used to
prove this fact. O
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To check whether a mapping M’ is a inverse of a mapping M, a condition that depends
only on M and M’ needs to be checked, namely that the composition of M with M’ is
equal to the identity mapping. A similar situation holds for the case of the notion of quasi-
inverse. On the other hand, verifying whether a mapping M’ is a maximum recovery of a
mapping M requires comparing M’ with every other recovery of M. Given that such a test
is more complicated, it would be desirable to have an alternative condition for this notion
that depends only on the input mappings. The next proposition gives one such condition.

Proposition 20.20 Let M be a mapping from a schema R4 to a schema Rz, and M’ a
recovery of M. Then M’ is a maximum recovery of M if and only if:

1 forevery (S1,S2) € Mo M, it holds that Sz € DOM(M), and
2M=MoM oM.

Proof (=) Assume that M’ is a maximum recovery of M. We first prove that condition
(1) holds. For the sake of contradiction, assume that there exists (S1, S2) € M o M’ such
that So ¢ DOM(M). Then define mapping M” C M" as M" = {(T,S) e M' | S €
DoM(M)}. Given that M’ is a recovery of M, we have that M” is a recovery of M.
Moreover, M o M" C M o M’ since M"” C M’ and (S1,S2) & M o M". Thus, we
obtain a contradiction since M’ is assumed to be a maximum recovery of M.

We continue by showing that condition (2) holds. Given that M’ is a recovery of M, we
have that (S, S) € Mo M’ for every S € DOM(M), which implies that M C Mo M’ o
M. Thus, we only need to show that M o M’ o M C M. By the sake of contradiction,
assume that there exists (S1,71) € M o M’ o M such that (S1,T1) ¢ M. Then, there
exist instances S3 and T% such that (S1,T2) € M, (T2, S2) € M’, and (S2,T1) € M.
Note that T} # T and S; # Ss, because we are assuming that (S1, T1) € M. Let M* be
a mapping from R, to R defined as:

M = {(T, S) eM | S 75 Sg} U {(Tl,SQ)}

Given that M’ is a recovery of M and (S2,T1) € M, we have that M* is a recovery
of M. Now, consider the pair (S7,S2). We know that (S1,S52) € M o M’, but given
that (S1,71) € M and (71, S2) is the only tuple in M* where S5 appears as the second
component, we have that (S, S2) ¢ MoM*. Thus, we conclude that Mo M’ € Mo M*.
Hence, we obtain a contradiction since M’ is assumed to be a maximum recovery of M.

(<) We first notice that if (S1,S52) € M o M/, then we have that SOL(S2) C
SOL(S1). To see why this is the case, let T € SOL4(S2). Then given that (S1,.52) €
Mo M’, we have that (Sq1,T) € M oM’ o M. Thus, given that M = Mo M’ o M, we
have that (S1,T) € M and, hence, T' € SOL(S1). Next we use this property to prove
that if M’ satisfies (1) and (2), then M’ is a maximum recovery of M.

For the sake of contradiction, assume that M’ is not a maximum recovery of M. Then
given that M’ is a recovery of M, there exists a recovery M’ of M such that M o M’ &
Mo M”. We have then that there is a tuple (S, S") € MoM’ such that (S, S") & MoM".
Given that M’ satisfies condition (1), we have that S’ is an instance in DoM(M). Hence,
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given that M" is a recovery of M, we have that (5’,5’) is a tuple in M o M” and,
therefore, there exists an instance T of Ra such that (S/,T) € M and (T,5") € M".
By the observation in the previous paragraph, we know that SOLA(S") C SOL(S5),
so if (S",T) € M then (S,T) € M. Therefore, we conclude that (S,T) € M and
(T,S") € M"”, which implies that (S, S’) € M o M" and leads to a contradiction. This
concludes the proof of the proposition. O

Next we use Proposition 20.20 to prove that the claims in Example 20.19 are indeed correct.
But before doing this, we give some intuition about the conditions in Proposition 20.20.
The first such condition tells us that if an instance S is not in the domain of a mapping
M, then a maximum recovery of M should not recover information about this instance.
The second condition in Proposition 20.20 is a desirable property for an inverse mapping.
Intuitively, given a mapping M from a schema R4 to a schema Ro and a mapping M’
from Ry to Ry, mapping M’ does not lose information when bringing back the data
exchanged by M, if the space of solutions of every instance of R; does not change after
computing M o M’. That is, for every instance S of Ry, it should hold that SOL x4 (S) =
SOL pmopmrom(S) (or more succinctly, M = M o M’ o M). In general, recoveries do
not satisfy this condition, but Proposition 20.20 shows that maximum recoveries satisfy it.
And not only that, it also shows that the notion of maximum recovery can be characterized
in terms of this condition.

Example 20.21 (Example 20.19 continued) Recall that mapping M in Example 20.19 is
specified by the following st-tgd:

E(z,2) NE(z,y) = F(z,y) A G(2),
while recovery My of M is specified by the following tgds:

F(z,y) — 3z (E(z, 2) A E(z,v)),
G(z) = 2Ty (E(z, 2) AN E(z,y)).

Next we use Proposition 20.20 to show that M, is a maximum recovery of M. Given that
My is arecovery of M, we have that M C M o My o M. Thus, given that DOM(M) =
R, we conclude from Proposition 20.20 that to prove that My is a maximum recovery of
M, we only need to show that M o My o M C M.

Let (S,T) € M o My o M. To prove that (S,T) € M, we need to show that (S, T)
satisfies the st-tgd that specifies M, that is, we have to prove that for every pair of tuples
(a,b), (b,c) in E¥, where a, b, c are not necessarily distinct elements, it holds that (a, ¢) €
FT andb € G™'. To prove this, first notice that given that (S, T') € MoM 40M, there exist
instances S7 of Rj and T} of Rg such that (S, T1) € M, (T1,51) € My and (51,T) €
M. Thus, given that (a, b), (b, c) are elements of E°, we conclude that (a,c) € FT' and
b € GT1. Hence, from the definition of M and the fact that (73,.S;) € M., we conclude
that there exist elements d, e and f such that:

{(a,d), (d,c), (e,0), (b, )} € B
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Therefore, given that (S1,7) € M, we conclude that (a,c) € F7 and b € GT, which was
to be shown.

On the other hand, it is claimed in Example 20.19 that the mapping M specified by
dependency F(z,y) — 3z (E(x, 2) AE(z,y)) is not a maximum recovery of M (although
it is a recovery of M). To see why this is the case, let S, T be instances of R; and R,
respectively, such that:

ES = {(1’2)7 (2’3)} FT = {(153)}
Gt = {4}

It is clear that (S, T) ¢ M as element 2 is not in GT. However, (S,T) € M o M; o M
since for the instances 77, S1 of Ro and R, respectively, such that:

FT' = {(1,3)} ES = {(1,4),(4,3)}
G = {2

we have that (S,77) € M, (T1,51) € M; and (S1,T) € M. Thus, we conclude that
M does not satisfy condition (2) in Proposition 20.20, from which we conclude that M,
is not a maximum recovery of M. (]

As we pointed out before, the main motivation for the introduction of the notion of max-
imum recovery is to have an inverse operator that is defined for every mapping specified
by st-tgds. Here, we identify the class of mappings for which this operator is defined by
providing a necessary and sufficient condition for the existence of maximum recoveries.
In particular, we use this condition to show that every mapping specified by a finite set of
st-tgds admits a maximum recovery.

Recall that in Section 20.1, we introduced the notion of a strong witness to characterize
invertibility for the class of total and closed-down on the left mappings. More precisely,
given a mapping M from a schema R; to a schema Rz and instances S, T' of R; and
R, respectively, T is a strong witness for S under M if for every instance S’ of R; such
that T € SOL 4 (S), it holds that " C S. It turns out that by weakening this condition,
one can characterize the existence of maximum recoveries. Formally, given a mapping M
from a schema R to a schema R and instances S, T" of R; and R, respectively, T is a
witness for S under M if for every instance S’ of Ry such that ' € SOL¢(S’), it holds
that SOLA((S) C SOL4(S”). Moreover, T' is a witness solution for .S under M if T is
both a solution and a witness for S under M.

The notion of a witness is indeed weaker than the notion of a strong witness, as the next
result shows.

Proposition 20.22 Ler M = (R1,Ra, X) be a mapping, where X is a finite set of st-tgds,
S an instance of Rq1 and T an instance of Ra. Then every strong witness for S under M
is a witness for S under M.

Proof The proposition is a corollary of the fact that if M = (Rq, Ra, X)), with X a set of
st-tgds, and S1, So are instances of R such that S; C S, then SOLA((S2) C SOL A4 (:S7).
O
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Proposition 20.23 Ler M = (R1, R, ) be a mapping, where % is a finite set of st-tgds,
and S an instance of R1. If T' is a universal solution for S under M, then T is a witness
solution for S under M.

Proof In the proof of Proposition 20.7, we show that if 7" is a universal solution for S
under M and T' € SOL ((S”), then SOL¢(S) C SOL(S”) (this is a corollary of the fact
that a mapping specified by a finite set of st-tgds is closed under target homomorphisms,
as shown in Proposition 21.1 in Section 21.1). Thus, we have already provided a proof of
the proposition. (|

‘We now show that the notion of witness solution can be used to characterize the existence
of maximum recoveries.

Theorem 20.24 Let M be a mapping from a schema Ry to a schema Ry. Then M has

a maximum recovery if and only if every instance S € DOM(M) has a witness solution
under M.

Proof (=) Let M’ be a maximum recovery of M, and S an instance in DOM(M). Then
given that M’ is a recovery of M, we have that there exists an instance T' of Ra such
that (S,T) € M and (T,S) € M’. Next we show that T" is a witness solution for S
under M. We already know that 7 is a solution for .S under M, so we only need to show
that if T € SOLa4(S’), then it holds that SOLx((S) C SOLa(S’). Thus assume that
T’ € SOLp(S). Given that (S',T) € M, (T,S) € M’ and (S,T’) € M, we have that
(8',7") € Mo M’ o M. But from Proposition 20.20 we have that M = M o M’ o M
and, therefore, (S’,T") € M. We conclude that SOL v¢(.S) € SOL((S”) and, hence, T is
a witness solution for .S under M.

(<=) Assume that every S € DOM(M) has a witness solution under M, and let M* be
a mapping from R to R; defined as:

{(T,S) | T is a witness solution for S under M }.

By hypothesis, we have that M* is a recovery of M. Next we use Proposition 20.20 to
show that M* is a maximum recovery of M.

By definition of M*, we have that this mappings satisfies condition (1) in Proposition
20.20. Moreover, given that M* is a recovery of M, we have that M C M o M* o M.
Thus, we have from Proposition 20.20 that if M o M* o M C M, then M* is a maximum
recovery of M. Let (S,T) € M o M* o M. Then there exist instances T}, S; of Rz and
R, respectively, such that (S,77) € M, (T1,51) € M* and (51,T) € M. Thus, by
definition of M*, we have that T} is a witness solution for S; under M. Hence, given that
T1 € SOL(S), we have that SOL o (S1) € SOL4(S). We conclude that T € SOL u4(S)
since T' € SOL¢(S1) and, thus, we have that (S,T) € M, which was to be shown. This
concludes the proof of the theorem. (]

As a corollary of Proposition 20.23 and Theorem 20.24, we obtain the desired result that
every mapping specified by a finite set of st-tgds admits a maximum recovery. It should be
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noticed that this result is in sharp contrast with the non-existence results for the notions of
inverse and quasi-inverse and the class of mappings specified by st-tgds (see Corollary 12
and Proposition 20.15).

Theorem 20.25 Every mapping specified by a finite set of st-tgds admits a maximum
recovery.

Up to this point, we have introduced three alternative inverse operators for schema map-
pings: inverse, quasi-inverse and maximum recovery. In the previous section, we showed
that there is a tight connection between the first two operators (see Proposition 20.13), and,
thus, it is natural to ask what is the relationship between them and the notion of maxi-
mum recovery. We first answer this question for the notion of inverse and the class of total
and closed-down on the left mappings, for which the notion of inverse is appropriate (see
Section 20.1).

Proposition 20.26 [/ There exists a mapping specified by a finite set of st-tgds that is not
invertible but has a maximum recovery.

2 For every total, closed-down on the left and invertible mapping M, a mapping M’ is a
inverse of M if and only if M’ is a maximum recovery of M.

Proof (1) Let R; be a schema consisting of a binary relation E, Ro a schema consisting
of a binary relation F' and a unary relation G, and M = (R1,R2,X) with ¥ a set of
st-tgds consisting of the following dependency:

E(z,2) NE(z,y) = F(z,y) A G(2).

In Proposition 20.15, we show that M is not quasi-invertible. Thus, we have that this map-
ping is not invertible by Proposition 20.13. On the other hand, we show in Examples 20.19
and 20.21 a maximum recovery of M. This proves that condition (1) of the proposition
holds.

(2) Let M be a mapping from a schema R to a schema Rz and M’ a mapping from
R- to R. Moreover, assume that M is total, closed-down on the left and invertible. Next
we prove the two directions of this part of the proposition.

(=) If M’ is a inverse of M, then we have that (S1,52) € M o M’ if and only if
S1 C S5. Thus, we know that M’ is a recovery of M and, therefore, given that M is a
total mapping, we have from Proposition 20.20 that M’ is a maximum recovery of M if
Mo M o M C M (we already know that M C M o M’ o M since M’ is a recovery
of M). Assume that (S,T") € M o M’ o M. Then there exists an instance .S” of Ry such
that (S,5") € Mo M’ and (S',T) € M. Thus, we have that S C S’, from which we
conclude that SOL A((S”) C SOLA4(S) since M is closed-down on the left. Hence, given
that (S, T) € M, we have that ' € SOL(S) and, therefore, (S,T) € M. Thus, we
have that M o M’ o M C M, which was to be shown.

(<) Assume that M’ is a maximum recovery of M. In order to show that M’ is a
inverse of M, we need to show that (S7,52) € M o M’ if and only if S; C Ss. First,
assume that S; C S,. Given that S5 is an instance of Ry, M’ is a recovery of M and M
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is total, we know that (S3, S2) € M o M’. Thus, given that M is closed-down on the left,
we have that (57, S2) € M o M. Second, assume that (S7, S2) € M o M'. Given that
M is invertible, there exists a inverse M” of M. Then M" is a recovery of M and, thus,
given that M’ is a maximum recovery of M, we have that M o M’ C M o M". We infer
that (S1,S2) € M o M” since (S1,S2) € M o M’, which implies that S; C S5 since
M is a inverse of M. This concludes the proof of the proposition. O

We now consider the second part of our question, namely what is the relationship between
the notions of quasi-inverse and maximum recovery. As shown in the following proposi-
tion, the situation is a bit more involved than for the case of the notion of inverse.

Proposition 20.27 [ There exists a mapping specified by a finite set of st-tgds that is not
quasi-invertible but has a maximum recovery.

2 For every total, closed-down on the left and quasi-invertible mapping M, there exists a
mapping that is a maximum recovery of M and, moreover, M’ is a maximum recovery
of M if and only if M’ is a quasi-inverse and recovery of M.

It should be noticed that part (1) of Proposition 20.27 was already proved in Proposition
20.26.

Given that inverses and quasi-inverses are not guaranteed to exist for the class of map-
pings specified by st-tgds, we study in Sections 20.1 and 20.1 the decidability of invert-
ibility and quasi-invertibility for this class of mappings. On the other hand, the problem of
verifying whether a mapping M has a maximum recovery becomes trivial in this context,
as every mapping specified by this class of dependencies admits a maximum recovery.
Thus, we only consider here the fundamental problem of verifying, given mappings M
and M’ specified by st-tgds, whether M’ is a maximum recovery of M. Somewhat sur-
prisingly, not only this problem is undecidable, but also the problem of verifying whether
a mapping M’ is a recovery of a mapping M.

Theorem 20.28 The problem of verifying, given mappings M = (Rq,Ra,¥12) and
M = (Ra, R, ¥91) with 19 and Y.o1 finite sets of st-tgds, whether M’ is a recovery
(maximum recovery) of M is undecidable.

As we have mentioned in the previous sections, we are still missing the algorithms for com-
puting the inverse operators introduced in this chapter. In the next section, we present a uni-
fied algorithm for computing these operators, which uses some query rewriting techniques,
and takes advantage of the tight connections between the notions of inverse, quasi-inverse
and maximum recovery shown in Propositions 20.13, 20.26 and 20.27.

20.3 Computing the inverse operator

Up to this point, we have introduced and compared three notions of inverse proposed in the
literature, focusing mainly on the fundamental problem of the existence of such inverses.
Arguably, the most important problem about these operators is the issue of how to compute
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them for the class of mappings specified by st-tgds. This problem has been studied for the
case of the notions of inverse, quasi-inverse and maximum recovery. In this section, we
present an algorithm for computing maximum recoveries of mappings specified by st-tgds,
which by the results of the previous sections can also be used to compute inverses and
quasi-inverses for this type of mappings. Interestingly, this algorithm is based on guery
rewriting, which greatly simplifies the process of computing such inverses.

We start by introducing the notion of query rewritability over the source, which is similar
to the notion of rewritability introduced in Section 7.5. Let M be a mapping from a schema
R; to a schema Ry and ) a query over schema Ry. Then a query )’ is said to be a
rewriting of Q) over the source if @)’ is a query over R; such that for every S € INST(Ry),
it holds that Q'(S) = certaina(Q, S). That is, it is possible to obtain the set of certain
answers of () over S under M by just evaluating its rewriting )" over the source S.

The computation of a source rewriting of a conjunctive query is a basic step in the algo-
rithm presented in this section. This problem has been extensively studied in the database
area and, in particular, in the data integration context. In fact, it is well known that:

Proposition 20.29 There exists an algorithm QUERYREWRITING that, given a mapping
M = (Ry1,R2, ), with ¥ a finite set of st-tgds, and a conjunctive query @Q over Ra,
computes a union of conjunctive queries with equality Q' that is a rewriting of () over the
source. The algorithm runs in exponential time and its output is of exponential size in the
size of ¥ and Q.

Example 20.30 We give here some intuition of why the algorithm QUERYREWRITING
uses union and equalities in its output language. Let R; be a schema consisting of a unary
relation P and a binary relation R, Ry be a schema consisting of a binary relation 7" and
M = (R1,Rz2,X), where X is a set of dependencies consisting of the following st-tgds:

P(z) =» T(z,x),
R(z,y) = T'(z,y).

Assume that @ is the target query T'(x, y). What is a source rewriting of Q? To answer
this question, we need to consider all the possibles ways of generating target tuples from a
source instance. Let S be an instance of R . If S contains a fact P(a), then all the solutions
for S under M will contain the fact T'(a, a). Thus, every answer to the query P(x) Az =y
over S will be in certainp(Q, S). In the same way, if S contains a fact R(a,b), then all
the solutions for S under M will contain the fact T'(a, b) and, hence, every answer to the
query R(x,y) over S will be in certainp(Q, S). Given the definition of M, the previous
two queries consider all the possible ways to generate target tuples according to M, from
which one can formally prove that the following is a source rewriting of query @ (see
Exercise 32):

(P(x) Nz =1y)V R(x,y).

It is important to notice that the above query is a union of two conjunctive queries, and that
the use of union and equality in this rewriting is unavoidable. (|
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We finally have all the necessary ingredients to present the algorithm for computing maxi-
mum recoveries. In this procedure, C refers to the unary predicate introduced in Section 7.4
that distinguishes between constant and null values (C(a) holds if and only if a belongs to
CONST). Moreover, if Z = (21, . .., zk), then C(Z) is used in the algorithm as a shorthand
for C(z1) A -+ A Clag).

Algorithm 17 MAXIMUMRECOVERY
Require: M5 = (R, Ra2,Y) with ¥ a finite set of st-tgds
Ensure: Ms; = (R2,R4,T) is a maximum recovery of M
1: F = @
2 for all o(Z) — Iy ¢(Z,y) in X do
v Q@) = (. 7)
4 let a(Z) be the output of algorithm QUERYREWRITING with input M5 and @
ss D:=TU{Y gy ANC(Z) = a(z)}
6: end for

Theorem 20.31 Algorithm MAXIMUMRECOVERY runs in exponential time, and on input
M = (Rq,Rq,X), where X is a finite set of st-tgds, it computes a maximum recovery

of M.

Proof From Proposition 20.29, it is straightforward to conclude that algorithm
MAXIMUMRECOVERY runs in exponential time. Assume that M’ = (Rq,Rq,T) is the
output of the algorithm MAXIMUMRECOVERY with input M. In order to prove that M’
is a maximum recovery of M, we first show that M’ is a recovery of M, that is, we prove
that for every instance S of Ry, it holds that (S,.5) € M o M’.

Let S be an instance of R and let T' be the canonical universal solution for .S under
M. Next we show that (7',.S) € M/, from which we conclude that (S,S) € M o M’
since (S,T) € M. Let o € T'. We need to show that (7,S) = o. Assume that o is
of the form ¥(Z,y) A C(Z) — «(Z), and that @ is a tuple of values from 7" such that
T = 37 (¥(a,g) A C(a)). We need to show that S = «(a). Consider the conjunctive
query Q(Z) defined by formula 35 (Z, ). Since C(a) holds and T' = Iy (a, §), we
obtain that @ € Q(T). Thus, from the results about query answering proved in Chapter 7
and the fact that 7" is the canonical universal solution for S under M, we obtain that
a € certainp(Q, S). Consider now the query Q'(Z) defined by formula a(Z). By the
definition of algorithm MAXIMUMRECOVERY, we have that Q’ is a rewriting of @) over
schema Ry, and then certaina (Q, S) = Q’(S). Thus, we have that a € Q'(S), and then
S E a(a), which was to be shown.

Given that M’ is a recovery of M and DOM(M) = INST(Ry), we know from Propo-
sition 20.20 that M’ is a maximum recovery of M if M o M’ o M C M. Next we
show that if (S71,52) € M o M’, then SOL¢(S2) € SOLA4(S7), from which we con-
clude that M o M’ o M C M. To see why this is the case, let (S,T) € Mo M’ o M.



290 Inverting schema mappings

Then there exist instances 77, Ry of Ry and Ry, respectively, such that (S,77) € M,
(T1,51) € M’ and (S1,T) € M. Then given that (S, S1) € Mo M’, we have by hypoth-
esis that SOLA((S1) C SOLa4(S). Thus, from the fact that (S7,7T) € M, we conclude
that (S, T") € M, which was to be shown.

Let (S1,52) € M o M’, and T* an instance of Ry such that (S1,7*) € M and
(T*, S2) € M’. We need to prove that SOL v((S2) C SOL o¢(S1). To this end, assume that
T € SOL(S2). Next we show that T' € SOL(S1). Let o € X be a dependency of the
form p(Z) — 3G (Z, y), and assume that S; |= ¢(a) for some tuple @ of constant values.
We show next that T' = 371 (a, 7). Given that S; = ¢(a), we have that for every 7" €
SOL((S7), it holds that T’ = 35 ¢(@, §). In particular, it holds that T* |= 3y ¢(a, 7). By
the definition of algorithm MAXIMUMRECOVERY, we know that there exists a dependency
P(Z,9) A C(Z) — a(Z) in T such that a(Z) is a rewriting of 37 ¢ (Z, §) over R1. Then
since T* = 3y (@, §), a is a tuple of constant values, and (T*, S3) = T', we know that
Sy | «(a). Now consider the queries Q(Z) and Q’'(Z) defined by formulas 37 (Z, 3)
and a(Z), respectively. Since Sz = «(a), we know that a € Q’(S2). Furthermore, we
know that Q'(S2) = certainp(Q, S2), and then @ € certainp(Q, S2). In particular, since
T € SOL(S2), we know that a € Q(T'), from which we conclude that T’ = 35 (a, §).
We have shown that for every o € X of the form ¢(Z) — G (z,7), if S1 E ¢(a)
for some tuple a, then T' |= 35 (a, 7). Thus, we have that (S1,T) = X and, therefore,
T € SOL(S7). This concludes the proof of the theorem. O

Example 20.32 Let R; be a schema consisting of a unary relation P and a binary relation
R, R be a schema consisting of a binary relation T and M = (R1, R, X)), where X is a
set of dependencies consisting of the following st-tgds:

P(z) = T(z,x),
R(z,y) = T'(2,y).

In order to compute a maximum recovery M’ = (Rg,R41,I') of M, algorithm
MAXIMUMRECOVERY first computes a source rewriting of target query T'(x, x):

P(z) V R(z, x),
and it adds dependency
T(xz,2) ANC(z) = P(z) V R(z, x) (20.9)
to I". Then it computes a rewriting of target query T'(z, y) (see Example 20.30):
(P(z) Ae=y) V R(z,y),
and it finishes by adding dependency
T(z,y) ANC(z) NC(y) = (P(x) Nz =y)V R(z,y) (20.10)

to I'. Given that (20.10) logically implies (20.9), we conclude that the mapping specified
by dependency (20.10) is a maximum recovery of M. (|
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From Theorem 20.31 and Propositions 20.26 and 20.27, we conclude that algorithm
MAXIMUMRECOVERY can also be used to compute inverses and quasi-inverses.

Corollary 13 Let M = (R1,Ra, X), where ¥ is a finite set of st-tgds. If M is invertible
(quasi-invertible), then on input M, algorithm MAXIMUMRECOVERY computes a inverse
(quasi-inverse) of M.

One of the interesting features of algorithm MAXIMUMRECOVERY is the use of query
rewriting, as it allows us to reuse in the computation of the inverse operator the large
number of techniques developed to deal with the problem of query rewriting. However,
one can identify two drawbacks in this procedure. First, algorithm MAXIMUMRECOVERY
returns mappings that are specified by dependencies that extend st-tgds with disjunctions
in the right-hand side. Unfortunately, this type of mappings are difficult to use in the data
exchange context. In particular, it is not clear whether the standard chase procedure could
be used to produce a single canonical target database in this case, thus making the process
of exchanging data and answering target queries much more complicated. Second, the
output mapping of MAXIMUMRECOVERY can be of exponential size in the size of the
input mapping. Thus, a natural question at this point is whether simpler and smaller inverse
mappings can be computed. In the rest of this section, we show an effort to lower the
complexity in a restricted case, and we briefly study what are the languages needed to
express inverses, quasi-inverses and maximum recoveries.

Recall that a st-tgd is called full if it does not include any existential quantifiers in its
right-hand side. Full st-tgds have been widely used in practice, and extensively studied in
the data integration and exchange contexts. For this reason, the issue of computing inverses
for the class of mappings specified by full st-tgds is considered to be a fundamental prob-
lem. Interestingly, next we show a modification of the algorithm MAXIMUMRECOVERY
that works in quadratic-time and computes maximum recoveries for this type of mappings.
It is important to notice that we assume in this procedure, without loss of generality, that
every full st-tgd has a single atom in its right-hand side. Besides, given tuples of vari-
ables T = (x1,...,2¢) and § = (y1,...,Yx), We use notation T = § as a shorthand for
T =Y N ATk = Yg.

Theorem 20.33 Algorithm MAXIMUMRECOVERYFULL runs in quadratic-time, and on
input M = (R1,Ra, %), where ¥ is a finite set of full st-tgds with each dependency in it
having a single atom in its right-hand side, it computes a maximum recovery of M.

Algorithm MAXIMUMRECOVERYFULL can be considered as a specialization of algorithm
MAXIMUMRECOVERY for the case of full st-tgds, as the formula a(%) computed in line 8
of this algorithm is a source rewriting of target query P(u). We left to the reader the proof
of this fact, and also the proof that procedure MAXIMUMRECOVERYFULL is correct (see
Exercise 33).

Example 20.34 Let R; be a schema consisting of a unary relation A and a binary relation
B, R be a schema consisting of binary relations D and F, and M = (R, Ra, X), where
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Algorithm 18 MAXIMUMRECOVERYFULL
Require: M;2 = (R1,Ra2, ) with X a finite set of full st-tgds, and each dependency in
> having a single atom in its right-hand side
Ensure: Ms; = (Rz,R4,T') is a maximum recovery of M
1: F = @
2. for all predicate symbol P € R; do
3. let @ be a fresh tuple of pairwise distinct variables containing as many variables as
the arity of P
A=
for all (z) — P(z)in X do
A:=AU{3Z(p(ZT)NT=1)}
end for
let «(@) be the disjunction of all the elements in A
90 T':=TU{P(a) = aa)}
10: _end for

® >k

2. is a set of dependencies consisting of the following st-tgds:

A(xz) = D(z,x) (20.11)

B(z,y) = D(y,y) (20.12)

B(z,z) = E(x) (20.13)

In order to compute a maximum recovery M’ = (Rg,Rq1,I') of M, algorithm

MAXIMUMRECOVERYFULL first considers predicate symbol D from R;. For this sym-
bol, it generates a fresh tuple (u1, us) of variables and let A be the empty set, and then it
considers the two dependencies in X mentioning predicate symbol D in its right-hand side.
In the case of st-tgd (20.11), it adds 3x (A(z) A x = u; A x = uz) to A. In the case of
st-tgd (20.12), it first notices that this dependency has to be read as JzB(x,y) — D(y, y),
and then it adds Jy3z (B(z,y) Ay = u1 Ay = ug) to A. Thus, once the dependencies
with predicate symbol D in its right-hand side have been processed, it holds that:

A={Fz(Alz) Nz =u1 Ax = us), JyFz (B(z,y) Ny =u1 ANy =ua)}.
Therefore, the following dependency is added to I':
P(ul, UQ) —

EIx<A(:1:) ANe=u ANz = uz) V Jydz (B(x,y) ANy=uiANy= u2>. (20.14)

In the same way, algorithm MAXIMUMRECOVERYFULL considers all the dependencies in
Y mentioning predicate E in its right-hand side, and computes the following dependency:

E(ug) — 3z (B(z,z) Az = ug). (20.15)
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Given that R consists only of predicate symbols D and E, we conclude that the mapping
specified by dependencies (20.14) and (20.15) is a maximum recovery of M. ]

As for the case of algorithm MAXIMUMRECOVERY, from Theorem 20.31 and Propositions
20.26 and 20.27, we conclude that algorithm MAXIMUMRECOVERYFULL can also be used
to compute inverses and quasi-inverses.

Corollary 14 Let M = (Ry,Rz2,X), where X is a finite set of full st-tgds with each
dependency in it having a single atom in its right-hand side. If M is invertible (quasi-
invertible), then on input M, algorithm MAXIMUMRECOVERYFULL computes a inverse
(quasi-inverse) of M.

It is important to notice that, as for the case of procedure MAXIMUMRECOVERY, algo-
rithm MAXIMUMRECOVERYFULL returns mappings that are specified by dependencies
that extend st-tgds with disjunctions in their right-hand sides. As we have mentioned be-
fore, this type of mappings are difficult to use in the data exchange context and, thus,
it is natural to ask whether the use of disjunction in the output languages of algorithms
MAXIMUMRECOVERY and MAXIMUMRECOVERYFULL can be avoided, and, in particu-
lar, whether the maximum recovery of a mapping specified by st-tgds can be specified in
the same mapping language. We conclude this section by given a negative answer to this
question not only for the notion of maximum recovery, but also for the notions of inverse
and quasi-inverse.

Proposition 20.35  There exists a mapping M = (R1,Ra, X) specified by a finite set %
of full st-tgds that is invertible, but has no inverse specified by a finite set of tgds.

Proof We only present the mapping, and leave the proof as an exercise. Let Ry be a
schema consisting of a unary predicate A and a binary predicate B, R2 a schema consist-
ing of unary predicates D, E and a binary predicate F', and X be a set consisting of the
following full st-tgds:

The mapping M is invertible; in fact its inverse is a mapping M’ = (Ra, Rq,Y’), where
3’ consists of the following dependencies
D(z) — A(z),
F(z,y) Ne #y — B(z,y),
E(z) = B(z,x).

The reader is invited to verify that M’ is indeed an inverse, and that it cannot be specified
by a finite set of tgds. O



294 Inverting schema mappings

Proposition 20.35 shows that the language of tgds is not closed under the notion of inverse.
By combining this result with Propositions 20.26 and 20.27, we conclude that the same
holds for the notions of quasi-inverse and maximum recovery.

Corollary 15  There exists a mapping M = (R, Ra, X) specified by a finite set 3. of full
st-tgds that is quasi-invertible, but has neither a quasi-inverse nor a maximum recovery
specified by a finite set of tgds.

20.4 Inverses under extended semantics

So far we have assumed that source instances do not contain null values. However, null
values in the source may naturally arise when using inverses of mappings to exchange
data. Indeed, we apply inverses to databases containing exchanged data, which, of course,
contains nulls. Thus, when we handle inverse operators, it seems natural to let databases
contain both constants and nulls, i.e., values from CONST U VAR.

In this section, we introduce two appropriate notions for the scenario whether source in-
stances may contain nulls, namely extended recovery and maximum extended recovery, and
compare them with the previously proposed notions of recovery and maximum recovery.

The first observation to make is that since null values are intended to represent missing or
unknown information, they should not be treated naively as constants. In fact, if null values
are treated as constants when verifying the satisfaction of a set of dependencies, then the
existence of maximum recoveries for mappings given by tgds is no longer guaranteed.

Proposition 20.36 If null values are treated as constants, then there exists a mapping
specified by a finite set of tgds and containing null values in sources instances that does
not admit a maximum recovery.

Proof Let M = (R1,R2,X), where Ry is a schema consisting of unary relations A
and B, Rg is a schema consisting of a unary relation E and X is a set consisting of the
following tgds:

A(x) — E(x)
B(z) = Jy E(y)

Moreover, assume that the instances of R; may contain null values. Next we show that M
does not admit a maximum recovery if nulls are treated as constants when verifying the
satisfaction of X:.

For the sake of contradiction, assume that M admits a maximum recovery, and let Sy
be an instance of Ry such that A%t = () and BS* = {a}, where a is a constant. Then
we have from Theorem 20.24 that S; has a witness solution under M, say instance 7} of
R.. Given that the empty instance of R is not a solution for S; under M, we have that
E™ +£ (). Thus, we have to consider two cases.

o Assume first that there exists a constant b such that E(b) is a fact in T3, and let S2 be
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an instance of Ry such that A%2 = {b} and B2 = (). Then we have that (S2,71) = X
and, therefore T € SOL¢(S2). Thus, from the fact that T} is a witness for S; under
M, we conclude that SOL A¢(S1) C SOL¢(S2). But this leads to a contradiction since
the instance of Ry consisting of fact E(c), where ¢ # b is a constant, is a solution for
S1 under M, but it is not a solution for Sy under M.

e Second, suppose that there exists a null value 7 such that E(n) is a fact in 71, and let S5
be an instance of Ry such that AS* = {n} and B3 = {) (notice that S is an instance
of R; containing null values). Then given that we are treating null values as constants,
we have that (Ss5,731) = X and, therefore 77 € SOL4(S3). Thus, from the fact that T
is a witness for Sy under M, we conclude that SOL o¢(S1) € SOL o¢(S3). But this leads
to a contradiction since the instance of Rz consisting of fact E(n'), where n’ # n is a
null value, is a solution for S; under M, but it is not a solution for S3 under M (since
null values n, n are treated as constants). This concludes the proof of the proposition.

O

To distinguish handling nulls from handling constants, we shall consider closing mappings
under homomorphisms. The intuition behind this approach is that nulls are intended to
represent unknown data and, thus, it should be possible to replace them by arbitrary values.
Formally, given a mapping M from a schema R to a schema Ry, define e(M), the
homomorphic extension of M, as the mapping:

{(S,T) | there exists (S’,T") € M and

homomorphisms from S to S’ and from 7" to T'}.

Thus, for a mapping M that has nulls in source and target instances, one does not have to
consider M but e(M) as the mapping to deal with when exchanging data, and computing
mapping operators, since e(M) treats nulls in a meaningful way.

Example 20.37 Assume that M is a mapping specified by tgd A(z) — B(z), and let Sy
be a source instance consisting of fact A(n), where n is a null value. What should be the
solutions for S; under M? Given that null values represent missing information, from the
fact that A(n) holds in S7, we can infer that there exists a tuple in table A in this instance,
but we cannot infer what this value is. Thus, if T is a solution for S; under M, then one
should be able to infer from the information in 7" that there exists a tuple in table B. In
particular, if T is an instance of Ry containing a fact B(a), where « is either a constant or
a null value, then 7" should be a solution for S; under M. This intuition is correctly taken
into consideration in the definition of e(M), as we have that:

SOL.(m)(S1) = {T' | T is an instance of R and B # 0}.

Now let S5 be a source instance consisting of facts A(n1) and A(ns), where n; and no are
distinct null values. What should be the solutions for So under M? Given that one cannot
infer from the name of a null value any information about the constant value represented
by it, one cannot infer that two distinct null values represent two distinct constants. Thus,
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since S is given by facts A(n1) and A(nsy), we only know that there exists a tuple in table
A in this instance and, thus, it should be the case that SOL.(aq)(S2) = SOLc(aq) (S1).
The intuition behind the definition of (M) takes this into consideration, as the space of
solutions for an instance S under e(M) is constructed by considering an instance S’ of
R such that there exists a homomorphism from S to S’. In fact, if two instances are
homomorphically equivalent, like S; and S, then they have the same space of solutions
under e(M). O

The following theorem shows that with this new semantics, one can avoid anomalies as the
one shown in Proposition 20.36. In fact, the theorem shows that maximum recoveries are
guaranteed to exist when considering the extended semantics for mappings given by tgds,
and containing null values in source and target instances.

Theorem 20.38 For every mapping M specified by a finite set of tgds and containing
null values in source and target instances, e(M) admits a maximum recovery.

The notion of a homomorphic extension gives rise to the notion of maximum extended
recovery.

Definition 20.39 (Maximum extended recovery) Let M be a mapping from a schema
R to a schema Ry and M’ a mapping from Rz to R1. Then

1 M’ is an extended recovery of M if for every instance S of Ry, it holds that (S, S) €
e(M) oe(M');

2 M’ is a maximum extended recovery of M if M’ is an extended recovery of M, and for
every extended recovery M” of M, it holds that e(M) o e(M’) C e(M) o e(M"). O

At a first glance, one may be tempted to think that the notions of maximum recovery and
maximum extended recovery are incomparable. However, the following theorem shows
that there is a tight connection between these two notions and, in particular, shows that
the notion of maximum extended recovery can be defined in terms of the notion of maxi-
mum recovery. It is important to notice that a mapping M admits a (maximum) extended
recovery only if the domain of e(M) is the set of all source instances. Thus, it is only
meaningful to compare the notions of (maximum) extended recovery and (maximum) re-
covery under this restriction and, therefore, the following theorem considers a mapping M
from a schema R to a schema R such that DoM(e(M)) = INST(Ry ).

Theorem 20.40 Let M be a mapping from a schema Ry to a schema Ry such that
DoMm(e(M)) = INST(Ry). Then

1 M admits a maximum extended recovery if and only if e(M) admits a maximum recov-
ery.

2 A mapping M is a maximum extended recovery of M if and only if e(M') is a maximum
recovery of e(M).
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Proof We first introduce some notation to simplify the exposition. Consider a binary
relation — defined as follows:

— = {(S1, 52) | there exists a homomorphism from S; to S5 }.

The introduction of relation — allows us to simplify the definition of the extended seman-
tics of a mapping. In fact, given a mapping M, we have that

e(M)=—oMo—.

Notice that the relation — is idempotent, that is, it holds that (— o —) = —. In particular,
we have that

0 e(M) = e(M), (20.16)
e(M)o— =e(M). (20.17)

Thus, if S, S2, T are instances such that (S1,52) € — and (S2,T) € e(M),
then (S1,T) € e(M). Hence, if (S1,S52) € —, then it holds that SOL.(rq)(S2) €
SOL(a1)(S1). We use this property in the proof.

(1) We first show that M admits a maximum extended recovery if and only if e(M) admits
a maximum recovery.

(<) Let M’ be a maximum recovery of e(M). We show next that M’ is also a
maximum extended recovery of M. Since M’ is a recovery of e(M), we have that
(S,5) € e(M) o M’ for every instance S of R1. Moreover, from (20.17) we have that
eM)o M = e(M)o — o M’ and, thus, (5,S) € e(M) o — o M’ for every in-
stance S of Ry. Thus, given that (S,S) € — for every instance S of R, we obtain that
(S,9) € e(M) o = o M o = = e(M) o e(M) for every instance S of R, which
implies that M’ is an extended recovery of M.

Now, let M" be an extended recovery of M. Then we have that (S, S) € e(M)oe(M”)
for every instance S of Ry, and, hence, we have that e(M") is a recovery of e(M). Recall
that M’ is a maximum recovery of e(M) and, hence, we have that e(M) o M’ C e(M) o
e(M"), which implies that (M) o M’o — C e(M) o e(M") o —. Therefore, given that
e(M) = e(M) o — and e(M”) o — = e(M") by (20.17), we have that e(M) o —
oM’ o — C e(M)oe(M"), which implies that e(M) o e(M’) C e(M)oe(M"). Thus,
we have shown that M’ is an extended recovery of M, and that for every other extended
recovery M" of M, it holds that e(M) o e(M’) C e(M) o e(M"), which implies that
M’ is a maximum extended recovery of M.

(=) Let M’ be a maximum extended recovery of M. Next we show that e(M’) is a
maximum recovery of e(M).

Given that M’ is an extended recovery of M, we have that (5,S) € e(M) o e(M')
for every instance S of Rq, which implies that e(M’) is a recovery of e(M). Thus, by
Proposition 20.20, to prove that e(M’) is a maximum recovery of e(M), it is enough to
show that SOL.(r()(S2) € SOL(ay)(S1) for every (51, S2) € e(M) o e(M’), since this
fact implies that e(M) ce(M')oe(M) C e(M). Let (S1, S2) € e(M)oe(M’). To prove
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that SOL. () (S2) € SOL¢(a4)(S1), we make use of the following mapping M* from Ry
to Ry:

*={(T,S) | Sis aninstance of Ry and (S1,T) ¢ e(M)} U
{(T,S) | (S1,T) € e(M) and SOL.(am1)(S) € SOLe(ar)(S1)}-

We show first that M* is an extended recovery of M, that is, we show that for every
instance S of Ry, it holds that (S, S) € e(M) o e(M*). First, assume that SOL.(rq)(S) €
SOL(a1)(S1), and consider an arbitrary instance 7 such that (S,7*) € e(M). Notice
that (S, T*) € e(M) since SOL(r4)(S) € SOLe(aq)(S1). Thus, we have that (7%, S) €
M* and, hence, (T, S) € e(M*). Therefore, glven that (8,T*) € e(M) and (T*,S) €
e(M™*), we conclude that (S, S) € e(M) o e(M*). Second, assume that SOL.(xq)(S) &
SOL,(a1)(S1). Then there exists an instance 7 such that (S, 7*) € e(M) and (S1,T™*) ¢
e(M). By definition of M*, we have that (T*,S) € M* and, thus, (T*,S) € e(M*).
Thus, we also conclude that (S, S) € e(M) o e(M*) in this case.

We are now ready to prove that for every (S1,S2) € e(M) o e(M’), it holds that
SOLe(A1)(S2) € SOLg(aq)(S1). Let (S1,52) € e(M) o e(M’). Given that M’ is a
maximum extended recovery of M and M* is an extended recovery of M, we have
that e(M) o e(M') C e(M) o e(M*) and, therefore, (S1,52) € e(M) o e(M*).
Thus, given that e(M) o e(M*) = (M) o M*o — by (20.17), we conclude that there
exist instances T’ of Rz and S5 of Ry such that (S1,T) € e(M), (T,S5) € M* and
(85, 92) € —. Hence, by definition of M*, we have that SOL.(r()(S5) € SOL¢(A4)(S1)
(since (S1,T) € e(M)). But we also have that SOL(r()(S2) € SOLc(aq)(S5) since
(85, 92) € —, and, therefore, we conclude that SOL (5’2) C SOL( (Sl) which
was to be shown.

(2) Up to this point, we have shown that M admits a maximum extended recovery
if and only if e(M) admits a maximum recovery. In fact, we conclude from the preceding
proof that:

e if ¢(M) has a maximum recovery M’, then M’ is a maximum extended recovery of
M, and
e if M has a maximum extended recovery M’, then e(M’) is a maximum recovery of

e(M).

Next we prove the second part of the proposition, that is, we prove that a mapping M’ is a
maximum extended recovery of M if and only if (M) is a maximum recovery of e(M).
It should be noticed that the “only if”” direction corresponds to the second item above and,
thus, we only need to show that if e(M’) is a maximum recovery of e(M), then M’ is a
maximum extended recovery of M.

Assume that e(M’) is a maximum recovery of e(M). Then we have that e(M’) is
a recovery of e(M) and, thus, M’ is an extended recovery of M. Now let M" be an
extended recovery of M. Then we have that e(M") is a recovery of e(M) and, hence,
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e(M)oe(M’) C e(M)oe(M”) since e(M’) is a maximum recovery of e(M ). Therefore,
we conclude that M’ is an extended recovery of M, and for every extended recovery M
of M, it holds that e(M)oe(M’) C e(M)oe(M"), which means that M’ is a maximum
extended recovery of M. This completes the proof of the proposition. ]

From Theorems 20.38 and 20.40, we obtain as a corollary that every mapping specified by
a finite set of tgds and containing nulls in the source has a maximum extended recovery.

Corollary 16 If M is a mapping specified by a finite set of tgds and containing null
values in source and target instances, then M admits a maximum extended recovery.

Finally, another conclusion that can be drawn from Theorem 20.40 is that the machinery
developed for the notion of maximum recovery in Section 20.2 can be applied over max-
imum extended recoveries, and the extended semantics for mappings, thus helping in the
study of mappings with null values in the source.
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Structural characterizations of schema mapping

Mappings are logical specifications of the relationship between schemas. In data exchange,
one typically restricts the kind of dependencies allowed in mappings, either to be able to
find more efficient procedures for constructing solutions and answering target queries, or
to make mappings have desirable properties, such as closure under composition. These two
tasks could be contradictory. For instance, the mapping language of SO tgds ensures clo-
sure under composition, but such mappings include a form of second-order quantification
that can be difficult to handle in practice. Thus, it is desirable to replace an SO tgd by an
equivalent set of st-tgds whenever is possible.

In this chapter, we consider the problem of simplifying schema mappings by providing
characterizations of the most common classes of mappings in terms of the structural prop-
erties they satisfy. The main goal for studying these properties is to isolate the features
that different classes of mappings satisfy, and to understand what one can lose or gain by
switching from one class of mappings to another. We present basic structural properties
and then we use them to characterize the class of mappings specified by st-tgds, both gen-
erally, and in LAV and GAV scenarios. We also show that the structural characterizations
can be used to derive complexity-theoretical results for testing definability of a mapping
into some class of mappings.

21.1 Structural properties

In this chapter, we restrict our attention to mappings that do not make use of target de-
pendencies. We now view mappings in a pure semantic way: we think of them as binary
relations. Formally, in this section a mapping M from a source schema Ry to a target
schema Ry is a set of pairs (S,7") in INST(Rs) x INST(R¢). The only restriction we
impose on them is that they must be closed under isomorphisms. By isomorphisms we
mean isomorphisms in the usual mathematical sense: in particular, they do not distinguish
between constants and null values, thus they can map a constant to a null value and vice
versa. For example, if a pair on instances with the source {(_L, 1)} and the target {(1, L)}
in the mapping, then a pair of instances with the source {(5, L’)} and the target {(.L', 5)} is
in the mapping too, since they represent the same transformation: swapping the elements.
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However, the isomorphism between the two sends null L to constant 1, and constant 5 to
null 1’.

Likewise, in this section, homomorphisms are not necessarily the identity on constants
(and can, for instance, send constants to nulls), unless they are explicitly required to be
such.

We say that M is defined by a finite set X of st-tgds if for each pair (S,T) €
INST(Rs) x INST(R¢), we have

(S, T)eM & (S.T)E Sy

There are several desirable structural properties that one would like the mappings to
satisfy. A prototypical example of such a desirable property for a schema mapping is the
existence of universal solutions. In this chapter, we consider this property together with
some other desirable features. More precisely, assume that M is a mapping from a source
schema R to a target schema Ry. Then

o M admits universal solutions if every source instance .S of Rg has a universal solution
under M;

o M is closed under target homomorphisms if for every (S,T) € M and every homo-
morphism i : T — T" that is the identity on constants, we have (S,7") € M;

o M reflects source homomorphisms reflecting if for every pair S, S’ of instances of R,
and every pair T, 7" of instances of Ry such that T, T” are universal solutions for S,
S’ under M, respectively, every homomorphism ~ : S — S’ can be extended to a
homomorphism b’ : T — T".

Notice that in the third property above, neither h nor b’ are required to be the identity on
constants. For the class of mappings specified by st-tgds, the following holds.

Proposition 21.1 Every mapping specified by a finite set of st-tgds admits universal so-
lutions, is closed under target homomorphisms, and reflects source homomorphisms.

Clearly, every mapping specified by a finite set of st-tgds admits universal solutions and
is closed under target homomorphisms. We leave as an exercise for the reader to prove that
these mappings also reflect source homomorphisms (see Exercise 37). In the following
section, we study the problem of characterizing the class of mappings defined by st-tgds
by using the above structural properties.

21.2 Schema mapping languages characterizations

Proposition 21.1 shows three fundamental properties satisfied by all mappings given by st-
tgds. Thus, it is natural to ask whether these properties characterize this class of mappings.
We give a negative answer to this question in the following proposition, where we also
identify another fundamental property that mappings given by st-tgds satisfy.
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Proposition 21.2  There exists a mapping M that is closed under target homomorphisms,
admits universal solutions, reflects source homomorphisms, but cannot be defined by a
finite set of st-tgds.

Proof Let Rg be a source schema consisting of a binary predicate U, Ry be a target
schema consisting of a binary predicate V' and M be a mapping from R to Ry specified
by the following dependency:

o =VaIyz (U(z,z) = V(y, 2)).

We leave as an exercise for the reader to prove that M is closed under target homomor-
phisms, admits universal solutions and reflects source homomorphisms (see Exercise 38).
Next we show that M cannot be defined by a finite set of st-tgds.

For the sake of contradiction, assume that M is defined by a finite set X,; of st-tgds,
and let n be the maximum number of variables occurring in the left-hand side of an st-tgd
in Y.

Claim 21.3 If S, T are instances of Rs and Ry, respectively, such that (S,T) & M, then
it has a subinstance S' C S such that | DOM(S”)| < nand (S',T) & M.

Proof Given that M is defined by X, we need to prove that if S, T" are instances of Rg
and Ry, respectively, such that (S, T') £~ X, then there exists a subinstance S’ C S such
that [DoM(S”)| < nand (S, T) = Es. Notice that if (S, T') & ¥4, then there exists an
st-tgd (Z,9) — 32¢(Z,2) in By and tuples a, b of elements from DOM(S) such that
S = p(a,b) and T [~ 3z (a, 2). Let S be the subinstance of S induced by the elements
in @, b. Clearly, S’ = ¢(a,b). Thus, we have |DoM(S")| < n since |a| + |b| < n, and
(S',T) = B4 since S’ |= ¢(a,b) and T = 3z(a, 2). O

Let 14, ..., L,41 be a sequence of pairwise distinct null values, S be the following
instance of Ry:

US ={(1,i)|1<i<n+1},
and T be the following instance of Ry:
VI={(Li,j)|1<i<n+1,1<j<n+landi#j}.

Then we have (S,T) [~ ¢, as for every i € {1,...,n + 1}, it holds that (1,i) € U®
but (L;,i) ¢ V7. Furthermore, for every subinstance S’ C S such that |Dom(S’)| < n,
we have (S’,T) = . To see this, notice that if S C S and [DOM(S’)| < n, then there
is k € {1,...,n + 1} such that (1,k) ¢ US". But then (S',T) = ¢ as for every tuple
(1,i) € US', it holds that (L}, i) € V7. Thus, we have obtained a contradiction, since ¢
defines M and instances .S, T' do not satisfy the statement of Claim 21.3. O

In the proof of Proposition 21.2, we identified the following structural property:
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e n-modularity: Assume that M is a mapping from a source schema Rg to a target
schema R¢. Then M is n-modular, n > 1, if for every instance S of Ry and every
instance T of Ry, if (S,T) &€ M, then there exists a subinstance S’ C S such that
[DoM(S")| < mand (S, T) & M.

In fact, what we showed in the proof of Proposition 21.2 is that if a mapping M is spec-
ified by a finite set of st-tgds, then M is n-modular, where n is the maximum number
of variables occurring in the left-hand side of a dependency in X,. Interestingly, it can
be shown that n-modularity, together with the basic properties presented in the previous
section, precisely characterize the mappings that can be defined by finite sets of st-tgds.

Theorem 21.4 A mapping can be defined by a finite set of st-tgds if and only if it is closed
under target homomorphisms, admits universal solutions, reflects source homomorphism,
and is n-modular for some n > 1.

Proof We have already shown that if a mapping M is defined by a finite set of st-tgds,
then it satisfies the four properties mentioned in the statement of the theorem. Thus, we
only need to prove one direction of the theorem.

Assume that M is a mapping from a source schema Ry to a target schema Ry that sat-
isfies the four properties in the statement of the theorem. Then for every instance S of R,
choose an arbitrary universal solution 7" for S under M (it exists since M admits universal
solutions), and define st-tgd g 1 as follows. Assume that p is a one-to-one function that
associates to each element in (DOM(.S) UDOM(T')) a fresh variable, and assume that z =
(plar), ., plas)), where {ar, ..., a;} = (DOM(S) N DOM(T)), 5 = (p(b1), .-, p(b;):
where {b1,...,0;} = (DoM(S) ~ DoM(T)), and Z = (p(c1),...,p(ck)), wWhere
{c1,...,cx} = (DOM(T) ~ Dom(S)).

It is important to notice that every element in the set (DOM(T") ~. DoOM(S)) is a null
value. Indeed, assume otherwise, and let a be a constant that occurs in (DOM(T') ~\
DoMm(5)). Since M is closed under isomorphisms, any instance 7” in which a is replaced
by a null L not occurring elsewhere in 7" is also a solution for S. But then we have a
homomorphism (in the usual data-exchange sense) from 7" to T (sending L to a) but not
the other way around. This contradicts our assumption that 7" is universal. Thus, indeed,
(DOM(T') ~. DOM(S)) contains only nulls.

We define ¢g(Z, ) as the conjunction of all atomic formulas U (p(u1),. .., p(ue)) such
that U(uy,...,ue) holds in S, and ¢ (Z, Z) as the conjunction of all atomic formulas
V(p(v1),...,p(vm)) such that V(vy,...,vy) holds in T. Then 0g 1 is defined as the
st-tgd s (T, y) — Iz (T, 2).

Let S1, ..., Sk be a sequence of pairwise non-isomorphic instances of Rg such that for
every instance S of Ry satisfying that [DOM(S)| < m, it holds that S is isomorphic to .S;
for some i € {1,...,k}. Then define X, as the following set of st-tgds:

{951’-,Ti

Next we show that mapping M is defined by X, that is, we prove that given instances

1<i<k}.
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S, T of Rg and Ry, respectively, it holds that (S,T) € M if and only if (5,T) E .
Notice that given that X is a finite set of st-tgds, we conclude that the theorem holds.

(=) Assume that (S,7) € M and that ¢g,(Z,
in ¥, such that S |= g, (@, b) for some tuples a,
prove that T = 3z ¢, (@, 2).

Given that S |= g, (@, b), we have by definition of g, (Z, 7) that there exists a homo-
morphism A from S; to S. In particular, if ¢, d are the tuples of elements from DOM(.S;)
such that p(¢) = Z and p(d) = 7, then we have h(¢) = a and h(d) = b. Given that M
reflects source homomorphisms, there exists a homomorphism A* from T; to T that ex-
tends h, where T is an arbitrary universal solution for .S under M (such a solution exists
since M admits universal solutions). Thus, given that T; = 32, (¢, Z) by the definition
of ¢r,, we conclude that T* |= 3z ¢, (a, Z) since h* is a homomorphism from T; to T*
that extends h (hence, h*(¢) = h(¢) = a). Since T* is a universal solution for .S under M
and (S,T') € M, there exists a homomorphism g from T* to T that is the identity on con-
stants. Therefore, given that a is a tuple of constants, we conclude that T = 3z ¢, (a, )
since T* = 3z Y1, (a, z), which was to be shown.

y) — 3Jz¢r1,(Z,2) is a dependency
b of values from DoM(S). We need to

(<) Assume that (S,T) & M. Then we need to prove that (S, T) = E.

Given that (S,7T) ¢ M and M is n-modular, there exists a subinstance S’ C S such
that |[Dom(S”)| < n and (S',T) ¢ M. Thus, by the definition of X, there exists an
instance S* of R such that S’ and S* are isomorphic and 0g+ 7+ € ¥5;. Assume that f :
DoM(S*) — Dom(S’) is an isomorphism between S* and S’, and that @, b are the tuples
of elements from S* used in the construction of g+ (7, 7), that is, p(Z) = @ and p() = b.
Moreover, let 77 be an instance of Ry obtained from T by replacing every element a
in @ by f(a), and leaving the other elements unchanged. Notice that every element in
(DOM(T') ~ DoM(S")) is a null value, as every element in (DOM(T™*) ~. DOM(S*)) is a
null value given that T is a universal solution for S* under M (by definition of Og+ 7+)
and M is assumed to be closed under isomorphisms. Also notice that (S',T') € M,
since (S*, T*) is isomorphic to (S’, T"), the pair (S*,T*) is in M and M is closed under
isomorphisms.

We claim that (S’,T') & 0« 7». To the contrary, assume that (S’,T') |= 0s« 7+. Given

that S’ |= s« (f(a), f(b)), we conclude that T |= 3z ¢p«(f(a), ). Thus, by the defi-
nition of 7" and given that every element in (DOM(7”) ~. DoM(.S”)) is a null value, we
conclude by the definition of 1)1+ that there exists a homomorphism from 7" to T that is the
identity on constants. Therefore, given that (S, T") € M, we conclude that (S’,T) € M
as this mapping is closed under target homomorphisms (that are the identity on constants).
This obviously leads to a contradiction.

We have shown that (S”,T) (= 0g+ r». Since S’ C S and 0g+ 7+ is a st-tgd, we have
that (S,T) £~ Os+ r«. Hence, given that 0g« 7« € X, we conclude that (S, T) (= X,
which was to be shown. O
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A natural question at this point is whether any of the conditions introduced in this chapter
can be withdrawn when characterizing LAV or GAV mappings. We show next that, indeed,
n-modularity can be removed in the LAV case, but at the cost of adding the following new
structural property:

e Closure under union: A mapping M is closed under union if (§,0) € M, and (S U
S', TUT') € M whenever (S,T) € M and (S',T') € M.

Notice that in the previous definition, instances .S, S’ are not assumed to be disjoint, and
likewise for T, T". It is easy to see that every LAV mapping is closed under union. On the
other hand, as the following example shows, mappings defined by arbitrary sets of st-tgds
do not have this property. Consider a mapping M defined by the following st-tgd:

L(z,y) AN L(y,z) = E(x,y).

Then for the source instances S = {L(1,2)}, S" = {L(2,3)}, we have that (5,0) € M
and (S’,0) € M. However, (S U S’,0) does not belong to M, as fact F(1,3) holds in
every solution for S U S’ under M, which shows that M is not closed under union. Notice
that the previous st-tgd is full, and, therefore, we also conclude that GAV mappings are not
closed under union.

Removing n-modularity and adding closure under union in the statement of Theorem
21.4 yields to a characterization of the class of LAV mappings:

Theorem 21.5 A mapping can be defined by a finite set of LAV st-tgds if and only if it is
closed under target homomorphisms, admits universal solutions, reflects source homomor-
phisms, and is closed under union.

Proof We have already shown that if a mapping M is defined by a finite set of LAV st-
tgds, then it satisfies the four properties mentioned in the statement of the theorem. Thus,
we only need to prove one direction of the theorem.

Assume that M is a mapping from a source schema Ry to a target schema Ry that
satisfies the four properties in the statement of the theorem. Moreover, assume that Rg =

(Rq,...,R,,), with each R; having arity n;, and suppose that n = max{ni,...,nm,}.
Then let dy, ..., d, be a sequence of pairwise distinct constants, and for every ¢ €
{1,...,m},let S; be an instance of Ry such that:
di,...,dy, i=3
po = [{ ) i
0 i #

For every instance S; (1 < ¢ < m) choose an arbitrary universal solution 7; for S; un-
der M (such an instance exists since M admits universal solutions), and define st-tgd
0; as follows. Assume that p is a one-to-one function that associates to each element in
(DoM(S;) UDOM(T;)) a fresh variable, and assume that = (p(a1), ..., p(a;)), where
{a1,...,a;} = (DoM(S;) NDoM(T;)), 7 = (p(b1),...,p(bk)), where {b1,...,bx} =
(DoM(S;) ~ DoM(Ty)), and zZ = (p(c1), ..., p(ce)), where {c1,...,ce} = (DOM(T;)
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DOM(SS;)). Then, as in the proof of Theorem 21.4, define ¢, (Z, 7) as the conjunction of all
atomic formulas U (p(u1), . .., p(u;)) such that U(uq, . .., u;) holds in S;, define 1;(Z, Z)
as the conjunction of all atomic formulas V (p(v1),...,p(vk)) such that V(vq,...,vg)
holds in T}, and define 6; as the st-tgd ¢, (Z, ) — 3z (7, 2).

Let X5 = {61, ..., 6, }. We have that X is a finite set of LAV st-tgds, so to conclude
the proof it is enough to show that M is defined by X, that is, it is enough to show that
given instances S, T of Rs and Ry, respectively, the pair (S,T) is in M if and only if
(S,T) |E Xs:. This proof follows exactly the same lines as the proof of Theorem 21.4, so
we leave it as an exercise for the reader (see Exercise 39). O

We conclude this section by presenting a characterization of GAV mappings, in which
we use all the properties mentioned in Theorem 21.4 together with the following new
structural condition:

o Closure under target intersection: A mapping M is closed under target intersection
if (S,T1 NTy) € M whenever (S,T1) € M and (S,T3) € M.

It is easy to see that every GAV mapping is closed under target intersection. On the other
hand, as the following example shows, mappings defined by arbitrary sets of st-tgds do not
have this property. Consider a mapping M’ defined by the following st-tgd:

R(z) = Jy E(x,y).

Let S = {R(1)} be a source instance, and let T} = {F(1,2)} and T» = {E(1,3)} be
target instances. Clearly, both (S, T1) and (.S, T3) belong to M, but (S, 71 N T) does not
as T1 N Ty = (), which shows that M is not closed under target intersection. Notice that
the previous st-tgd is a LAV st-tgd, and, thus, LAV mappings are not closed under target
intersection.

Theorem 21.6 A mapping can be defined by a finite set of GAV st-tgds if and only if it
is closed under target homomorphisms, admits universal solutions, reflects source homo-
morphisms, is closed under target intersection, and is n-modular for some n > 1.

This theorem can be proved by using exactly the same construction as in the proof of
Theorem 21.4, but relying instead on the following fact:

Proposition 21.7  If a mapping is closed under target homomorphisms, admits univer-
sal solutions and is closed under target intersection, then every source instance admits a
universal solution containing only constants.

Proof Assume that M is a mapping from a source schema Ry to a target schema Ry
satisfying the three conditions in the proposition, and let .S be an instance of Rs. Given
that M admits universal solutions, there exists a universal solution 7" for S under M. Let
h be a homomorphism that maps every constant in T’ to itself and every null value in T’
to a fresh constant. Then given that M is closed under target homomorphisms and h is
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the identity on constants, the instance 7" obtained from 7" by replacing every element a by
h(a) is a solution for S under M. Since M is closed under target intersection, 7% = T'NT’
is a solution for .S under M. It is a universal solution since 7* C T and T is a universal
solution. Also it contains only constants since 7* C T”. This proves the proposition. [

Notice that, as opposed to the case of LAV mappings, n-modularity is used in the charac-
terization of GAV mappings. We conclude this section by presenting an example showing
that n-modularity is indeed needed in this characterization.

Example 21.8 Assume that M is a mapping from a source schema Ry consisting of
a binary relation F to a target schema Ry consisting of a binary relation G. Moreover,
assume that M is defined by the following infinite set of st-tgds:

Yo = {E(x1,22) A ANE(Tp-1,2n) = G(x1,2,) | n > 2}.

It is not hard to see that M is closed under target homomorphisms, admits universal solu-
tions, reflects source homomorphisms and is closed under target intersection (see Exercise
40). On the other hand, M is not n-modular for any n > 0, which implies that M cannot
be defined by a finite set of GAV st-tgds (by Theorem 21.6). To see why this is the case,
notice that if S, T are instances of Rg and Ry, respectively, then (S,T) € M if and only
if for every a,b € DOM(.S) such that (a, b) belongs to the transitive closure of £, it holds
that (a,b) € GT. Thus, if S,,, T}, are the following instances of Rs and Ry:

ES = {(i,i+1)|1<i<n},
GT ={(,j) |1<i<j<n+1}~{(1,n+1)},

then we have that: (1) (S,,,T,,) ¢ M since (1, + 1) is in the transitive closure of E°"
and (1,n + 1) € G, and (2) for every instance S/, of Rs such that S/, C S, and
[DoMm(S})| < n, it holds that (S),,T;,) € M since (1,n + 1) is not in the transitive

closure of ESn. O

21.3 An application: Simplifying schema mappings

In this section, we study the problem of transforming a mapping given by st-tgds into an
equivalent mapping specified by simpler dependencies. More specifically, we apply the
characterizations presented in the previous section to pinpoint the exact computational
complexity of this problem for GAV and LAV st-tgds.

We start by considering the following problem:

PROBLEM: GAV-EQUIVALENCE
INPUT: mapping M given by st-tgds
QUESTION:  is M equivalent to a mapping M’ given by GAV st-tgds?

GAV mappings are particularly easy, as they essentially provide queries that compute the
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target. Thus, if we get a positive answer to the equivalence question, it is well worth trans-
forming the mapping and operating with a simpler one. Of course by equivalence of M
and M’ we mean [M] = [M'] or, equivalently, that for every source .S, solutions under
M and solutions under M’ are the same.

A priori we do not even know whether GAV-EQUIVALENCE is decidable. However, the
characterizations presented in the previous section give us a way of analyzing the problem:
we know that the answer to GAV-EQUIVALENCE is positive if and only if M is closed
under target intersection.

We use this observation to analyze GAV-EQUIVALENCE. As a first useful step, we need
the following result.

Lemma 21.9 The problem of verifying, given finite sets ¥, ¥ of st-tgds from a source
schema Ry to a target schema Ry, whether 3 logically implies ¥ is NP-complete.

The proof of this lemma is left as an exercise for the reader (see Exercise 41). We now
move to the proof of the main result of this section for the case of GAV mappings.

Theorem 21.10 The problem GAV-EQUIVALENCE is NP-complete.

Proof Given that every full st-tgd can be transformed in polynomial time into an equiv-
alent set of GAV st-tgds, and every GAV st-tgd is a full st-tgd, to prove the theorem it is
enough to show that the problem of checking, given a mapping M specified by a finite set
of st-tgds, whether M can be specified by a finite set of full st-tgds is NP-complete. In this
proof, we focus into the latter problem.

Assume that M is a mapping from a source schema R to a target schema Ry defined
by a finite set 3, of st-tgds. Let us define X/, as the “full” part of ¥;. Formally, 3/, is the
mapping obtained from X, by dropping the existential quantifiers and the conjuncts with
existentially quantified variables from the right-hand side of each dependency in ¥,;. We
show next that M can be defined by a set of full st-tgds if and only if ¥/, and ¥; define
the same mapping from Rg to Ry.

Clearly, if X, and X define the same mapping from R to Ry, then M can be defined
by a finite set of full st-tgds. To prove the opposite direction, assume that M can be defined
by a finite set of full st-tgds, and let M’ be the mapping from Rs to Ry defined by 3/,.
Clearly, (S,T) € M implies (S,T) € M’. For the converse, assume that (S,T) € M/,
and let T* be the canonical universal solution for S under M’ (see Section 6.3 for the
definition of this universal solution). Moreover, let 7% be the canonical universal solution
for S under M, let  be a function that maps every constant in 7} to itself and every null
value in 7T to a fresh constant, and let 75 be an instance of Ry obtained by replacing
every value a in T3 by h(a). Then, from the fact that A is the identity on the constants and
(S,T1) € M, we obtain (S,T2) € M since M is closed under target homomorphisms
that are the identity on constants (by Theorem 21.6). Thus, given that 7% = 17 N Ty
by definition of these instances and of X’,, we conclude that (S,T*) € M since M is
closed under target intersection (by Theorem 21.6). Therefore, given that there exists a
homomorphism from 7™ to T that is the identity on constants (as 7™ is a universal solution
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for S under M’ and (S,T) € M’) and (S,T*) € M, we conclude that (S,T) € M by
using again the fact that M is closed under target homomorphisms that are the identity on
constants.

We show next that the problem of verifying, given a finite set ¥, of st-tgds, whether
Y+ and its full part 3, define the same mapping is NP-complete. From this proof and
the previous discussion, we conclude that the theorem holds as ¥, can be constructed in
polynomial time from X;.

Membership in NP is a corollary of Lemma 21.9. Thus, we only need to prove that this
problem is NP-hard, for which we reduce from the problem of Boolean conjunctive query
containment. Let 3% ¢(z) and 3y ¢ (y) be two Boolean conjunctive queries, and assume
that U is a fresh relation symbol whose arity is equal to the number of variables in Z.
Moreover, let M be the mapping defined by a set of st-tgds consisting of the following
dependencies:

U(x) — ¢(z)
U(z) = 35¢(7)

We claim that M is definable by a finite set of full st-tgds if and only if 3% ¢(Z) is contained
in 3y ¢ (). First, assume that 3T () is contained in 37 ¢ (7). Then it is easy to see that
M is defined by U(Z) — ¢(&). Second, assume that 3 (Z) is not contained in 3y (7).
In this case, we need to show that M cannot be defined by a finite set of full st-tgds. Given
that 3% ©(Z) is not contained in 37 (), there exists an instance T such that 3% o(Z)
holds in 7" and 37 ¢ (g) does not hold in T'. Thus, we have that T' = ¢(a), for some tuple
a of constants, but 7' & 37 ¢ (), from which we conclude that (S,T) ¢ M for a source
instance S such that U® = {a}. Let T}, T» be two isomorphic copies of the canonical
universal solution for S under the mapping defined by st-tgd U(Z) — 371 (y) such that
DoMm(T1) N DoMm(T,) = 0. Then given that 77 and T5 mention only null values, we also
have that DoM(T}) N DoM(T') = () and Dom(T>) N DoM(T) = (. But then we have that
(T'UTy) and (T'UT3) are solutions for S under M, but (T'UT7 )N (T'UT%) is not a solution
for S under M as this intersection is equal to 7. We conclude that M is not closed under
target intersection and, hence, we conclude by Theorem 21.6 that M cannot be defined by
a finite set of full st-tgds, which was to be shown. O

We conclude this chapter by considering a similar problem but this time with LAV st-
tgds. That is, we deal with the problem defined below.

PROBLEM: LAV-EQUIVALENCE
INPUT: mapping M given by st-tgds
QUESTION:  is M equivalent to a mapping M’ given by LAV st-tgds?

Again, a priori it is not even clear whether the problem is decidable, but now we can
use the characterizations presented in the previous section to see that this problem reduces
to the problem of checking whether M is closed under union. This gives us the desired
complexity bound.
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Theorem 21.11 The problem LAV-EQUIVALENCE is NP-complete.

Proof Assume that M is a mapping from a source schema Ry to a target schema Ry
defined by a finite set X4; of st-tgds. Then define a set X/, of LAV st-tgds as follows. For
every st-tgd (%, §) — IZY(T, 2) in Xy, if (T, §) mentions exactly one predicate symbol
U, then do the following. First, assume that U has arity ¢ and that U (@), U (42), . .., U(uy,)
is the sequence of atomic formulas mentioned in ©(Z, §). Moreover, the i-th component
of a tuple @ of variables is denoted by @’, and for a variable substitution ¢ and variables
u, v, notation &[v/u] is used to for a variable substitution such that ({[v/u])(w) = v if
¢(w) = u, and ({[v/u])(w) = &(w) otherwise. Now compute a variable substitution p by
using the procedure below.

1. D:= {1_1,1,1_1,2, . ,ﬁn}
2. V := set of variables mentioned in ¢(Z, §)

3: p := identity variable substitution with domain V'

4: while there existi € {1,...,¢} and 4, v € D such that @’ # v* do
si o pi=plot/u’]

6 D :={p(w)|we D}

7._end while

It is straightforward to prove that p can be computed in polynomial time, that p unifies
{@1,qs2,...,u,} in the sense that p(@;) = p(a2) = -+ = p(@n), and that p is the most
general unifier for {@1, 12, . . ., Uy}, in the sense that for every variable substitution £ that
unifies {@1, Uo, . . ., Uy }, there exists a variable substitution A such that A o p = . Finally,
include in 3/, the following LAV st-tgd:

e(p(), p(y)) — IZ2Y(p(T), 2)

Notice that the previous dependency is a LAV st-tgd as p unifies {@1, 42, ..., 4y} and
©(Z, ) mentioned only the predicate symbol U.

We show next that M can be defined by a set of LAV st-tgds if and only if ¥/, and X,
define the same mapping from Rg to Ry. Clearly, if ¥/, and X; define the same mapping
from R to R¢, then M can be defined by a finite set of LAV st-tgds. To prove the opposite
direction, assume that M can be defined by a finite set of LAV st-tgds, and let M’ be the
mapping from Rs to Ry defined by X/,. Clearly, (S,T) € M implies (S,T) € M.
For the converse, assume that (S,7) € M/, and for every fact U(a) mentioned in S,
let Syy(a) be an instance of Ry consisting only of the fact U(a). Then given that M is
definable by a set of LAV st-tgds, we have that M is closed under union by Theorem 21.5
and, hence, to prove that (S,7) € M, it is enough to prove that (Sy(a,7) € M for
every fact U(a) mentioned in S. In order to prove that (Sya),T") € M, we have to show
that (Sy(a), T') = Xst. Thus, assume that (7,y) — 3Z1(7, 2) is a st-tgd in X4 and
that o is a variable assignment such that Sy;z) = ©(0(Z), 0(y)). Then we have to prove
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that T |= 3z (0(Z), 2). Given that Sy Gy | @(0(Z),0(y)), we have by definition of
SU(&) that:

o(Z,g) =U(u) ANU(@2) A--- AU (ay),

and that o(@;) = o(t2) = - -+ = o(4,) = a. Let p be defined as shown previously for the
st-tgd o(Z, ) — Iz (Z, Z), and f be a one-to-one function that assigns a fresh variable to
each constant. Then we have that (f o o) is a unifier for {@1, @2, . . ., U, } and, hence, there
exists a variable substitution A such that (Ao p) = (f o) (since p is a most general unifier
for {1, Uz, . . ., Un }). We conclude that (f~toX)op= f~Lo(Aop) = flo(foo) =0.
Thus, given that Sy (5) = ¢(0(Z), 0(y)), we have that

Su@) F e((f 7o N)(p(2)), (f7 o X (p(3))).

But we have (Sya), T') = X, (giventhat (S,T') = XY, where X}, is a set of LAV st-tgds
and Sy (a) € S), and also that o(p(Z), p(y)) — 329 (p(Z), 2) is a LAV st-tgd in X, from
which we conclude that T = 3z ¢((f ! o A\)(p()), Z). Therefore, by using again the fact
that (f~! o \) o p equals o, we conclude that T = 32z (o (Z), Z), which was to be shown.

We show next that the problem of verifying, given a finite set ¥, of st-tgds, whether
Y+ and X', define the same mapping is NP-complete. From this proof and the previous
discussion, we conclude that the theorem holds as X/, can be constructed in polynomial
time from X ;.

The membership of the problem mentioned in the previous paragraph in NP is a corol-
lary of Lemma 21.9. Thus, we only need to prove that this problem is NP-hard, for which
we reduce from the problem of Boolean conjunctive query containment. Let 3% (%) and
35 1 () be two Boolean conjunctive queries, and assume that U, V" are fresh unary relation
symbols. Moreover, let M be the mapping defined by a set X; of st-tgds consisting of the
following dependencies:

U(z) = 3T o(T)
U(z) AV(2) = 35 9(y)

We claim that M is definable by a finite set of LAV st-tgds if and only if 3% p(Z) is
contained in 371 (g). First, assume that 3T () is contained in 3 ¢ (7). Then it is easy to
see that M is defined by U(z) — 37 ¢(Z). Second, assume that 3% ¢(Z) is not contained
in 371 (%). In this case, we need to show that M cannot be defined by a finite set of LAV
st-tgds. Given that 3% ¢(Z) is not contained in 3y (), there exists a target instance T
such that 3% ¢(Z) holds in T and 35 ¢(g) does not hold in T'. Then let Sy, S2 be source
instances such that:

Ush = {a} Ve = )

Us: = ) Vo = {a}
We have that (S1,T) = X and (S2,T) = X4, since T |= 37 ¢(Z) and neither Sy nor

So satisfies U(a) A V(a). However, we have that (57 U Sy, T') £ X, since S1 U Sy |
U(a) A V(a) and T }£ Jg¢p(y). We conclude that M is not closed under union and,
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hence, we conclude by Theorem 21.5 that M cannot be defined by a finite set of LAV
st-tgds, which was to be shown. O



22

End notes

22.1 Summary

A reasonable mapping should be consistent, i.e., there should be at least one source
instance admitting a solution. A stronger notion of consistency, called absolute consis-
tency, demands a solution for every source instance.

For relational mappings specified by st-tgds, both consistency and absolute consistency
are trivial problems, as every source instance admits a solution in this case.

In the XML setting consistency problems are difficult. Even in the absence of data com-
parisons, checking consistency requires exponential time, and if data comparisons are
allowed, the problem is undecidable. Consistency is only tractable when schema lan-
guage is restricted to nested-relational DTDs, and mappings use only vertical order.

Absolute consistency problem is decidable for the class of all XML schema mappings.
The problem can be solved in exponential space, but a single-exponential time algorithm
is unlikely. For schemas admitting only trees of some bounded depth, the complexity is
within polynomial hierarchy, so the problem can be solved by a single-exponential time
algorithm.

Two of the most important operations on mappings are composition and inversion.

Composition of mappings maps an instance I to an instance J, if I is mapped by the first
mapping to an intermediate instance K, which is then mapped by the second mapping
to J.

To express syntactically a composition of schema mappings, one needs to state that a
null value in the target only depend on some particular values in the source. This can be
achieved by enriching the mapping language with function symbols that are quantified
existentially (Skolem functions).

Composition of relational mappings specified by st-tgds can be specified with SO tgds
(st-tgds extended with function symbols).

Composition of XML schema mappings is problematic as soon as disjunction is allowed
in schemas.

For mappings between nested-relational DTDs, a syntactic representation of the compo-
sition of is guaranteed only if the mappings use no wildcard, descendant, sibling order
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and data inequalities. Under these assumptions, a syntactic representation can be com-
puted in exponential time.

e Some alternative semantics for the inverse operator for schema mappings have been
proposed. A first such semantics is based on the idea that a mapping M’ is an inverse
of a mapping M if the composition of M with M’ is equal to the identity schema
mapping.

o A different approach to define an inverse operator is followed when defining the notions
of recovery and maximum recovery. The underlying idea of the notion of maximum
recovery is to give a formal definition for what it means for a mapping M’ to recover
maximal amount of sound information with respect to a mapping M.

e There exists a mapping specified by st-tgds that does not admit an inverse, but every
mapping specified by these dependencies admits a maximum recovery.

e Maximum recoveries for mappings specified by st-tgds can be computed by an
exponential-time algorithm based on query rewriting.

o There exist structural characterizations for the classes of mappings specified by st-tgds,
LAV st-tgds and GAV st-tgds. These structural characterizations can be used to prove
the NP-completeness of the problem of verifying whether a mapping specified by st-tgds
can be specified by LAV st-tgds, or by GAV st-tgds.

22.2 Bibliographic comments

Consistency problems for XML schema mappings were first considered by Arenas and
Libkin (2008) in the absence of sibling order and data comparisons. In the general setting,
consistency was studied by Amano et al. (2009), who also gave a partial solution to the
absolute consistency problem. General algorithm for absolute consistency was designed
by Bojaiczyk et al. (2011).

A general framework for metadata management, where mapping operators such as com-
position and inversion play a central role, was proposed by Bernstein (2003). Mapping
composition in the relational setting was first studied by Fagin et al. (2005b), who proved
that the problem COMPOSITION(M 2, M33) is in NP for every pair of mappings M2,
M3 specified by st-tgds, and showed that there exist mappings M7, M35 specified by
st-tgds such that COMPOSITION(M7,, M3,) is NP-complete. They also proved that the
class of mappings specified by st-tgds is not closed under composition, proposed the lan-
guage of SO tgds, proved that the class of mappings specified by SO tgds is closed under
composition, provided an exponential-time algorithm for computing the composition of
two mappings specified by SO tgds, and showed that every SO tgd defines the composi-
tion of a finite number of mappings specified by st-tgds. Interestingly, it was proved by
Arocena et al. (2010) that the composition of two LAV mappings can be defined by a
LAV mapping. The equivalence problem for SO tgds was studied by Feinerer et al. (2011).
Some extensions of the framework proposed by Fagin et al. (2005b) have been studied in
the literature. In particular, Nash et al. (2007) and Bernstein et al. (2008) considered the
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problem of computing the composition of mappings defined by dependencies that need
not be st-tgds, Arenas et al. (2011a) considered the problem of composing mappings that
are specified by st-tgds, target egds and weakly acyclic sets of target tgds, and Libkin and
Sirangelo (2011) proposed the language of CQ-SkSTDs, that slightly extends the syntax of
SO-tgds, and studied the composition problem under the closed-world semantics presented
in Section 8.2 for mappings specified by CQ-SkSTDs.

Composability of XML mappings was considered by Amano et al. (2009), but the exact
formulation of the result and the proof come from David et al. (2010).

The first notion of inversion for schema mappings specified by st-tgds was proposed
by Fagin (2007), who proved that there exist mappings specified by these dependencies
that do not admit an inverse. A necessary and sufficient condition for the existence of an
inverse for a mapping specified by st-tgds was proposed by Fagin et al. (2008b), and a more
general necessary and sufficient condition for the class of total and closed-down on the left
mappings was proposed by Arenas et al. (2009b). The CONP-completeness of the problem
of deciding whether a mapping specified by st-tgds has an inverse was proved by Fagin and
Nash (2010), and the undecidability of the problem of verifying, given mappings M, M’
specified by st-tgds, whether M’ is an inverse of M was proved by Arenas et al. (2009b).

The notion of quasi-inverse was introduced by Fagin et al. (2008b). They proved that it
strictly generalizes the notion of inverse proposed by Fagin (2007), provided a necessary
and sufficient condition for the existence of a quasi-inverse for a mapping specified by st-
tgds, and used this condition to prove that there exist mappings that do not admit a quasi-
inverse. The undecidability of the problem of verifying, given mappings M, M’ specified
by st-tgds, whether M’ is a quasi-inverse of M was proved by Arenas et al. (2009b).

The notions of recovery and maximum recovery were introduced by Arenas et al.
(2009Db). They proposed a necessary and sufficient condition for a mapping M’ to be a
maximum recovery of a mapping M, provided a necessary and sufficient condition for the
existence of a maximum recovery for a mapping, proved that every mapping specified by
st-tgds admits a maximum recovery, showed that the notion of maximum recovery strictly
generalizes the notion of inverse proposed by Fagin (2007) for the class of total and closed-
down on the left mappings, established the relationship with the notion of quasi-inverse for
the class of total and closed-down on the left mappings, and proved the undecidability of
the problem of verifying, given mappings M, M’ specified by st-tgds, whether M’ is a
recovery (maximum recovery) of M.

The exponential-time algorithm for computing maximum recoveries presented in this
chapter, which can also be used to compute inverses and quasi-inverses, was proposed by
Arenas et al. (2009b). The same paper also gave a quadratic-time algorithm for computing
maximum recoveries for the case of full st-tgds. The fact that there exists an invertible
mapping specified by st-tgds that does not admit an inverse specified by st-tgds was proved
by Fagin et al. (2008b).

The notions of extended recovery and maximum extended recovery were proposed by
Fagin et al. (2011), who showed that there exists a mapping specified by tgds that does not
admit a maximum recovery if source instances are allowed to contain nulls, and proved
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that every mapping specified by these dependencies has a maximum extended recovery
even if source instances are allowed to contain nulls. The characterization of the notion of
maximum extended recovery in terms of the notion of maximum recovery was given by
Arenas et al. (2009a).

Other schema mapping operators such as extract, merge, match, union and intersection
have been studied by Melnik (2004); Bernstein and Melnik (2007); Arenas et al. (2010a);
Pérez et al. (2012).

The problem of characterizing the class of mappings specified by st-tgds in terms of
their structural properties was studied by ten Cate and Kolaitis (2009). They also pro-
vided structural characterizations the classes of mappings specified by LAV st-tgds and
GAV st-gds, and used them to establish NP-completeness of LAV-EQUIVALENCE and
GAV-EQUIVALENCE. The problems of simplifying and refining schema mappings were
considered by Fagin et al. (2008a); Calvanese et al. (2011); Alexe et al. (2011); Pichler
etal. (2011).

22.3 Exercises

1 Show that the exponential blow-up in the translation of patterns to UFTA(DFA) in
Lemma 18.2 cannot be avoided.

2 (Source: Amano et al. (2009))
Assume that schemas are given by disjunction free DTDs (productions use concatena-
tion, 7, %, 4, but no disjunction). Give PTIME algorithms for: (a) satisfiability of |}-
patterns; and (b) CONs({}). Hint for consistency: There exists the easiest source tree.

3 (Source: Amano et al. (2009))
Show that CONS({}) is PSPACE-hard. Hint: Give a reduction from QSAT. Use ¢;, f; —
fti+1fir1b to encode universally quantified variables, and ¢;, f; — #it;+17fi+17f for
existentially quantified variables.

4 (Source: Amano et al. (2009))
Show that CONS({,, —, =™, =) is undecidable. Hint: Rotate the encoding used in The-
orem 18.4 by 90°.

5 (Source: Amano et al. (2009))
Modify the reduction above to show that CONS(J,, —, =) is undecidable. Hint: A finite
sequence contains no repetitions iff every occurrence of an item has the same same
successor, different from itself.

6 (Source: Amano et al. (2009))
Show that CONS({, | ™, #) and CONS({, —, #) are undecidable. Hint: In the reduction
above replace = on the target side with # on the source side and vice versa.

7 (Source: Amano et al. (2009))
Show that CONS({,, —, ~) is undecidable over nested-relational DTDs. Hint: Modify
again the 2-register machine reduction. Encode the configurations entirely in data values,
keeping separately a list of values encoding states of the machine.
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(Source: Amano et al. (2009))

Show that CONS({,, -, =) is NEXPTIME-hard over nested-relational DTDs. Hint: Use
the proof of hardness of solution existence and enforce that all data values in the source
tree are different.

(Source: Amano et al. (2009))

Show that ABCONS®({,_) is II5-hard. Hint: Recall the reduction used in the proof of
Theorem 11.7.

(Source: Bojariczyk et al. (2011))

Give a formal definition of the class II;EXP in terms of Turing machines and prove that
2™-UNIVERSALITY is hard for this class (see page 242).

(Source: Bojariczyk et al. (2011))

Modifying the reduction from the proof of Theorem 18.9, show that ABCONS is IIsEXP-
hard for SM™ (], _, ~) andSM™ (], _, —, =), and NEXPTIME-hard for SM™({,_, =).

(Source: Fagin et al. (2005b))
Let Mj2 and My3 be the mappings in Example 19.2, and 013 be the following FO
dependency:

Vn3yVe (Takes(n,c) — Enrolled(y,c)).

Show that 013 defines the composition of M2 and Mag3.

(Source: Fagin et al. (2005b))

Let M2 = (R1,Ro2,X12) and Ms3 = (Ra, Rg3, Xo3), where 215 and o3 are finite
sets of st-tgds. Prove that COMPOSITION (M2, Mo3) is in NP.

(Source: Fagin et al. (2005b))

Show that for each SO tgd o from a schema R to a schema R there exists a polynomial
p, with the following property. Assume that S' is an instance of Rg, 7" is an instance
of Ry, U is a set such that DoM(S) U DoM(T) C U C CONST U VAR and |U| >
p(||S]] + ||T]]). Then (S,T) | o if and only if it (S,T") satisfies o with witnessing
valuations whose domain and range is U.

(Source: Fagin et al. (2005b))

Let M2 and My3 be the mappings in Example 19.2. Use the composition algorithm
for SO tgds to calculate an SO tgd 013 defining the composition of M5 with Mas.
(Source: Arenas et al. (2009a))

An SO tgd o is said to be equality-free if it does not contain any atomic formula of the
form ¢; = to, where ¢; and to are terms built from some variables and function symbols.
Show that if a mapping M is defined by an equality-free SO tgd, then M is closed under
target homomorphisms.

(Source: Fagin et al. (2005b))

Here you will show that equalities in SO tgds are strictly necessary for the purposes
of composition. More precisely, let R; be a schema consisting of a unary predicate
Employee, R2 a schema consisting of a binary predicate Manager and Rg a schema
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18

19

20

21

22

consisting of a binary predicate Manager’ and a unary predicate SelfManager. More-
over, assume that M3 = (R1,Ra, X12) and Ma3 = (Ra, R3, Xa3), where X5 con-
sists of the following st-tgd:

Employee(x) — JyManager(x,y),
and Y93 consists of the following st-tgds:

Manager(x,y) — Manager'(x,y),
Manager(z,r) — SelfManager(x).

Use the property shown in Exercise 16 to prove that the composition of M5 and Mag
cannot be defined by an equality-free SO tgd.

(Source: Fagin et al. (2005b))
Let R; be a schema consisting of unary predicates Pi,...,P,, Ri,...,R,, Rz a
schema consisting of unary predicates S1, . . ., S, and Rg a schema consisting of unary

predicate T'. Moreover, let M5 = (R1,R2,¥12) and Mas = (Ra2, Rg, Xa3), where
X212 consists of the following st-tgds:

Pi(x) = Si(x), i=1,...,n,
R;(x) — Si(x), i=1,...,n,
and Y93 consists of the following st-tgd:
Si(@) A ASp(z) = T(x).

Prove that if M3 is a mapping specified by an SO tgd and defining the composition of
Mo with Mg, then M3 has at least 2" conjuncts.

(Source: Amano et al. (2009))

Show that there are mappings M3, and M3; in SM({,]",#) such that
COMPOSITION (M3, M3,) is undecidable. Prove the same for SM(J,, —, =) and SM(}
,—, 7). Hint: Use the idea from Theorem 19.15

(Source: Amano et al. (2009))

CONSCOMP(o) is the the following decision problem: Given mappings M, M’ €
SM(o), decide if the composition of M and M’ is consistent. Show that CONSCOMP({}
,=) is in EXPTIME.

(Source: Amano et al. (2009))

Show that the complexity of CONSCOMP(o), defined in Exercise 20, is at least as high
as that of CONS(c). (In particular CONSCOMP({}, =) and CONSCOMP(,, —, =) are
undecidable and CONSCOMP({}, =) is EXPTIME-hard.) Show that the same holds even
if both input mappings for CONSCOMP(o) are assumed to be consistent.

(Source: Amano et al. (2009))

Let D; = {r — e} and D3 = {r — c¢1%c27c3?} with no attributes. For each of the
classes SM™({, 1 T), SM™(}, =), SM™ (], =), SM™(], #) give an example of two
mappings whose composition is the mapping between D, and D3 consisting of pairs of
trees (r,T'), where T matches either /¢y or r/cs.
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Generalize the PTIME-algorithm for certain answers given in PART THREE so that it
handles mappings in SM™ (|, =, FUN) and queries in CTQ({,, =).

(Source: Fagin et al. (2008b))

Prove that the mapping M specified by the set {P(z) — T'(x),R(z) — T(x)} of
st-tgds does not have a Fagin-inverse.

(Source: Fagin et al. (2008b))

Prove that the mapping M specified by st-tgd P(x,y, z) = R(z,y) AT (y, z) does not
have a Fagin-inverse.

(Source: Fagin and Nash (2010))

Prove that the problem of verifying, given a mapping M specified by a set of st-tgds,
whether M is Fagin-invertible is CONP-hard.

(Source: Fagin et al. (2008b))

Let M be an arbitrary mapping. Prove that if M is quasi-invertible, then M satisfies the
(~am, ~am)-subset property.

(Source: Fagin et al. (2008b))

Let M be the mapping in Exercise 25. Prove that the mapping M’ specified by tgd
R(z,y) NT(y,z) = P(z,y, ) is a quasi-inverse of M.

(Source: Fagin et al. (2008b))

Find a quasi-inverse for the mapping in Exercise 24.

(Source: Arenas et al. (2009b))

Show that in Example 20.19, mapping M is not a maximum recovery of mapping M.
Find a quasi-inverse of the mapping M specified by st-tgd P(z,y,z) — R(x,y) A
T(y, z) that is neither a recovery nor a maximum recovery of M.

Let M be the mapping in Example 20.30 and () be the target query T'(x, y). Prove that
(P(z) Nz =y) V R(x,y) is a source rewriting of ) under M.

Prove that the formula «(u) computed in line 8 of algorithm
MAXIMUMRECOVERYFULL is a source rewriting of target query P(u). Use this
fact to conclude that this algorithm is correct.

Use algorithm MAXIMUMRECOVERYFULL to find a maximum recovery for the map-
ping M specified by st-tgd P(z,y, 2) — R(z,y) A T(y, z).

Let M = (R1,R2,Y), where ¥ is a finite set of tgds, and assume that the instances
of R can contain null values. Prove that every instance of R has a universal solution
under e(M). Use this fact to conclude that e(M) admits a maximum recovery.

(Source: Arenas et al. (2009a))

This exercise is about recoveries under the universal solution semantics. For a map-
ping M = (R1,R2,X), let u(M) be defined as the set of pairs: {(S,T) |
T is a universal solution for S under M}. Prove that the mapping (u(M))™! =
{(T,9) | (S,T) € u(M)} is a maximum recovery of u(M).

(Source: ten Cate and Kolaitis (2009))

Let M be a mapping specified by a finite set of st-tgds. Prove that M reflects source
homomorphisms.
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39

40

41

Let M = (Rs, Ry, X), where Ry is a source schema consisting of a binary predicate U,
R is a target schema consisting of a binary predicate V and ¥ = {Vz3yVz (U(z, 2) —
V(y, z))}. Prove that M is closed under target homomorphisms, admits universal solu-
tions and reflects source homomorphisms.

(Source: ten Cate and Kolaitis (2009))

Complete the proof of Theorem 21.5.

(Source: ten Cate and Kolaitis (2009))

Let M be the mapping defined in Example 21.8. Prove that M is closed under target ho-
momorphisms, admits universal solutions, reflects source homomorphisms and is closed
under target intersection.

(Source: ten Cate and Kolaitis (2009))

Prove Lemma 21.9.
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Extended recovery, 294
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Homomorphic
equivalence, 200, 201
extension of a mapping, 295
and maximum recovery, 296
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closed under target homomorphisms, 301, 303,
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closed under union, 305
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closure under, 300
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characterization of existence, 285

computation, 289
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bounded-depth, 245-247

177-179, 205, 243, 245, 248, 262, 271



330

Pattern
child-only, 191, 199, 200, 221, 222
compatible with DTD, 214
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relation with inverse, 279

relation with maximum recovery, 287
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naive evaluation of, 20, 127
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Recovery, 280
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and locality, 93
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Safe extension, 176-178
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CWA under target dependencies, 118
universal solutions, 98
Solution, 30, 141, 155, 159-182, 184, 194, 197, 204,
205, 221-223, 227, 230, 237, 239-245, 247, 248,
268-270, 313
annotated, 122
canonical universal, 41, 66, 126
closed-open, 122
core, 41, 69
CWA, 103
under target dependencies, 114
definition of, 154
existence of, 39, 43, 179-182, 221, 223, 227, 231,
313, 317
strong witness, 275
universal, 40, 58, 190-193, 204, 206, 221, 319, 320
witness, 284
Source
instance, 141, 154, 159, 160, 162, 163, 166—-168,
172, 176, 179-181, 184, 185, 190, 191, 193,
197, 204, 227, 230, 231, 233, 236, 238-240,



243, 244, 246, 247, 261, 262, 266, 268, 269,
313, 315-317
query rewriting, 288
and computation of the inverse, 291

and computation of the maximum recovery, 289

and computation of the quasi-inverse, 291
computation, 288
schema, 3, 29, 36, 154, 159, 181, 187-189, 228,
229, 236-238, 240, 243, 245-249, 255, 262
Source homomorphism
mapping reflecting, 301, 303, 305, 306
Source-to-target dependencies, 29, 36, 141
first-order (st-tgd), 154-157, 159, 185-190, 221,
230, 233-236, 238, 243, 246-253, 255, 256,
259-262, 264, 267, 269, 313
second-order (SO st-tgd), 253-257, 259-261,
263-267, 313
Strong witness, 275
relation with witness, 284
Strong witness solution, 275
and invertibility of mappings, 276
and universal solutions, 276
Subset property, 275
and invertibility of mappings, 275

Tableau, 17
and query containment, 18
Target
dependencies, 36, 209, 221, 230, 315
acyclic, 211
weakly acyclic, 315
instance, 141, 154, 171, 180, 182, 183, 188, 197,
221, 230, 231, 237, 239, 240, 243, 246, 247,
261, 267, 313
instance materialization, 10, 141, 159-182
non-uniqueness of, 141, 184
schema, 3, 29, 36, 141, 154, 156, 159, 160, 163,
166, 172, 179, 184, 185, 187-189, 191, 204,
205, 223, 237, 238, 240, 243, 245, 246, 248,
249, 255, 320
Target homomorphism
closure under, 301, 303, 305, 306
Tree, 135-140, 143, 145, 146, 148-154, 157,

159-166, 169, 170, 172, 174-177, 179-181, 185,

186, 190-205, 222-224, 230, 233, 235, 237,
240-242, 245, 248, 262-265, 270, 313, 318

branching, 161, 166, 167, 171-173, 175, 176, 179,

180, 238, 241, 245
depth, 235, 236, 245, 246, 313
ground, 196, 224

height, 151, 161, 172, 173, 175, 176, 179, 180, 223,

241, 245

leaf, 138-140, 150, 161, 164, 169, 170, 173, 202,
234

ranked, 136, 139, 233, 264

root, 135-140, 145, 149, 151, 152, 160, 161,
164-166, 169, 177, 178, 181, 190, 194, 196,

Index 331

197, 199-202, 205, 233-235, 243, 245, 248,
262, 266, 269

subtree, 137, 144, 151-153, 161, 164, 166, 172,
175, 177, 200, 237

unranked, 136, 137, 139, 140, 222, 232

Union, 16
Unique-solutions property, 273
and invertibility of mappings, 273, 274
Universal certain answer, 98
computation, 99
computation for
existential FO queries, 100
Universal solution, 190-193, 206, 221, 319, 320
and chase, 65
definition of, 191
existence of, 59, 193, 204
mapping admitting, 301, 303, 305, 306
semantics, 98

Value, 135, 137, 143, 146, 147, 149, 154-157,
160-167, 173, 174, 176, 179, 181, 183, 184, 186,
188, 190, 191, 196, 197, 199, 202, 203, 230, 232,
234-239, 241, 243-248, 254, 255, 259, 260, 262,
263, 266, 267, 313, 316, 317
constant, 18, 29, 154, 190, 193, 195, 196, 198-200,
202, 222, 224, 235, 254, 268
null, 18, 29, 154, 162, 166, 173, 190, 193, 196, 198,
224,241, 254, 313, 315, 316, 319
Variable
bound, 255, 316
free, 184, 185, 196, 263

Wildcard, 143, 147, 148, 188, 190, 195, 205, 221,
267, 313
Witness, 284
relation with strong witness, 284
Witness solution, 284
and existence of maximum recoveries, 285
and universal solutions, 285

XML shredding, 207, 208



